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Abstract—In this paper, we derive an explicit formula for the
voltage-to-voltage transfer function of multiple-input multiple-
output (MIMO) wireless channels. A statistical model, the ran-
dom coupling model, is used to develop the open-circuit transfer
function of the MIMO channel on a physical basis. The emulation
of realistic wireless channels is typically performed through
irregular cavities with high losses. In this case, we find that
the transfer function takes a simple form involving the free-
space impedance matrix of antennas and a fluctuation matrix
expressing the wave chaos inside the environment. Monte Carlo
simulations of the open-circuit transfer function are performed
for MIMO systems up to three antennas in the transmit and
receive arrays. In contrast to the common assumption that the
MIMO channel fulfill multivariate normality (MVN), the Hans-
Zinckler test of the obtained ensembles of the MIMO channel
show that the MVN assumption of the MIMO channel tends
to be invalid with an increasing number of antennas in the
transmitting and receiving arrays, when mutual coupling is
present in the arrays. Numerical results indicate that this effect
is more pronounced at relatively low frequencies.

Index Terms—statistical electromagnetics; reverberation cham-
ber; losses; wireless channel; MIMO; multivariate normality;
random matrix theory; wave chaos

I. INTRODUCTION

Over the last decade, the electromagnetic reverberation
chamber (RC) has been used as an efficient emulator for rich
fading environments [1], [2], [3]. Recent telecommunication
systems rely on multi-antenna techniques to achieve higher
data rates (throughputs) or more reliable wireless connec-
tivity. Striking examples are the long-term evolution (LTE)
[4] and the wireless local area network (WLAN) system [5],
where the spatial domain is exploited in order to improve
the throughput (via spatial multiplexing) and/or the reliability
(via spatial/polarization diversity) in a so-called multiple-input
multiple-output (MIMO) system [6].

Laboratory framework for the emulation of those wireless
MIMO channels are typically made of a transmitting and a
receiving antenna array, both operating inside shielded rooms.
In order to make those rooms close to real-life environ-
ments, the metallic boundaries are intentionally made irregular

through stirring structures. This also serves as a mean to
create enough independent samples [7]. In order to control the
delay spread of the channel [8], artificial losses are introduced
in the room through absorbing materials and openings [9].
Given the complexity of such an environment, a statistical
descriptions becomes appropriate due to the facts that the fields
are mixed up, and the boundary geometry is hard-to-model
either with closed mathematical formula or with detailed
numerical representations. In the statistical point-of-view, the
cavity eigenspectrum can be reproduced by universal statistical
laws of the random matrix theory, and related eigenmode
amplitudes are locally replaced by a random superposition of
plane-waves being mode topologies speckled and highly delo-
calized. The random coupling model (RCM) takes those two
prescriptions into the exact (deterministic) model of the cavity
impedance matrix [10]. As a result, the free-space radiation
impedance of the antennas can be easily de-embedded from
the chaotic scattering due to irregular modes. The RCM has
been recently applied to model fading of fields propagating
through a random environment [11], [12].

Recently, a deviation of the MIMO channel from multivari-
ate normality (MVN) has been demonstrated by emulating
it in an RC [13]. However, the flexibility of the empirical
verifications [13] is limited by the practical measurement setup
(e.g., fixed transmitting antennas). The purpose of this work is
to use the random coupling model (RCM) to further investigate
the MVN property of the MIMO channel. Once the free-space
impedances of the antennas are determined (by measurements
of the real antennas in an anechoic chamber or simulations of
the modeled antennas in a full-wave simulation software), one
can use the RCM with great flexibility to create ensembles of
wireless MIMO channels with arbitrary losses and number of
antennas.

II. TRANSFER FUNCTION

In order to characterize the wireless channel response, it
is important to establish a relation between antenna port
voltages and currents. This is typically represented as a (multi-
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port) impedance matrix of the antennas radiating inside the
environment (cavity), namely 𝑍𝑐𝑎𝑣 , defined as

𝑉 = 𝑍𝑐𝑎𝑣 (𝛼) 𝐼 . (1)

If we separate transmitting and receiving antennas, the
impedance transfer function takes the form[

𝑉𝑇

𝑉𝑅

]
=

[
𝑍𝑇 𝐻𝑜𝑐

𝐻𝑜𝑐 𝑍𝑅

] [
𝐼𝑇
𝐼𝑅

]
, (2)

where 𝑍𝑇 and 𝑍𝑅 are the impedance matrices of the transmit-
ting (𝑇 ) and the receiving (𝑅) antenna arrays respectively, with
𝑉𝑇 , 𝑉𝑅, 𝐼𝑇 , 𝐼𝑅 port voltages and currents of the transmitting
and receiving antenna arrays respectively. It is worth pointing
out that, in irregular cavities, the impedance transfer function
in (1) and (2) are populated by random variables. The statisti-
cal approach used to generate those random variables will be
discussed in section III. After some algebraic manipulations,
we obtain an explicit relation between the set of voltages at the
receiving antennas and the set of voltage at the transmitting
antennas, namely, the voltage-voltage transfer function 𝐻𝑉 .
In particular, by assuming that the receiving array does not
feedback signals to the transmitting array, and that there is
a very large attenuation between the two arrays, i.e., for
small fading fluctuations of 𝐻𝑜𝑐, we can use the unilateral
approximation of the circuit theory for communications [14]

𝑉𝑅 = 𝐻𝑉 𝑉𝑇 , (3)

where 𝐻𝑉 is found to be well approximated by

𝐻𝑉 ≈ 𝑍𝐿

(
𝑍𝐿 + 𝑍𝑅

)−1
𝐻𝑜𝑐

(
𝑍𝑇 + 𝑍𝑆

)−1
, (4)

where 𝐻𝑜𝑐 represents the open circuit transfer function be-
tween port currents at the transmit array and port voltages
at the receive array. We will see later on the paper that the
unilateral approximation is self-consistent with the realm of
wireless environments, where the amount of losses is very high
on account of the proper delay spread. It is worth noticing
that the right part of (4) expresses the voltage-to-voltage
partitioning at the load, and the unique connection between
the transmitter and the receiver is established by 𝐻𝑜𝑐, under
the assumption that the receiving antennas are open-circuited.
Also, we notice that 𝐻𝑉 is a version of the open-circuit
transfer function normalized to antenna impedance matrices.
The information theoretic channel transfer function is also
a renormalized version of the open-circuit channel transfer
function [14]

𝐻𝑒𝑓𝑓 =
√

𝑁𝑇

[ℜ (
𝑍𝐿

)]1/2 (
𝑍𝐿 + 𝑍𝑅

)−1
𝐻𝑜𝑐

[ℜ (
𝑍𝑇

)]−1/2
.

(5)
In the absence of a direct line-of-sight (LOS), the only physical
way for the wireless signal to get from the transmitter to
the receiver is through multiple reflection and scattering. In
an RC where no clear LOS path exists, it is assumed that
the transmitter and the receiver are coupled only through
cavity modes. Therefore, for transceivers in a non-LOS real-
life (highly irregular) wireless environment, 𝐻𝑜𝑐 is well ap-
proximated by the transfer impedance of a pure chaotic cavity

[15]. In high-loss regime, asymptotic statistics of both the
real and the imaginary parts of the elements of the cavity
impedance matrices are expected to be zero mean Gaussian
distributed random variables [16].

III. RANDOM COUPLING MODEL

The RCM is suitable for modeling the wireless channel
in an irregular cavity with arbitrary losses. In particular, we
infer that the boundary structure is irregular enough to create
wave mixing and chaos, for which the statistics of the cavity
eigenmodes can be reproduced and predicted from the univer-
sal laws of the random matrix theory (RMT). Inherently, the
general multi-port RCM can be used to model the impedances
of transmitting and receiving arrays radiating inside the cavity
[10]

𝑍𝑅 = 𝑗ℑ (
𝑍𝑟𝑎𝑑
𝑅

)
+[ℜ (

𝑍𝑟𝑎𝑑
𝑅

)]1/2 ⋅ 𝜉𝑐𝑎𝑣 (𝛼) [ℜ (
𝑍𝑟𝑎𝑑
𝑅

)]1/2
,

𝑍𝑇 = 𝑗ℑ (
𝑍𝑟𝑎𝑑
𝑇

)
+[ℜ (

𝑍𝑟𝑎𝑑
𝑇

)]1/2 ⋅ 𝜉𝑐𝑎𝑣 (𝛼) [ℜ (
𝑍𝑟𝑎𝑑
𝑇

)]1/2
,

(6)

where the impedance matrix 𝑍𝑟𝑎𝑑
𝑇,𝑅 represents the free-space

radiation impedances of transmitting and receiving antennas,
which can be measured in anechoic chamber. Interestingly, in
case no LOS is present between transmitting and receiving
antenna, 𝑍𝑟𝑎𝑑

𝑇 and 𝑍𝑟𝑎𝑑
𝑅 can be kept separate as shown in (2).

Consequently, since the open-circuit transfer function couples
the set of voltages at the open-circuited receiving antennas
with the set of currents at the transmitting antennas, RCM
suggests that in high frequency regime, where the cavity
exhibit pure wave chaos [16]

𝐻𝑜𝑐 ≈
[ℜ (

𝑍𝑟𝑎𝑑
𝑅

)]1/2 ⋅ 𝜉𝑐𝑎𝑣 (𝛼) [ℜ (
𝑍𝑟𝑎𝑑
𝑇

)]1/2
, (7)

where 𝛼 is the loss factor of the closed environment. In (7),
the fluctuation matrix 𝜉𝑐𝑎𝑣

𝜉𝑐𝑎𝑣 =
−𝑗

𝜋

∑
𝑛

Φ𝑛Φ
𝑇
𝑛

𝒦0 −𝒦𝑛 + 𝑖𝛼
, (8)

is the sum over irregular modes, where Φ𝑛 is a column
vector of zero-mean Gaussian random variables representing
the (random) coupling between antennas and cavity modes,
𝒦0 = 𝑘20/Δ𝑘2, and 𝒦2

𝑛 == 𝑘2𝑛/Δ𝑘2 are Wigner distributed
(chaotic) eigen-energies of the unperturbed cavity, which can
be reproduced by eigenvalues of large random matrices of the
Gaussian orthogonal ensemble (GOE) [17].

The 𝜉𝑐𝑎𝑣 matrix is driven by universal laws of RMT, and it
depends on a unique scalar parameter [10]

𝛼 =
𝑘20

𝑄Δ𝑘2
, (9)

where the average quality factor of the unperturbed cavity can
be calculated as

𝑄 =
3𝑉

2𝛿𝜇𝑟𝑆
(10)
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and the average nearest neighboring mode spacing is given by,
for a 3D cavity [18]

Δ𝑘2 =
2𝜋2

𝑉 𝑘20
. (11)

Interestingly, in high-loss limit, the small fluctuation approx-
imation can be invoked in the RCM [15], for which (4) can
be written as

𝐻𝑉 ≈ 𝑍𝐿

(
𝑍𝐿 + 𝑍𝑟𝑎𝑑

𝑅

)−1
𝐻𝑜𝑐

(
𝑍𝑟𝑎𝑑
𝑇 + 𝑍𝑆

)−1
, (12)

where now there is only one fluctuating matrix, 𝐻𝑜𝑐, predicted
by (7).

It is important to notice that (7) gives a physical model in
alternative to the correlation-based statistical models such as
the Kroneker model [6]

𝐻𝑜𝑐 =
[
𝑅𝑇

]1/2
𝐻𝑤

[
𝑅𝑅

]1/2
, (13)

or the full-correlation model [6]

𝐻𝑜𝑐 =
[
𝑅
]1/2

𝐻𝑤 , (14)

where 𝑅𝑇 and 𝑅𝑅 are Kronecker partitions of the full cor-
relation matrix 𝑅, and 𝐻𝑤 is a channel transfer matrix with
𝑁𝑇 ×𝑁𝑅 independent and identically distributed (i.i.d.) zero
mean Gaussian random variables.

A Monte Carlo analysis of (7) can be performed by gen-
erating an ensemble of cavity responses using the method
described in [19].

IV. MONTE CARLO GENERATION

We generate ensembles of random matrices for the MIMO
channel transfer function (7) of an RC equipped with an array
of 3 transmitting antennas, a circular array of 3 receiving
antenna elements, and absorbing materials in order to achieve
a certain delay spread, and hence to emulate actual wireless
environments. The average quality factor [20] of the adopted
RC [21] is then very low, 𝑄 = 300 at 900 MHz. This
corresponds to a suboptimal operation of the RC in the
perspective of electromagnetic compatibility (EMC) studies
[22]. The chamber volume is 1.75 × 1.25 × 1.8 m3. We
assume identical transmitting and receiving antenna arrays,
having impedance matrix 𝑍𝑟𝑎𝑑

𝑅 = 𝑍𝑟𝑎𝑑
𝑇 , and terminated to

load impedances 𝑍𝑟𝑎𝑑
𝐿 = 50 Ω × 𝐼 , with 𝐼 identity matrix.

At low losses, the fluctuation of the elements of the transfer
matrix are intrinsically non-Gaussian [11]. This is also true at
relatively low frequencies, below the lowest usable frequency
(LUF) of the chamber, within the so-called undermoded
regime [23], [24], [25].

At high losses, which is 𝛼 > 6, the fluctuation of the
elements of the channel transfer matrix is expected to be
zero-mean Gaussian distributed for both the real and the
imaginary parts. We begin with the basic configuration having
one transmitting and one receiving antenna with real input
impedance of 50 Ω. Equation (7) becomes a scalar random
variable, whose statistics can be predicted by generating
ensembles of chaotic cavity responses (8) as described in the
previous section and detailed in [26]. In this application, we
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Fig. 1. Probability density function of the real part of a single-input
single-output (SISO) wave chaotic environment with high losses, such as the
loaded reverberation chamber adopted to emulate the wireless electromagnetic
environment. Monte Carlo generation of (7) based on the random coupling
model result in a density function (grey bars) which is well fitted with a
normal distribution (red solid line) at 900 MHz.
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Fig. 2. Probability density function of the real part of a single-input
single-output (SISO) wave chaotic environment with high losses, such as the
loaded reverberation chamber adopted to emulate the wireless electromagnetic
environment. Monte Carlo generation of (7) based on the random coupling
model result in a density function (grey bars) which is well fitted with a
normal distribution (red solid line) at 900 MHz.

generate 1000 random cavity realizations, each one given by
the superposition of 1000 random modes. Also, in order to
emulate realistic scenarios, we adopt a value of 6.6 for the
loss factor 𝛼, being real-life wireless channels characterized
by several absorption mechanisms and power leakage.

Figs. (1) and (2) show the probability density function of
the real and imaginary part of the channel transfer matrix,
as generated from (7) through the RCM, for the modeled
RC excited at 900 MHz. A very good fitting from a normal
distribution is obtained. We then increase the number of
transmitting and receiving antennas to two and three antenna
elements for each array. Inherently, the mutivariate normality
of all the elements of the channel (12) can be tested through
the Hans-Ziekler test [27]. The outcome of this test is a 𝑝-value

Proc. of the 2014 International Symposium on Electromagnetic Compatibility (EMC Europe 2014), Gothenburg, Sweden, September 1-4, 2014

880



expressing the acceptance probability against a confidence
interval 𝛽, which is typically set to 0.05. The Monte Carlo
generation of 𝐻𝑜𝑐 based on the RCM with uncoupled antennas
in both the arrays, i.e., diagonal 𝑍𝑇 and 𝑍𝑅, gives a highly
fluctuating 𝑝-value for two and three radiating elements. This
outcome is not stable in the sense that it looks to take values
lower or higher than 𝛽 with a uniform probability, hence not
suggesting a clear conclusion on MVN of the process.

We then push this study ahead by introducing an artificial
mutual coupling within the antenna elements in the transmit
and receive arrays. This is suggested by previous studies
in reverberation chamber [8]. In particular, we assume non-
diagonal free-space impedance matrices 𝑍𝑇 and 𝑍𝑅. This is
physically consistent with the setup adopted to emulate MIMO
channels inside an RC, where spatial/polarization diversity is
realized through antenna arrays with radiating elements that
are confined in a small space and thus put in close proximity,
i.e., at distances below the wavelength of the RC excitation.
The numerical values adopted in our Monte Carlo simulations
are

𝑍𝑇 = 𝑍𝑅 =

⎡
⎣ 50 20− 𝑗30 20− 𝑗30

20− 𝑗30 50 20− 𝑗30
20− 𝑗30 20− 𝑗30 50

⎤
⎦ Ω . (15)

For 𝑁 = 1 antenna we have 𝑍𝑡 = 𝑍𝑅 = 50 Ω, while for
𝑁 = 2 antennas we have the 2 × 2 partition obtained by
excluding the third raw and the third column in (15).

The obtained 𝑝-values in presence of mutual coupling are
reported in Tab. I. The results denote a clear degradation

TABLE I
𝑝-VALUES OF THE HANS-ZINCKLER MULTIVARIATE NORMALITY TEST OF

(12) (CONFIDENCE INTERVAL 𝛽 = 0.05) FOR 𝑁 = 1, 𝑁 = 2, AND 𝑁 = 3
ANTENNAS IN BOTH THE TRANSMIT AND THE RECEIVE ARRAYS, AT

SELECTED FREQUENCIES OF INTEREST IN MODERN

TELECOMMUNICATIONS, WHICH ARE 800, 900, AND 1000 MHZ.

𝑁 = 1 𝑁 = 2 𝑁 = 3
800 MHz 0.3762997 0.0002569 0.0000000
900 MHz 0.0679909 0.0000008 0.0000000
1000 MHz 0.7668212 0.0001664 0.0000000

of the MVN with the increasing number of antennas in the
transmitting or(and) receiving array(s). One further numerical
observation is that the rejection rate is now stable in terms of
the condition 𝑝 < 𝛽 for 𝑁 ≥ 2, i.e., it does not fluctuate with
the generation of ensembles of MIMO channels. We further
explore MVN degradation in a broad frequency range. The
results are reported in Fig. 3 for a single-input single-output
system, in Fig. 4 for a double-input double-output system,
and in Fig. 5 for a triple-input triple-output system. In these
Monte Carlo simulations we used 200 cavity realizations,
each one made of 1000 ergodic cavity modes. The sought
degradation becomes clear at relatively low frequencies, for
an increasing number of antennas in the arrays. This is
a numerical confirmation of previously observed behaviors
of MIMO channels [13], given in terms of a first-principle
physical model. The trend followed by the MVN degradation
is confirmed by repeating the test at different values of the loss
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Fig. 3. Hans-Zinckler multivariate normality test of (12) (confidence interval
𝛽 = 0.05) for a single-input single-output system. 𝑝-values are reported in
the frequency range from 0.5 GHz to 1 GHz.
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Fig. 4. Hans-Zinckler multivariate normality test of (12) (confidence interval
𝛽 = 0.05) for a double-input double-output system. 𝑝-values are reported in
the frequency range from 0.5 GHz to 1 GHz.
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Fig. 5. Hans-Zinckler multivariate normality test of (12) (confidence interval
𝛽 = 0.05) for a triple-input triple-output system. 𝑝-values are reported in the
frequency range from 0.5 GHz to 1 GHz.
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factor (𝛼) and of the elements of the free-space impedance
matrices. The presence of losses along with the correlation
between antenna elements are not accounted for properly in
the models (13) and (14), commonly accepted to reproduce the
statistics of MIMO channels. The non-MVN deserves further
investigation in order to establish the conditions for which the
normality can be restored or avoided even in the presence of
losses and correlation between antennas.

V. CONCLUSIONS

A first principle model of the voltage-to-voltage transfer
function has been derived for MIMO systems operating in a
lossy and irregular electromagnetic environment. The model
relies on a statistical representation of the environment based
on wave chaos, which gives the impedance matrices of antenna
arrays radiating inside a cavity in terms of their free-space
impedance matrices. In contrast to the common assumption
that the elements of a MIMO channel matrix is jointly Guas-
sian (MVN), it is found that in the presence of losses and
moderate frequencies with respect to the chamber size, the
likelihood of the MVN of the channel matrix decreases with
the increasing number of antenna elements and in in presence
of mutual coupling in the transmitting and/or receiving arrays.
This effect shows up clearly at relatively low frequencies. This
means more attention should be paid in stochastic modeling
of MIMO channels and theoretical study of MIMO systems.
This work also serves a feasibility study of using RCM to
investigate the MVN of MIMO channels. The agreement of
the results in this paper with the previous RC measurements
implies that the RCM can be used conveniently to study the
MVN of various MIMO channels with arbitrary transmitting
and receiving arrays.
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