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We present a quantitative analysis of finite frequency fluctuation conductivity above and belowTc in cuprate
superconductors in zero dc magnetic field. In a YBa2Cu3O72d crystal showing a linear in temperature increase
of the penetration depth at low temperatures, we find that two-dimensional~2D! finite frequency Gaussian
conductivity fluctuations aboveTc cross over into a slower divergence of the conductivity asTc is approached
from above. We find that the critical regime aboveTc is less than about 0.6 K wide. At and belowTc , 3D
fluctuations dominate the conductivity, with evidence of 3DXY critical scaling of the imaginary part of the
conductivity down to 5 K belowTc .

Cuprate superconductors differ from their low-
temperature counterparts in a number of significant and dra-
matic ways. Their small superconducting coherence length,
reduced dimensionality imposed by the CuO2 planes, low
carrier density and high transition temperature lead to situa-
tions where superconductivity can be strongly affected by the
large thermal energies available. The cuprates offer the op-
portunity to establish the nature and universality class of
superconducting fluctuations.

It has been known for some time that the normal state dc
conductivity of the cuprates is strongly enhanced well above
the thermodynamic transition temperature,Tc .

1,2 Specific
heat measurements on highly homogeneous single crystals
show evidence of a peak atTc , where BCS~mean field!
theory says that only a discontinuity should appear.2 The
resemblance of this peak to the lambda transition in super-
fluid 4He suggests that the cuprates may be in the same uni-
versality class, namely that of the three-dimensional~3D!
XYmodel. Recently, experimental evidence obtained from rf
penetration depth measurements also suggests that 3DXY
critical fluctuations exist down to 9 K belowTc .

3

In this paper we shall examine the microwave conductiv-
ity in the normal state to identify further evidence for en-
hanced fluctuations in the cuprates. We shall focus on micro-
wave surface impedance measurements on a high quality
single crystal of YBa2Cu3O72d ~YBCO! which shows a
linear-in-T increase of the penetration depth at low
temperatures,4 and 3DXY critical behavior justbelow Tc .
We find that this crystal has no corresponding range of criti-
cal fluctuations in the microwave conductivityabove Tc .

Growth and characterization of the YBCO crystals has
been discussed in detail elsewhere.4,5 The twinned YBCO
crystals~;1 mm31 mm330–50mm! typically show zero
dc resistance at 92–93 K, with a normal state resistivity at
100 K of about 40–50mV cm, similar to that of the Illinois
crystals.6 ac- and dc-magnetization measurements also con-
firm the transition temperature to be 92–93 K with the tran-
sition width approximately 0.2 K. Although several crystals
were measured for this work, we shall concentrate on the
analysis of the crystal showing the greatest degree of homo-
geneity in surface impedance measurements.

The surface impedance measurements were made by a

cavity perturbation method which is discussed elsewhere.4,5,7

Briefly, the surface resistanceRs(T) and change in surface
reactanceDXs(T) of the samples are measuredsimulta-
neously, from 4.2 Kcontinuouslyup to well aboveTc . As a
key step in the analysis of the data, we convertDXs(T) into
an absolute magnitude:Xs(T), following the method of Refs.
4 and 5. We then determine the full complex conductivity
s5s12is2, from the definition Rs1 iXs5[ ivm0/(s1
2 is2!#

1/2 in the local limit. Note that the data used in this
paper has no contribution from shielding currents which flow
in thec direction4 ~unlike Ref. 3!, and that no residual resis-
tance is subtracted fromRs2ab before calculatings1.

The inset of Fig. 1 shows results for the temperature de-
pendence of the penetration depth and conductivitys1 of a
single crystal of YBCO. The magnetic penetration depth,
l ~Xs5m0vl!, increases from its low temperature value lin-

FIG. 1. Complex conductivity,s1~T! ~circles!, s2~T! ~dashed
line! in the vicinity ofTc of a YBCO crystal at 9.6 GHz, along with
2D fit mean field and total conductivities~solid line! aboveTc .
Inset shows the penetration depth ands1~T! over the temperature
range from 4.2 to 110 K, as well as the BCSs1~T! ~dashed line!.

PHYSICAL REVIEW B 1 FEBRUARY 1996-IVOLUME 53, NUMBER 5

530163-1829/96/53~5!/2792~5!/$06.00 2792 © 1996 The American Physical Society



early with temperature, with a slope of approximately 5 Å/K
for 5 K,T,35 K.4,5,8As Tc is approached from below, the
penetration depth increases very abruptly, suggestive of un-
conventional behavior. On the other hand, asTc is ap-
proached from above,s1~T! is considerably enhanced, show-
ing a sharp peak in the vicinity ofTc at a temperature we
define asTcs ~see Fig. 1!. This enhancement ofs1~T! near
Tc in microwave measurements of YBCO has been noted
before4,9–11 but has not yet received a detailed analysis.
When the same measurements are done on a Nb crystal, no
enhancement ofs1~T! aboveTc is seen, and there is no peak
at Tc , although a BCS coherence peak is observed at lower
temperatures5,12 ~similar to the dashed line in the inset of Fig.
1!.

When analyzing the data aboveTc shown in Fig. 1, one
makes the assumption that the total conductivity is the sum:
s1~T,v!5s1

MF~T!1s1
fluc~T,v!, wheres1

MF~T!51/~r01bT! is
the ‘‘mean field’’ conductivity~T.Tc!, which we take to be
frequency independent, ands1

fluc is due to superconducting
fluctuations aboveTc . Far aboveTc , the fluctuation contri-
bution tos1 should be small, and fits tos1~T! for 100 K,T
,150 K ~Ref. 13! give r~T!'26.8 mV cm10.47 ~mV cm/
K!T, which is consistent with the measured dc resistivity of
crystals from the same batch. The enhanced conductivity
aboveTc has been measured by many groups at dc,

6,14 and a
summary of their best fit results is given in Table I. The mean
field Tc values of all these dc fits are several kelvin below
the measured zero resistance temperature. This is manifested
in the data by a conductivity which diverges more quickly
than the theoretical predictions asTc is approached from
above.6 As a result, the dc data is only fit relatively far above
the transition, excluding a great deal of potentially important
data near the transition. However, because the dc data was fit
up to 200 K,6 their conclusions about the nature of the fluc-
tuations far fromTc are stronger than ours. Our finite fre-
quencys~T,v! measurements complement the dc measure-

ments because they have one important advantage.
According to theory,s1

fluc~T,v.0! does not diverge atTc as
in the dc case, but approaches a finite value which decreases
with increasing frequency.15,16One consequence of this is the
fact that we can measures1~T! right throughTc , a feat
which is impossible with dc measurements. Hence our mea-
surements are better suited to examine the region nearTc
where critical fluctuations are expected.

Another important advantage of microwave measure-
ments is their sensitivity to multiple superconducting transi-
tions. dc resistance measurements are sensitive only to the
first percolating path through the sample, so that other re-
gions with significantly reducedTc can coexist in the sample
and remain undetected. The microwave measurements are
very demanding of sample homogeneity~at least within a
skin depth of the surface!, and we have selected a sample to
discuss in detail which shows the greatest degree of homo-
geneity in the temperature dependent surface impedance.

To our knowledge, only two previous quantitative mea-
surements of finite frequency fluctuation conductivity in zero
dc magnetic field have been made, both on ultra-thin Pb
films.17,18 It was found in both those measurements that a
time-dependent Ginzburg-Landau~TDGL! theory15 of finite
frequency Gaussian fluctuation conductivity was successful
in treating that data. In that theory, the fluctuation conductiv-
ity depends on the dimensionality,d, of the sys
tem:15 s1

2D,fluc~T,v!5~s1
2D,dc/v0! @p22 tan21~1/v0!2~1/

v0!ln~11v0
2!# for a film of thicknesst,jc ~thec-axis coher-

ence length!, or s1
3D,fluc~T,v!5@~8/3!s1

3D,dc/v0
2# @12~1

1v0
2!3/4cos„~3/2!tan21~v0!…# for a bulk material, where

s1
2D,dc5e2/(16\t«! and s1

3D,dc5e2/~32\j0«
1/2! are the well-

known dc fluctuation conductivity expressions,19 with j0 the
3D coherence length atT50, «5ln~T/Tc!'T/Tc21, and
v0[p\v/~16kBTc«! is the dimensionless TDGL time scale.
Because of the success with the Lawrence-Doniach~LD!
model in fitting the dc fluctuation conductivity,6 we also fit to

TABLE I. Results of fits to the 9.6 GHz conductivity aboveTc @for ~T2Tcs!/Tcs.0.008# to the 2D, 3D, and Klemm fluctuation models.
Also shown are LD fits to dc fluctuation conductivity~Hagen and Friedmann!. Tc0 is the zero dc resistanceTc .

Fit b
~mV cm/K!

r0
~mV cm!

t
~Å!

j0
~Å!

s
~Å!

j0~6pm/M !1/2

~Å!
Tc
~K!

x2/xmin
2

2Db 0.479 26.79 16.3 90.473 1
2D 0.204 22.4 8.24 90.114a 13.9

3Db 0.318 15.2 0.637 90.660 2.5
3D 1.24 282.8 8.0a 90.796 180
3D 0.007 58.0 0.32 90.114a 44

Klemmb 0.479 26.86 16.3 0.0085 90.473 1
Klemmb 0.473 26.19 15.7 0.85a 90.571 1.08
Klemm 0.339 9.49 8.47 0.016 90.114a 15.4

Hagenet al.
~Ref. 14!

0.42 5.4 6 1–1.7 3–5 K belowTc0
~fit for «.0.06!

Friedmannet al.
~Ref. 6!

0.8 14 1.71 0.435 2.5 K belowTc0
~fit for «.0.058!

aDenotes parameter constrained to this value in the fit.
bDenotes fit shown in Fig. 2.
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Klemm’s finite frequency generalization of the LD mod-
el:20 s1

Klemm,fluc~T,v)5(e2/16\s!/@«~«1b!#1/2$12v0
2@«21b«

1~3/8!b2#/@6~«1b!2#% where s is the layer separation,
b56p~j0/s!

2~m/M ! is the anisotropy parameter, withm/M
the ratio of in-plane to perpendicular effective masses. In all
fits, we ignore the Maki-Thompson correction, and do not
attempt to fits1~T! belowTc at this time because the mean
field theory fors1~T! below Tc is considerably more com-
plicated than that aboveTc .

We have adopted the approach of Hagenet al.14 in that we
fit to the total conductivity data, rather than subtracting off a
best guess for the mean field contribution and fitting the
residual conductivity. Results of fits up to 110 K are shown
in Table I and Fig. 2. The data and fits in Fig. 2 are presented
with the fit mean field conductivity subtracted away. Note
that each fit has a differentTc and a different mean field
contribution to the total conductivity, so that even though all
the fits were performed on the sames1~T! data set, they
appear to be different when presented ass1~T!2s1

MF~T! vs
~T2Tc)/Tc in Fig. 2.

The 3D fit parameters in Table I show poor agreement
with independent rf and dc estimates of the mean field resis-
tivity, casting doubt on the validity of the overall fit. Also,
the fit 3D coherence lengthj0 is unsatisfactorily small, and
constrained fits withj05~ jab

2 jc!
1/3;8 Å, or Tc5Tcs , were

much worse~note the values of the mean field resistivity
parameters, and the values ofx2 in Table I!. The 2D and
Klemm fits give mean field parameters consistent with inde-
pendent measurements and have the lowestx2 values. The
unconstrained 2D and Klemm fits are virtually identical,
since the small size of the ‘‘out-of-plane’’ coherence length
~Ref. 20! j0~6pm/M !1/2 relative to the layer separation,s,
indicates that a 2D to 3D crossover does not occur within the
range of the experimental data for the Klemm fit. A con-
strained Klemm fit withj0~6pm/M !1/250.85 Å ~giving a
d52 to 3 crossover at«'331023! was essentially as good

as the 2D fit. Hence the simple 2D fluctuation conductivity
fit appears to be the most reasonable for«.331023, in
agreement with the results of Hagenet al.14

We would like to make three general remarks about the
s1~T! fits presented above. First, note that all the mean field
Tc values are slightly aboveTcs , yet several kelvin below
theTc determined by susceptibility measurements, similar to
dc fluctuation conductivity fits~see Table I!. Note that when
Tc is constrained to be eitherTcs , or the susceptibilityTc ,
very poor fits result. Next, all of our fits~2D, Klemm, 3D!
show a sharpslowing downof the conductivity divergence
below the fit range~see Fig. 2!, in contrast with dc conduc-
tivity fits which show anincreasein the rate of divergence in
the analogous temperature range.6 The slowing down occurs
at about the same value of« for all fits, «;~2–3!31023.
However, this is not the slowing down predicted by TDGL
theory~i.e.,v051!, which is at«;131023 for YBCO at 9.6
GHz, suggesting thatsomething else limits the increase of
the conductivity. Note that the slowing down is robust
against small changes in fit parameters, for instance it is
quite insensitive to the choice of mean field conductivity, in
agreement with Hagenet al.14 Finally, it should be noted that
our fits extend much closer toTc than any of the dc fits in the
literature, and do not show the unexplained sharp rise in
conductivity asT approachesTc from above.6

In examinings1~T! peaks on a variety of crystals, we find
empirically the rather surprising result thats1~Tcs!5s2~Tcs!
to good approximation in all crystals~as shown, for example,
in Fig. 1!.4 The TDGL fluctuation theory15 predicts that
s1
3D,fluc~Tc ,v!5s 2

3D,fluc~Tc ,v!, or equivalently the conductiv-
ity phase anglefs[tan21~s2/s1!5p/4 atTc for 3D Gaussian
fluctuations.21 Theory also predicts thats2

2D,fluc~T c
2,v) di-

verges at Tc while s1
2D,fluc~Tc ,v! remains finite, or

fs5p/2.21 Hence our data is consistent with 3D, rather than
2D, fluctuations atTcs , implying ad52 to 3 crossover for
«<331023.

A quantitative analysis of Gaussian fluctuation conductiv-
ity shows that the extrapolated value atTc for
s1
2D,fluc~Tc ,v!5@e2/~\t!#~kBTc/\v!'2.53107 V21 m21, is

substantially greater than the measureds1~Tcs ,v!;1.0
3107 V21 m21 ~Fig. 1!, while the value fors1

3D,fluc~Tc ,v!
5@e2/~12\j0!#~kBTc/2p\v!1/2;23106 V21 m21 is substan-
tially less thans1~Tcs ,v!, indicating that pure 2D or 3D
Gaussian fluctuations do not dominate the measured conduc-
tivity for temperatures arbitrarily close toTc . There must be
another mechanism coming into play for«,331023 which
influencess1~T,v!.

We see two possible explanations for the behavior of the
conductivity nearTcs . First, inhomogeneities in the transi-
tion temperature of the crystal may be responsible for limit-
ing the increase ins1~T!.16 A very simple effective medium
model,22 based on a Gaussian distribution ofTc’s with vari-
ancesTc

2 50.24 K2, gives a surprisingly good description of

thes1~T! peak~this model is discussed in detail below!. One
finds that the peak height@s1~Tcs!;107 V21 m21#, the peak
width, and the fact thats1~Tcs!;s2~Tcs!, are all reproduced
by the simple model. However, this model does not explain
the detailed temperature dependence of the data for
«.331023.

FIG. 2. Experimental and theoretical conductivity minus fit
mean field conductivity,s1~T!2s1

MF~T! vs «'T/Tc21 aboveTc
for a YBCO single crystal. Data minus fit mean field are shown as
circles ~2D!, crosses~unconstrained Klemm!, squares~constrained
Klemm!, and triangles~3D!. The Klemm fits~solid, upper is uncon-
strained!, 2D fit ~dash-dot!, and 3D fit~dashed! are shown as lines.
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A second possibility is critical fluctuations, suggested by
examining the penetration depthl~T! belowTc , as shown in
Fig. 3. Mean field theory predicts that the magnetic penetra-
tion depth in a superconductor diverges as
l~T!/l~0!;~12T/Tc!

2b with b51/2, asTc is approached
from below.23 Hence a plot of@l~0!/l~T!#2 vs T should be a
straight line intersecting zero at the mean field transition
temperature,Tc . The inset of Fig. 3 shows such a plot for a
Nb single crystal, verifying that linear behavior is seen be-
tween 6.5 K andTc ~'9.2 K!, consistent with BCS theory.
When data for theab-plane screening currents in YBCO is
plotted, the data is clearly not linear from 65 K toTc , sug-
gesting non-mean-field behavior.

To identify 3D XY fluctuations, one can plot
@l~0!/l~T!#1/b, with b50.33,23 vs temperature~shown in Fig.
3!. The YBCO data is now clearly linear from 85 K toTc , a
region of reduced temperature in which the Nb data and BCS
theory are clearly not linear.24 This 3DXY critical regime is
at least 5 K wide, not quite as broad as that of Kamal’s
YBCO crystals,3 but surprisingly wider than that estimated
by Lobb ~;1 K! on the basis of the Ginzburg criterion.23,25

The same critical behavior of the penetration depth has been
observed in thin films of La22xSrxCuO42d,

26 but not in thin
films of YBCO.27 Nevertheless, this asymmetry of the fluc-
tuations observed here, primarily 2D and Gaussian aboveTc
vs 3D and critical below, is in qualitative agreement with
Monte Carlo calculations in the anisotropic 3DXY model.28

These results belowTc suggest that we look for similar
behavior ins1~T! aboveTc . We can estimate the width of
the critical region as the range betweenTcs and the point
where 2D Gaussian fluctuations no longer describe the data,
a width of approximately 0.6 K. Lobb has pointed out that
the conductivity in the 3DXYmodel is expected to enter two
critical regimes as«→0, one characterized bys;«2n,
n52/3, and the second closer toTc .

23 The latter critical re-
gime is dominated by the divergence of the fluctuation relax-

ation time scalet;jz, wherej;«2n is the correlation length,
z and n are the dynamical scaling and correlation length
exponents, respectively, ands;«2n(z122d).29,30

Note that aboveTc for the 2D and unconstrained Klemm
fits, the data points in Fig. 2 for«,331023 fall on a line
segment of slope21/3 to good approximation, suggestive of
critical fluctuations in the conductivity,s;«21/3. However,
as we saw from examining the penetration depth data below
Tc , critical fluctuations have aTc corresponding to the point
where 1/l3~T! vanishes~at T590.20 K>Tcs!. A plot of
s1~T!, ands1~T!2s1

MF~T!, where the mean field conductiv-
ity was that giving the best 2D fit, versus~T2Tcs!/Tcs is
shown in Fig. 4. From this figure it is clear that there is no
region nearTcs in which the conductivity has a simple
power law dependence on~T2Tcs!/Tcs . Instead, we find
that the effective medium model mentioned above16,22

@s1
eff~T! shown as solid lines in Fig. 4, ands2

eff~T! shown as
a dotted line in the inset# gives a good quantitative descrip-
tion of the s1~T! and s2~T! data for ~T2Tcs!/Tcs,1022.
The model reproduces the slowing down of the conductivity
divergence using a Gaussian spread ofTc of standard devia-

FIG. 5. Schematic summary of conclusions regarding the nature
of superconducting fluctuations in the vicinity ofTc of a YBCO
single crystal~not to scale!. HereTcs590.11 K andTc0 represents
the dc zero resistance temperature~Tc0>92 K!.

FIG. 3. @l~0!/l~T!#3 vs T/Tc for YBCO ~Tc590.20 K! and Nb
~Tc59.20 K! single crystals, ands-wave BCS theory. The straight
line is a guide to the eye. Inset showsl2~0!/l2~T! vs T/Tc for
YBCO ~Tc590.50 K! and Nb~Tc59.20 K! single crystals, as well
ass-wave BCS theory.

FIG. 4. Conductivity datas1~T! ~circles!, calculated effective
mediums1

eff~T! ~solid line!, and the same two quantities with 2D
mean field conductivity subtracted away~squares and dashed line,
respectively!. The inset shows the total conductivities on a linear
scale nearTc , and also showss2

eff~T! from the effective medium
model ~dotted line!.
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tion 0.49 K, with a centralTc of 90.9 K,l~0!51400 Å, and
a two-fluid conductivity belowTc ~Ref. 11! with a normal
state conductivity of 33106 ~V m!21. The same conclusions
are obtained whenTc is chosen as the point where 1/l3~T!
goes to zero~Tc590.20 K!. Hence we conclude that the
response within 0.6 K aboveTcs cannot be attributed en-
tirely to critical fluctuations ins1~T!.

Our conclusions regarding the nature of superconducting
fluctuations in this YBCO crystal are summarized in Fig. 5.
Broadly speaking, we find that fluctuation effects in YBCO
crystals are asymmetric aboutTc . The fluctuations are 3D
and critical below Tc , with evidence of 3DXY scaling
within 5 K of Tc . It is not clear from our data on the pen-

etration depth temperature dependence that mean field be-
havior is ever fully recovered at lower temperatures.
Whereas aboveTc we find the data shows two-dimensional
Gaussian finite frequency conductivity fluctuations for
«.331023, and slowing down behavior most likely due to
inhomogeneities closer toTc . The width of the critical re-
gion aboveTc , if it exists, is at most about 0.6 K wide.
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