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Anomalous Loss Reduction Below Two-Level System
Saturation in Aluminum Superconducting Resonators
Tamin Tai, Jingnan Cai,* and Steven M. Anlage

Superconducting resonators are widely used in many applications such as
qubit readout for quantum computing, and kinetic inductance detectors.
These resonators are susceptible to numerous loss and noise mechanisms,
especially the dissipation due to two-level systems (TLS) which become the
dominant source of loss in the few-photon and low temperature regime. In
this study, capacitively-coupled aluminum half-wavelength coplanar
waveguide resonators are investigated. Surprisingly, the loss of the resonators
is observed to decrease with a lowering temperature at low excitation powers
and temperatures below the TLS saturation. This behavior is attributed to the
reduction of the TLS resonant response bandwidth with decreasing
temperature and power to below the detuning between the TLS and the
resonant photon frequency in a discrete ensemble of TLS. When response
bandwidths of TLS are smaller than their detunings from the resonance, the
resonant response and thus the loss is reduced. At higher excitation powers,
the loss follows a logarithmic power dependence, consistent with predictions
from the generalized tunneling model (GTM). A model combining the discrete
TLS ensemble with the GTM is proposed and matches the temperature and
power dependence of the measured internal loss of the resonator with
reasonable parameters.

1. Introduction

2D planar high internal quality factor (Qi) superconducting res-
onators have been widely fabricated and investigated in recent
times for applications such as single photon detectors,[1] kinetic
inductance detectors,[2] and quantum buses in quantum comput-
ing technology.[3] Tremendous progress has been made in terms
of design, fabrication, and measurement techniques, which has
led to orders of magnitude increase in coherence time and im-
proved quantum fidelity of the quantum gates.[3-5] In microwave
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measurements, although all qubits are
operated at an excitation frequency well
below the superconducting gap energy,
microwave photons can be absorbed by
quasiparticles, which in turn interact with
the phonon bath, creating non-equilibrium
distributions of both quasiparticles and
phonons.[6-9] This process affects the pop-
ulation of quasiparticles, in addition to
pair-breaking process induced by cosmic
rays,[10] higher order microwave harmon-
ics, and stray infrared radiation.[11-13] These
non-equilibrium quasiparticles are one lim-
iting factor on superconducting resonator
Qi and qubit coherence, which can reduce
both the qubit relaxation time (TQubit

1 ) and
the coherence time (TQubit

2 ).[14]

Another comparable loss mecha-
nism due to two-level systems (TLS) is
also ubiquitous in 2D superconducting
resonators.[15-30] Despite the elusive mi-
croscopic origin of the TLS (some recent
works suggesting hydrogen impurities in
alumina as one candidate for TLS[31,32]),
TLS can be simply modeled as electric
dipoles that couple to the microwave

electric field. In general, TLS are abundant in amorphous solids
and can also exist in the local defects of crystalline materials.
They are found in three kinds of interfaces in the superconduct-
ing resonators: the metal–vacuum interface due to surface oxide
or contaminants; the metal–dielectric substrate interface due to
residual resist chemicals and buried adsorbates; and the dielec-
tric substrate–vacuum interface with hydroxide dangling bonds,
processing residuals, and adsorbates.[33] To address these issues,
different kinds of geometry of coplanar waveguide (CPW) struc-
ture have been proposed and fabricated, with more care given
to the surface treatment to alleviate the TLS losses.[34] For ex-
ample, a trenched structure in the CPW helps to mitigate the
metal–dielectric TLS interaction with the resonator fields.[35,36]

These efforts have improved the 2D resonator intrinsic quality
factor to more than 1 million in recent realizations of high-Qi
resonators.[35-39] Nevertheless, TLS still exist even in extremely
highQi 3D superconducting radio frequency cavities used in par-
ticle accelerator applications.[40] Recently, other sources of TLS
loss have been proposed based on quasiparticles trapped near the
surface of a superconductor.[41]

Clearly TLS loss is a universal issue in superconducting res-
onators. However, at microwave frequencies, this loss was long
thought to be constant under lowmicrowave power and low tem-
perature below TLS saturation.[16–18,28,42,43] Measurements in this
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Figure 1. a) An SEM image of the aluminum CPW resonator on a sapphire substrate. b,c) Zoom-in SEM images of the left and right capacitive couplers.
d) AFM image highlighting the tapered center conductor with a 1 μm wide center trace near the center of the resonator, and e) AFM topography image
highlighting the 5 μm wide capacitive coupler from (b) or (c). Note that the AFM probe scanning direction is 45 degrees with respect to the center-line
direction to reduce AFM scanning artifacts. f) Line scan profile of AFM image to show thickness of the center line in (d). g) Line scan profile of the
capacitive coupler. Both line scans show an Al film thickness of 70 nm.

regime were limited due to the constraints of noise levels in both
electronic equipment and the thermal environment. Therefore,
experimental investigation of TLS at low temperatures and mi-
crowave excitation are important, and would assist the supercon-
ducting quantum information community to understand its ef-
fect on operating quantum devices.
We have designed a 2D half wavelength resonator with a taper-

ing geometry that gradually shrinks the signal line width w from
50 μm down to 1 μm at the center where many three-junction
flux qubits could be hosted and strongly coupled for the study of
the collective behavior of quantummeta-materials. Analogous to
cavity quantum electrodynamics, qubits serve as artificial meta-
atoms with mutual coupling[44–48] and can be read out through
the dispersive frequency shift of the cavity.[49–51] Theoretical pub-
lications discussing the physics of qubit arrays coupled to the
harmonic cavities predict a number of novel collective behaviors
of these meta-atoms.[52–54] In this paper, we report our finding
on the TLS loss in the low power and low temperature limit of
this particular design of capacitively-coupled half-wavelength res-
onator, without the qubits. The technique of very low power mi-
crowave measurement with low noise to enhance the signal-to-
noise ratio (SNR) is critical for measuring this TLS behavior.

2. Experimental Methods

Aluminum (Al) half-wavelength (𝜆∕2) CPW resonators on sap-
phire substrates were designed with a center line width w = 50
μm and spacing s = 30 μm (the distance between center conduc-

tor line and ground plane as illustrated in Figure 1b to maintain
the characteristic impedance near 50 Ω in the meander part. At
the center of the resonator a tapering structure narrows the cen-
ter line width down to w = 1 μmand spacing to s = 12 μm, which
gradually increases the characteristic impedance to 100 Ω at the
resonator center. Figure 1a shows a perspective view of the res-
onator in a diced chip with a designed fundamental frequency
around 3.6 GHz. The entire resonator is surrounded by many
10 μm by 10 μm vortex moats. The resonator is symmetric and
capacitively coupled through 5 μm gaps (Figure 1b,c) in the cen-
ter conductor. A topographic image of the narrowed resonator
center section is shown in Figure 1d with a critical dimension
around w = 1 μm in width. Line cuts shown in the AFM images
in Figure 1d,e show that the Al film is 70 nm thick.
This CPW resonator was fabricated using standard photo-

lithography procedures. First, a 70 nm thickAl filmwas deposited
on a 3-inch diameter sapphire wafer using thermal evapora-
tion technology with a background pressure of ≈ 3 × 10−7 mbar.
Then a thin SHIPLEY1813 photo-resist was coated on top of the
film and exposed to UV through the designed photomask. The
UV exposed wafer was developed and then wet etched by com-
mercial transene aluminum etchant. The remaining photoresist
was stripped off by acetone and the entire wafer was cleaned
by methanol and isopropanol. Finally, the wafer was coated in
a protective photo-resist and then diced into many chips. Af-
ter dicing, the protective photo-resist was removed and the chip
was mounted on a printed circuit board bolted inside a copper
box. Several lumps of indium were pressed between the on-chip
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Figure 2. a) Temperature dependent first harmonic resonant frequency shift Δf ∕f0(6 mK), with Δf = f0 − f0(6 mK) of the 𝜆∕2 aluminum co-planar
waveguide resonator on sapphire substrate measured at different excitation powers (average photon numbers). Here f0 (6 mK) is the resonance fre-
quency measured at the base temperature for each excitation power . b) Temperature dependent loss (inverse of intrinsic quality factor, Q−1

i ) at its first
harmonic frequency of an aluminum co-planar waveguide resonator on sapphire substrate measured at different circulating photon numbers ⟨n⟩. Some
of the error bars are smaller than the data point such as those for the high power and temperature measurements.

ground planes and the copper box ground to achieve a continuous
ground contact, which mitigates parasitic resonant microwave
modes due to uneven electrical grounding. The indium lumps
also secured the chip in the center of the printed circuit board.
The on-chip transmission line is wire-bonded to the center con-
ductor of the transmission line on the printed circuit board by
gold wires. Finally, the copper box is capped by a copper lid to
eliminate stray light illumination.
The device was placed in a closed Cryoperm cylinder in a Blue-

Fors (BF-XLD 400) croygen-free dilution refrigerator (base tem-
perature 10 mK) to minimize any stray DC magnetic field, and
the shield was thermally anchored to the mixing chamber plate.
The microwave excitation was attenuated by a series of attenua-
tors in the input line at different cooling stages in the dilution
fridge before going into the resonator to reduce the noise. The
transmitted signal was amplified twice through a cryogenic am-
plifier and a room temperature amplifier before being measured
by a Keysight N5242A vector network analyzer (VNA). The low
power measurements were performed using the smallest inter-
mediate frequency bandwidth (1 Hz) of the VNA, with a 400 kHz
span across the resonance, following five averages to reduce the
random noise. A thru calibration of the setup was performed in
a separate cool down to determine the overall loss/gain in the
transmission lines leading to the resonator. Further details of the
experimental setup for the high SNR measurement at very low
microwave power can be found in Section S1, Supporting Infor-
mation.

3. Experimental Data

The measured transmitted signal (S21(f )) has a fundamental
(𝜆∕2) resonance peak around f = 3.644 GHz at the fridge base
temperature when sweeping the frequency, f . The complex S21(f )

signal is fitted to an equivalent circuit model of a two-port res-
onator capacitively coupled to external microwave excitation.[9,55]

S21(f ) = |S21,in||S21,out| ⎛⎜⎜⎝
QL∕Qc

1 + 2iQL(
f

f0
− 1)

ei𝜙
⎞⎟⎟⎠ + C0 (1)

where |S21,in| and |S21,out| are the net loss or gain in the transmis-
sion of the input and output line, respectively. QL is the loaded
quality factor. Qc is the coupling quality factor representing the
dissipation to the external circuit, i =

√
−1, f0 is the resonance

frequency of the half-wavelength (𝜆∕2) CPW resonator, 𝜙 is the
phase and C0 is an offset in the complex S21 plane due to back-
ground contributions.[55] The internal quality factor,Qi, inversely
proportional to the internal loss, 𝛿 = Q−1

i , is extracted from the
identity 1∕QL ≡ 1∕Qi + 1∕Qc. The absorbed power Pab of the res-
onator is characterized by the average number of circulating mi-
crowave photons in the cavity on resonance, which can be esti-

mated using the approximation[9,56] ⟨n⟩ = 2Q2
LPin

Qcℏ𝜔
2
0

for a two-port

device, where ℏ is the reduced Planck constant, and 𝜔0 = 2𝜋f0
is the angular frequency of the resonance.
Figure 2a illustrates the temperature dependence of the frac-

tional resonant frequency shift from the resonance frequency at
lowest temperature, (f0(T) − f0(6 mK))∕f0(6 mK), for different cir-
culating microwave photon numbers inside the CPW resonator,
where 6 mK is the measured fridge base temperature. The reso-
nance frequencies start at theirmaxima at the fridge base temper-
ature and then show local minima ≈60 mK. This phenomenon
seems to be independent of the average circulating photon num-
ber and can be explained by the standard tunnelingmodel (STM)
of TLS.[43] Upon further increasing the temperature above 150
mK, the resonance frequencies quickly decrease due to the ther-
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mal quasiparticles, which increases the real and imaginary parts
of the surface impedance of the superconducting resonator. The
inset focuses on the low temperature regime and shows a very
small power dependence that is qualitatively similar to the strong
field correction to the frequency shift in the STM proposed by
Gao, which predicts smaller frequency shifts for higher power.[57]

The temperature dependence of the measured internal loss is
shown in Figure 2b. For high power measurements (⟨n⟩ > 106),
the loss is constant at low temperatures (below 150 mK) which
is expected for the typical non-interacting TLS. At higher temper-
atures, the loss increases due to thermal quasiparticles. For low
power measurements (⟨n⟩ < 106), starting from the minimum
temperature, the loss has an unusual increase at low tempera-
tures, from the base temperature to a peak at 40 mK. The loss
then drops with increasing temperature following the equilib-
rium value of the population difference in TLS.[20,58] Similar to
the high powermeasurements, the loss rises again above 150mK
due to thermal quasiparticles. The observed loss decrease with
decreasing temperature from 40 to 10 mK has not been explicitly
acknowledged and discussed in prior work of microwave super-
conducting resonators until recently.[59] Indications of an upturn
inQi(T) has otherwise been attributed to poor SNR and therefore
treated as not statistically significant.[58,60]

4. Modeling

4.1. Frequency Shifts

The power and temperature dependent frequency shifts are ex-
plained by the TLS and the dynamics of quasiparticles. These two
mechanisms could overlap and become difficult to distinguish in
the operation of many superconducting devices, including res-
onators and qubits.[14] A simple model that combines both quasi-
particles and TLS contribution in one equation describes the res-
onance frequency Δf data in Figure 2[25,34,61]

f0(T) − f0(0)
f0(0)

=
𝛿0
𝜋

(
Re

[
Ψ( 1

2
+ ℏ𝜔

2𝜋ikBT
)
]
− log( ℏ𝜔

2𝜋kBT
)
)

− 𝛼

2

⎛⎜⎜⎝
nqp

2N0ΔS0

⎡⎢⎢⎣1 +
√

2ΔS0

𝜋kBT
exp(𝜁 )I0(𝜁 )

⎤⎥⎥⎦
⎞⎟⎟⎠ (2)

where 𝜁 = hf0
2kBT

, f0 is the resonance frequency as a function of

the temperature, 𝛿0 is the zero temperature and zero power
loss tangent from the TLS, Ψ(⋅) is the digamma function, 𝛼 =
Lkinetic∕Ltotal is the kinetic inductance fraction of the CPW res-
onator, N0 is the single spin density of states, ΔS0 is the alu-
minum superconducting gap at zero temperature, and I0(⋅) is
the 0th order modified Bessel function of the first kind. The
first term in Equation (2) represents the frequency shift caused
by the TLS mechanism[20,23] and the second term is the fre-
quency shift due to quasiparticles using the Bardeen–Cooper–
Schrieffer (BCS) model for kBT, hf0 ≪ ΔS0, and written explicitly
in terms of quasiparticle number density nqp,

[61] including both
thermal and non-equilibrium quasiparticles. However, themodel
with only thermal quasiparticle nth = 2N0

√
2𝜋kBTΔS0 exp(−

ΔS0

kBT
)

(valid for T ≪ Tc) seems to match the measurement sufficiently

Figure 3. Temperature dependent fundamental (𝜆∕2) mode resonant fre-
quency f0(T) of the Al CPW resonator on sapphire substrates at an external
microwave excitation creating around one circulating photon. The inset
highlights the low temperature regime where the frequency shift is dom-
inated by the TLS mechanism. The dots are experimental data and solid
line is the model fit to Equation (2).

well, whereN0 = 1047 J−1 m−3 ≈ 1.74 × 104μeV−1μm−3 is the sin-
gle spin electronic density of states at the Fermi level.[7,13]

The fit to the frequency shift data is shown in Figure 3, and
the extracted fitting parameters indicate that the aluminum su-
perconducting gap at zero temperature is ΔS0 ≈ 170 μeV, a value
close to the BCS gap approximation which is 1.76kBTc with tran-
sition temperature Tc = 1.12 K. The values of the other fitting pa-
rameters are 𝛼 ≈ 0.014, and 𝛿0 = 9.6 × 10−6. The values of 𝛼 and
𝛿0 are consistent with other results on a variety of similar super-
conducting resonators.[23,27,34,62]

4.2. Internal Loss

Since the temperature dependent internal loss is dominated
by the well-known thermal quasiparticles above 150 mK, this
analysis focuses only on the low temperature data. The power
dependence of the loss Q−1

i (T) is shown in Figure 4 at dif-
ferent temperatures below the onset of thermal quasiparticle
effects. Clearly, the loss shows a gradual power dependence
above the low-power saturation, similar to previous experimen-
tal observations,[27,37,63,64] and is not consistent with STM shown
as the dashed curves.
To account for the slower power dependence, many improve-

ments on the STM have been proposed, such as introducing
more than one species of TLS in the dielectrics,[65–69] and account-
ing for the nonuniform field distribution in the resonator.[24] In
addition, there is another approach that generalizes the STM to
include a random telegraph noise on the TLS energy level due to
strong interactions between a few TLS,[70–72] resulting in the gen-
eralized tunneling model (GTM) that can produce the logarith-
mic power dependence shown as the black dotted line in Figure 4.
However, none of the existing models predicts a strong tem-

perature dependence of loss below the TLS saturation. To inter-
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Figure 4. Internal loss Q−1
i as a function of power (measured by photon

number ⟨n⟩ on lower axis, and Rabi frequency Ω on upper axis) at differ-
ent temperatures for an aluminum resonator on a sapphire substrate. The
scatter plots are experimental data points, and the dashed lines are the
fitting curves from the STM given in Equation (8). There is a large devi-
ation from STM power dependence at high power above TLS saturation
power. The power dependence is more gradual than the STM prediction,
and the loss has very weak temperature dependence, which resemble the
logarithmic power dependence predicted by GTM. The black dotted line
is the power dependence at high excitation power from GTM. A constant
background loss is assumed for all the fits.

pret this unusual loss reduction in our aluminum resonators at
low power and low temperature, we go beyond the assumption
of a uniform distribution of TLS and invoke the discrete TLS
contribution to the loss at low temperatures. A simple modifica-
tion that sums over the discrete and detuned TLS responses near
the resonance as in Equation (14) is proposed. When combined
with GTM, this model reproduces the full power and tempera-
ture dependence of the loss data: the gradual power dependence
at high power as well as the observed anomalous temperature
dependence of loss for ⟨n⟩ < 102 and T < 50 mK. It should be
emphasized that the discrete TLS assumption is independent of
GTM. Attempts to apply the discrete and detuned TLS formalism
to the modified versions of STM are summarized in Section S4,
Supporting Information. To lay the foundations of the proposed
model, the following sections introduce key concepts of STM and
GTM and derive several expressions used in the final model.

4.2.1. Conventional Model for TLS Loss

The TLS formalism is based on a simple model for a single TLS

that can be described by the Hamiltonian, HTLS =
1
2

(
−Δ Δ0
Δ0 Δ

)
where Δ is the asymmetry of the double well potential and Δ0
is the tunneling barrier energy between the potential wells.[20]

A typical resonator hosts an ensemble of TLS with different val-
ues of Δ and Δ0 with their (assumed continuous) distribution
function given as P(Δ,Δ0) = P0∕Δ0, where P0 ≈ 1044J−1m−3 is
the density of states for TLS. The distribution function is uni-
form inΔ in the conventional TLSmodel, but could take on a very
weak dependence ∝ Δ𝜇 with 𝜇 ≈ 0.3 for a system of very strongly
interacting TLS,[72–74] such as the case assumed in GTM. For sim-
plicity and generality, the following model uses the conventional

distribution function, which is constant in Δ. The fit with non-
zero 𝜇 can be found in the Section S4, Supporting Information.
The dynamics of a single TLS can be described by the lin-

earized Bloch equations of the pseudospin S⃗(t) (see Section S2,
Supporting Information for details) that is characterized by the
following four rates: Rabi frequency Ω ∝ |E⃗|, the frequency of
the driving field 𝜔, the splitting between the two eigenenergies

of TLS 𝜀 =
√

Δ2 + Δ2
0, and the longitudinal and transverse relax-

ation rates of the TLS Γ1,2 which are defined as

Γ1 =
(Δ0

𝜀

)2
[
𝛾2L

v5L
+
2𝛾2T
v5T

]
𝜀3

2𝜋𝜌ℏ4
coth( 𝜀

2kBT
)

=
(Δ0

𝜀

)2

Γmax
1 [18, 42, 43, 57] (3)

Γ2 = Γph2 + Γds

where Γph2 = Γ1∕2 and

Γds ≈ 10−3(kBT∕𝜀max)
𝜇kBT∕ℏ [72, 75] (4)

Equation (3) describes the longitudinal relaxation rate dominated
by the phonon process where 𝛾L and 𝛾T are the longitudinal and
transverse deformation potentials, respectively, vL and vT are the
longitudinal and transverse sound velocities, 𝜌 is the mass den-
sity, andΓmax

1 is themaximumΓ1 for the TLSwith energy splitting
𝜀, when Δ0 = 𝜀. Equation (4) defines the transverse relaxation
rate where Γds is the dephasing rate of the resonant TLS energy
level 𝜀, caused by its interactions with thermally activated TLS
whose 𝜀 ≲ kBT , and is valid for low temperature measurement
(T < 1 K).[75] We note that 𝜇 = 0 for the conventional TLS model
used here, and Γds ≈ 106 Hz dominates over Γ1 ≈ 103 Hz in
the typical cryogenic measurement of amorphous dielectrics.[72]

Therefore, Γ2 is often approximated as Γds and is proportional to
T .
In STM, the resonant dielectric response of a single TLS is ex-

pressed as[15,17,71]

𝜒res =
m(𝜔 − 𝜀∕ℏ − iΓ2)

(𝜔 − 𝜀∕ℏ)2 + Γ22(1 + Ω2Γ−1
1 Γ−1

2 )
(5)

where m = tanh(𝜀∕(2kBT))∕2 is the equilibrium value of ⟨S0z⟩.
The single TLS loss corresponds to the imaginary part of the
response function in Equation (5) which is in the form of a
Lorentzian in 𝜀∕ℏ centered at 𝜔 with a width

w = Γ2
√
1 + 𝜅 (6)

where 𝜅 = Ω2Γ−1
1 Γ−1

2 . For a typical TLS with 𝜀∕h ≈ 5 GHz and
at reasonably low temperatures and powers, the width of its re-
sponse w ≈ Γ2 ≈ 1 MHz ≪ 𝜔. Due to this sharp Lorentzian re-
sponse function, the total loss is dominated by the resonant TLS
whose energies 𝜀 ≈ ℏ𝜔.
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The total dielectric loss is simply the integral of the single TLS
contribution Equation (5) over the distribution of the TLS.[17,20,57]

𝛿TLS = 1
𝜖r𝜖0 ∫ ∫ ∫ P(𝜀,Δ0)

(Δ0d0
𝜀

)2
cos2 𝜃
ℏ

×
mΓ2

Γ22(1 + 𝜅) + (𝜀∕ℏ − 𝜔)2
d𝜀dΔ0d𝜃 (7)

where 𝜖r𝜖0 is the permittivity of the host dielectric material,
P(𝜀,Δ0) is the distribution function of coherent TLS, obtained
from P(Δ,Δ0) with a change of variable from Δ to 𝜀, d0 is the
maximum transition electric dipole moment of the TLS with en-
ergy splitting 𝜀, E⃗ is the applied microwave electric field on the
TLS dipole, and 𝜃 is the angle between the applied electric field
and the TLS dipole moment.
Evaluating this integral leads to the famous STM prediction of

TLS loss[43]

𝛿TLS =
𝜋P0d

2
0

3𝜖r𝜖0

tanh ℏ𝜔

2kBT√
1 + (Ω∕Ωc)2

(8)

where Ωc ∝
√
Γmax
1 Γ2 is the critical Rabi frequency that charac-

terizes the saturation of TLS. The loss is expected to have an
inverse square root dependence on power after the TLS satura-
tion, 𝛿TLS ∼ Ω−1 ∝ P−0.5

ab for Ω ≫ Ωc, which is much faster than
observed in the data in Figure 4. In fact, if one fits the data with a
general power law[27] where the square root in the denominator
of Equation (8) is replaced by a fitting parameter, the resulting ex-
ponent is around −0.15, indeed a slower power dependence than
predicted in STM.

4.2.2. Effect of Fluctuators on TLS Loss

The dephasing rate Γds introduced in Equation (4) describes the
spectral diffusion resulting from an average of weak interactions
among TLS,[20,72] which cannot incorporate stochastic and dis-
crete strong interactions following a Poisson process, such as
those from fluctuators.[70–72,76–78] Fluctuators can be modeled as
incoherent TLS whose Γph2 ≥ 𝜀, as opposed to the coherent TLS
introduced above in STM.[72] If strongly coupled with the co-
herent resonant TLS, the fluctuators can move the latter in and
out of resonance with a jump rate 𝛾 and effectively create a ran-
dom telegraphic noise on the energy level 𝜀 → 𝜀 + 𝜉(t). The fluc-
tuators can be modeled as following a thermally activated tun-
neling process with rate 𝛾 = 𝛾0 exp(

−Ea
kBT

), where Ea is the activa-

tion energy. For a uniform distribution of Ea ∈ [Ea,min, Ea,max],
the distribution of the fluctuator rates is thus P(𝛾) ∼ 1∕𝛾 in
an exponentially wide range [𝛾min, 𝛾max], with 𝛾min = 𝛾|Ea=Ea,max

≈
constant in T and 𝛾max = 𝛾|Ea=Ea,min

∝ exp(−Ea,min

kBT
).[71,72] The ran-

dom telegraphic noise with a slow jump rate 𝛾 happens infre-
quently during the measurement time, and thus cannot be aver-
aged over to contribute to the spectral diffusion as in Equation (4).
The exact solution to the Bloch equation will depend on the rela-
tionship between 𝛾 ,Ω,Γmax

1 , and Γ2. Γmax
1 is abbreviated to Γ1 for

clarity in the following discussion, which mainly focuses on the
interaction between fluctuators and one resonant TLS. Thus, the

distribution of values of Γ1 for an ensemble of TLS is not invoked
until the last step of integration to calculate the loss, and is not
relevant to the fluctuators-induced effect.
When the jump rate 𝛾 is slow compared to the dynamics of the

resonant TLS characterized by the rates Ω,Γ1,Γ2, the stationary
solution similar in form to Equation (5) can still be used with the
substitution 𝜀 → 𝜀 + 𝜉. After averaging over the distribution of
the fluctuator jumps 𝜉, the response of a single TLS weakly cou-
pled to low-𝛾 fluctuators is obtained (see Section S3, Supporting
Information)

𝜒res = m
𝜔 − 𝜀∕ℏ − i(Γ2 + Γf∕

√
1 + 𝜅)

(Γ2
√
1 + 𝜅 + Γf )2 + (𝜔 − 𝜀∕ℏ)2

(9)

which has the same form as Equation (5) but with the width of the
Lorentzian widened by Γf ∝ T ≲ Γ2 due to the weakly-coupled
low-𝛾 fluctuators.[72] For a continuous distribution of TLS such as
P(𝜀,Δ0), the total internal loss is calculated by integrating Equa-
tion (9) over the distribution function P(𝜀,Δ0) and P(𝛾) in the
range 𝛾 ∈ [𝛾min,Γ1] .

𝛿TLS = 1
𝜖r𝜖0 ∫ ∫ ∫ ∫ P(𝜀,Δ0)P(𝛾)

(Δ0d0
𝜀

)2
cos2 𝜃
ℏ

m√
1 + 𝜅

×
(Γ2

√
1 + 𝜅 + Γf)

(Γ2
√
1 + 𝜅 + Γf)2 + (𝜀∕ℏ − 𝜔)2

d𝜀dΔ0d𝜃d𝛾 (10)

Clearly, the last fraction in the integral is a Lorentzian which
evaluates to a constant after integration over 𝜀, resulting in the
same prediction for internal loss as the STM.[72]

On the other hand, when the dynamics of the resonant TLS
is dominated by a fast jump rate, 𝛾 ≳ Ω,Γ1,Γ2, a probabilistic de-
scription of the resonant TLSmust be adopted. Instead of directly
solving the linearized Bloch equations Equations (S2) and (S3),
Supporting Information, the master equation or the evolution
equation of the probability distribution 𝜌(S⃗) of the Bloch vector
S⃗ = (⟨S1x⟩, ⟨S1y⟩, ⟨S0z⟩) is introduced[71]
𝜕𝜌

𝜕t
+ d

dS⃗
( dS⃗
dt

𝜌) = 𝛾 [𝛿(S0z −m)𝛿(S1x)𝛿(S
1
y ) − 𝜌] (11)

where dS⃗∕dt is given in Equation (S2) and (S3) with a time in-
dependent 𝜀 where the random jumps 𝜉(t) are dropped since the
fast jumps are averaged out over a long time. (See Section S3,
Supporting Information). The TLS loss is then extracted by solv-
ing for the average y component of S⃗, ⟨S1y⟩ = ∫ 𝜌⟨S1y⟩dS⃗, and inte-
grating the solution over the probability distribution of fast fluc-
tuator jump rates P(𝛾) ∝ 1∕𝛾 where 𝛾 ∈ [max(Ω,Γ2), 𝛾max], and
the distribution of resonant TLS energies P(𝜀,Δ0). The loss has
a logarithmic dependence on power

𝛿 = m𝛿0arcsinh
( 𝛾

Ω

)|||||
𝛾max

max(Ω,Γ2)

𝛾max≫Ω≫Γ1 ,Γ2
←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→ m𝛿0 ln(

𝛾max

Ω
) (12)

This expression explains the high power limit of the data in
Figure 4 where the losses from different temperatures converge
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to a linear trend in the linear-log plot. This high 𝛾 fluctuator loss
will saturate to a constant value≈ m ln(𝛾max∕Γ2) onceΩ ≲ Γ2 (See
Section S3, Supporting Information). Thus, it will not affect the
low power behavior of the TLS loss.
More complicated is the case of intermediate jump rates where

𝛾 ≈ Ω,Γ1,Γ2. A similarmaster equation as in Equation (11) needs
to be solved with 𝜀 → 𝜀 + 𝜉k for each different fluctuator state k.
The jumps are no longer ignored since their rates are close to the
other dynamics (Ω,Γ2,Γ1) in the system. After obtaining the av-
erage solution ⟨S1y⟩ for the TLS with energy levels 𝜀k, the same
recipe for the loss calculation can be applied, namely, integrating
the average solution over P(𝛾) and then integrating over the dis-
tribution of the coherent TLS P(𝜀,Δ0) . The loss is then (See S3,
Supporting Information)

𝛿 = 𝛿0 ∫
mΓ2

Γ22 + (𝜀 − 𝜔)2

(
1

1 + 𝜅(𝜀)
ln

𝛾h
𝛾l

+
𝜅(𝜀)(1 − n)

(1 + 𝜅(𝜀))(1 + n𝜅(𝜀))
ln
1 + 𝜅(𝜀) + 𝛾h∕Γ1(1 + n𝜅(𝜀))
1 + 𝜅(𝜀) + 𝛾l∕Γ1(1 + n𝜅(𝜀))

)
d𝜀

(13)

where 𝜅(𝜀) = Ξ∕Γ1 = Ω2Γ2∕[(𝜀∕ℏ − 𝜔)2 + Γ22]∕Γ1, and n is the
probability that a given TLS is resonant, and is typically
small for a system of many (≈ 10) fluctuators (see Supporting
Information[71]), and thus ignored in the final model. 𝛾h,l are
the upper and lower bounds of the jump rates and are defined

such that 𝛾h ≳ Ξ + Γ1,
√

Γ22 + (𝜀∕ℏ − 𝜔) ≳ 𝛾l. These limits trans-
late to a range for power Ω where the power dependence of
the loss is dominated by this model: Γ2 ≳ Ω ≳

√
Γ1Γ2. Within

this range, the loss from intermediate 𝛾 fluctuators is approxi-
mately 𝛿0 ln[(Ω2 + Γ22)∕(2Ω

2)], a faster logarithmic power depen-
dence than Equation (12). At higher powers, the loss becomes
constant ≈ m ln(2). At lower power, the loss saturates to another
constant m ln(Γ2∕Γ1).
In summary, the three different fluctuation rates correspond

to three different power ranges for the power dependence of the
loss. In the high power limitΩ ≳ Γ2, the effect of fluctuators that
induce large 𝛾 dominates and leads to a logarithmic power de-
pendence; in the intermediate power regime Γ2 ≳ Ω ≳

√
Γ1Γ2,

the fluctuators with intermediate 𝛾 give rise to a faster logarith-
mic power dependence, but meanwhile the saturation of TLS
just as in STM has a comparable or even stronger power de-
pendence and overlap in the same power regime; and finally in
the low power limit Ω <

√
Γ1Γ2, the typical TLS saturation in

STM is recovered as the contributions from all three different
types of fluctuators become constant in power. The above de-
scription qualitatively matches our experimental observation in
Figure 4.

4.2.3. Fit to the Internal Loss Measurements

Although the power dependence of our data as in Figure 4 agrees
with the effect of fluctuators in the GTM, the original model does
not reproduce the observed temperature dependence. The GTM
predicts the same temperature dependence of the TLS loss in the
low power limit as in STM[72] shown as the orange dashed curve

in Figure 5b, which clearly deviates from the extracted low power
loss of TLS. To reconcile this difference, we propose a simple
modification to the TLS model to account for the discrete coher-
ent TLS near the resonance. Consider the discrete form of the
integral in the TLS loss for low 𝛾 fluctuators, Equation (10)

𝛿TLS =
P0d

2
0Δ𝜀

3ℏ𝜀r𝜀0
ln

(
Γ1
𝛾min

)∑
n

tanh(
𝜀n

2kBT
)

×
Γ2 + Γf∕

√
1 + 𝜅

(Γ2
√
1 + 𝜅 + Γf )2 + (𝜀n∕ℏ − 𝜔)2

(14)

where the index n denotes the coherent TLS near the resonance
and Δ𝜀 is the average energy spacing in the TLS spectrum. We
believe that Equation (14) is justified since the number of coher-
ent TLS inside the resonator bandwidth is ≈ 1 for a TLS volume
around 100μm3,[79] andmany previous works have observed indi-
vidual TLS in microwave resonators.[80–83] For the TLS exactly on
resonance, 𝜀 = ℏ𝜔, its loss 𝛿TLS ≈ Γ−1

2 ∝ T−1 at low power, and
is the classic result for the single TLSmodel in STM.[84] However,
this stands in clear contrast to the observed reduction in loss at
low temperature in Figures 2b and 5.
It is thus required that the TLS is not always on resonance

(𝜈 = 𝜀0∕ℏ − 𝜔 ≠ 0 where 𝜀0 stands for the energy level of the co-
herent TLS closest to resonance), a reasonable assumption given
the sparse TLS distribution in the frequency spectrum for a small
volume of TLS-inhabiting dielectrics. Mathematically, the width
of the Lorentzian in the summation w = Γ2

√
1 + 𝜅 + Γf dictates

the transition from the low temperature reduced loss to the high
temperature equilibrium result. For small w, a discrete sum will
deviate from the integral since the Lorentzian is under-sampled.
While for a Lorentzian with large w, a discrete sum with the
same sampling rate will approximate the integral better. Specifi-
cally, at low powers (𝜅 ≪ 1), w = Γ2 + Γf increases with the tem-
perature and w = Γ2 + Γf ≈ 𝜈 marks the transition temperature
between the two regimes. For low temperatures (w ≪ 𝜈), the
Lorentzian term becomes roughly proportional to w = Γ2 + Γf
which gives the almost linear temperature dependence of loss.
For higher power, w increases with 𝜅, which pushes the transi-
tion temperature lower and suppresses the low temperature re-
duction in loss. And eventually at high powers (𝜅 ≫ 1) such that
w > 𝜈 for all temperatures, the equilibrium temperature depen-
dencem = (1∕2) tanh (ℏ𝜔∕(2kBT)) in STM is recovered in the en-
tire temperature range. The same discrete summation can be ap-
plied to Equation (13) for intermediate 𝛾 fluctuators. On the other
hand, Equation (12) for high 𝛾 fluctuators is only modified with

the substitution Γ2 →
√

Γ22 + 𝜈2 due to the sparse TLS assump-
tion (See Section S3, Supporting Information). The final model
that combines all three contributions is able to reproduce the full
temperature (T = 8–110mK) and power (⟨ n⟩ = 10−1–108) depen-
dence of the loss shown as the solid curves in Figure 5a.
The fit shows reasonable agreement with the data, with root

mean squared error RMSE = 0.0124. There are in total ten fit-
ting parameters, fewer degrees of freedom compared to fitting
the data from different temperatures individually. The different
contributions to the loss below TLS saturation power are plot-
ted in Figure 5b illustrating that the discrete TLS coupled to low
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Figure 5. a) The least squares fit of the discrete GTM, together with a constant background loss, to the full power and temperature dependence of the
measured internal loss below 150 mK b) Plot of 𝛿0TLS(T) extracted from the average of the low power loss below TLS saturation in Figure 4. The orange
dashed curve is the temperature dependence of STM loss below saturation power ∝ tanh (𝜀∕(2kBT)). The purple dash-dotted (light blue densely dotted)
curve is from the discrete summation of individual TLS contributions for low (intermediate)-𝛾 fluctuators at zero applied power. The green dotted curve
is the temperature dependent low power limit of the TLS loss induced by high-𝛾 fluctuators. The blue solid curve is the sum of contributions from the
low, intermediate, and high-𝛾 fluctuators. c) Comparison of the temperature dependent rates determined from the least squares fit.

and intermediate 𝛾-fluctuators are responsible for the loss reduc-
tion. The different rates in the model determined from the fit
are summarized in Figure 5c. The numerical values for Γ1,2 and
𝛾max,min are typical for TLS in amorphous materials.[72] The rates
also satisfy the following assumptions in the model: Γ2 ≳ Γf, and
𝛾max ≫ Γ2. In addition, the low temperature loss reduction occurs
around 40 mK as expected, when Γ2 + Γf < 𝜈, the width of the
response is smaller than the detuning between TLS and the reso-
nance. The other quantities extracted from the fit are listed below:
the volume of TLS-inhabiting dielectrics, 10 μm3, the intrinsic
TLS loss, 𝛿TLS0 = 3.85 × 10−6, the other loss, 𝛿other = 1.29 × 10−5,
and the minimum fluctuator rate 𝛾min = 4.5 × 10−2 Hz.

5. Discussion

The discrete and detuned TLS formalism will not affect the
high 𝛾-fluctuator contribution to internal loss, since the width
of Lorentzian in the calculation of loss of high 𝛾 fluctuators w is
widened by 𝛾 such that w ≈ 𝛾 > Δ𝜀∕ℏ (See Section S3, Support-
ing Information), which is indicated by the almost flat region in
the green dotted curve at low temperature in Figure 5b. How-
ever, the loss from intermediate 𝛾 fluctuators could be subject
to the low coherent TLS density but to a lesser degree than that
from the low 𝛾 fluctuators, since although the bandwidth of their
response ≈ Γ2 is the same (See Section S3, Supporting Infor-
mation), there are many intermediate-𝛾-fluctuator-induced sub-
levels for one TLS in one Rabi cycle which effectively increases
the density of available TLS energy levels. In order to avoid over
fitting, this effect was not included in the model where the same
density of states for TLS are assumed for those coupled to inter-
mediate 𝛾 fluctuators and the low 𝛾 fluctuators. Thus, the same
Δ𝜀 value is shared for the two different contributions. This sim-

plification could lead to an underestimation of the loss in the in-
termediate power region, as illustrated by the deviation between
the fit and data from ⟨n⟩ = 102 to 106.
The discrete TLS formalism only approximates the effect of a

sparse TLS spectral density where despite the spectral diffusion
with a width Γ2, and the random telegraph noise characterized by
the rate 𝛾 , the coherent TLS spendsmost of its time detuned from
the resonance. The assumptions of even energy spacing between
TLS, Δ𝜀, and constant energy levels, are convenient for numer-
ical evaluation of the model, but are not necessary to reproduce
the loss reduction at low temperature. Two other estimations of
the probability of the TLS being on resonance, as well as the num-
ber of strongly coupled fluctuators that can bring a detuned TLS
into resonance, are given in Section S3, Supporting Information.
Both calculations show that for any TLS with a spectral width Γ2
and a detuning to the resonance 𝜈, the TLS becomes less likely
to be on resonance once Γ2(T) < 𝜈 with decreasing temperature,
qualitatively agreeing with the experimentally observed loss re-
duction at low temperature.
The treatment above is largely classical where the TLS are

treated as dipoles under classical field. A quantum mechanical
approach that studies the Jaynes–Cummings model of a single
TLS strongly coupled to a photon predicts a linear temperature
dependence of the loss similar to our observation.[84] However, it
should be noted that the photon frequency in our measurement
(3.64 GHz) corresponds to weak photon-TLS coupling, since the
Rabi frequency from the effective field of a single photon ismuch
weaker than the relaxation rates Γ1,2. Additionally, the loss from
strongly coupled TLS is predicted to show saturation in power at⟨n⟩ ≈ 1, clearly lower than the observed saturation in the data at⟨n⟩ ≈ 10 which corresponds to the weak coupling regime and
reproduces the classical result.[84]

Adv. Quantum Technol. 2023, 2200145 2200145 (8 of 11) © 2023 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH
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Although the fluctuators significantly affect the TLS internal
loss, they should have limited effect on the frequency shifts.[72]

The proposed discrete and detuned TLS formalism would not
modify the STM frequency shift prediction either, because unlike
the Lorentzian response function that governs the internal loss,
the response function for frequency shift does not have a reso-
nant shape and is not sensitive to the reduced sampling from the
discrete TLS.
Ever since the importance of TLS interactions in amor-

phous solids was recognized by Yu and Leggett,[85] there have
been numerous experimental works demonstrating evidence
of TLS interactions,[70,76,86] and theoretical works treating the
interacting TLS beyond STM,[87–89] with a recent example by
Burin and Maksymov where they used a similar Master equa-
tion formalism.[28] However, the fluctuations in the energy levels
are averaged over to form the spectral diffusion, unlike the fluctu-
ators introduced by Faoro and Ioffe,[71,72] and the loss is predicted
to have a power dependence faster than STMby a logarithmic fac-
tor, contrary to our observation.
At higher temperatures (above 150 mK), the quasiparticle ef-

fects become important, which corresponds to the upturn in loss
in Figure 2. The quasiparticles loss is related to its density nqp as

1
Qqp

= 2𝛼
𝜋

sinh(𝜁 )K0(𝜁 )nqp

N0

√
2𝜋kBTΔS0

where nqp = nth + nnoneq = 2N0

√
2𝜋kBTΔS0

× exp
(
−
ΔS0

kBT

)
+ nnoneq (15)

where nnoneq is the non-equilibrium quasiparticle density. Simi-
lar to the fit for frequency shift, the model with only nth matches
our data with the same set of fitting parameters Δ0 = 170 μeV
and 𝛼 = 0.014. A calculation of the increased quasiparticle den-
sity including both thermal and non-equilibrium quasiparticles
at high photon numbers in the half wavelength resonator based
on Mattis–Bardeen equations[90,91] can be found in Section S5,
Supporting Information. However, the results lack any strong
temperature or power dependence below 100 mK. Note that this
calculation includes the dynamics of the non-equilibrium quasi-
particle finite lifetime due to recombination and trapping, with
and without photon illumination.[92–95]

6. Conclusion

We have designed and fabricated capacitively-coupled half wave-
length superconducting aluminum microwave resonators with
minimum critical dimension of 1 μm in the center conducting
line of the CPW. The temperature and power dependence of the
resonatorQi deviate from the classical standard tunneling model
results. At high applied powers, the internal loss shows loga-
rithmic power dependence, a signature of the generalized tun-
neling model with fluctuators. At powers below TLS saturation,
the internal loss decreases from 50 mK down to the fridge base
temperature. We attribute this behavior to the detuning between
TLS and the resonance frequency in a discrete TLS ensemble.
Upon cooling, the single TLS response bandwidth, proportional

to Γ2 ∝ T1.3, decreases. When the bandwidth drops below the de-
tuning between TLS and the resonance frequency defined by the
CPW resonator, the resonant TLS response decreases and con-
tributes less to the internal loss. The generalized tunnelingmodel
is revisited and modified with the discrete TLS formalism result-
ing in a comprehensive fit to the measured loss in the entire low
temperature and low power range, with a reasonable set of pa-
rameters.

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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