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The random coupling model (RCM) has been successfully applied to predicting the statistics of currents
and voltages at ports in complex electromagnetic (EM) enclosures operating in the short-wavelength limit.
Recent studies have extended the RCM to systems of multimode aperture-coupled enclosures. However,
as the size (as measured in wavelengths) of a coupling aperture grows, the coupling matrix used in the
RCM increases as well, and the computation becomes more complex and time consuming. A simple
power balance (PWB) model can provide fast predictions for the averaged power density of waves inside
electrically large systems for a wide range of cavity and coupling scenarios. However, the important
interference-induced fluctuations of the wave field retained in the RCM are absent in the PWB model.
Here we aim to combine the best aspects of each model to create a hybrid treatment and study the EM
fields in coupled enclosure systems. The proposed hybrid approach provides both mean and fluctuation
information of the EM fields without the full computational complexity of the coupled-cavity RCM. We
compare the hybrid model predictions with experiments on linear cascades of over-moded cavities. We
find good agreement over a set of different loss parameters and for different coupling strengths between
cavities. The range of validity and applicability of the hybrid method are tested and discussed.
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I. INTRODUCTION

The ability to characterize and predict the nature
of short-wavelength electromagnetic (EM) waves inside
interconnected enclosures is of interest to various scientific
fields. Applications include EM compatibility studies for
electronic components under high-power microwave expo-
sure [1,2], coupled quantum mechanical systems modeled
with superconducting microwave billiards [3], cascades of
quantum dots [4–7] by way of analogy, and smart home
sensors in furnished indoor environments. The enclosures
in these applications are generally electrically large with
an operating wavelength λ � V1/3, where V is the volume
of the system. The interior geometry of these enclosures is
often complex, including wall features and internal objects
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acting as scatterers and geometrical details may not be pre-
cisely specified. These systems are then well described as
ray-chaotic enclosures, where the trajectories of rays with
slightly different initial conditions diverge exponentially
with an increasing number of bounces off the irregular
walls and interior objects [8–10]. This ray-chaotic property
has inspired research in diverse contexts such as acous-
tic [11–13] and microwave cavities [14–20], the spectral
properties of atoms [21] and nuclei [22], and quantum dot
systems [23].

Benefiting from the continuing advance in compu-
tational capabilities, deterministic approaches utilizing
numerical techniques are widely applied in simulating EM
quantities inside chaotic systems with specified geometries
[24]. The resolution required for deterministic methods,
such as the finite difference time domain or the finite
element method, scale with the inverse of the wave-
length and thus consume a large amount of computational
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resources in the short-wavelength limit (i.e., when typi-
cal wavelengths are small compared to the linear scale
of the enclosure). In addition, minute changes of the
interior structure of a given system will drastically alter
the solution of the EM field [19,25]. Statistical meth-
ods may thus be more appropriate when studying such
systems. Many such approaches have been proposed,
examples include the Baum-Liu-Tesche technique [1,26]
that analyzes a complex system by studying the travel-
ing waves between its subvolumes, and the power bal-
ance (PWB) model [27–30] that predicts the averaged
power flow in systems. The PWB method yields predic-
tions of the steady-state averaged energy density inside
all system subvolumes based on equating the incoming
and outgoing power in each connected subvolume. A ver-
sion of the PWB method estimating also the variance
of the fluctuations has been presented in Ref. [31]. The
PWB method is based on the assumption of a uniform
field distribution in each cavity that is often fulfilled in
the weak intercavity coupling and low damping limit.
Extensions of the PWB method that drop the uniform
field assumption are ray tracing (RT) methods [32,33]
or the dynamical energy analysis (DEA) method [34–
36] that calculate local ray or energy densities. DEA
and RT capture nonuniformity in the field distribution
within a given subvolume. Like the PWB method, they
do not treat fluctuations in energy density owing to wave
interference.

The random coupling model (RCM) [17,25,37–40]
allows for the calculation of the statistical properties of
EM fields described in terms of scattering and impedance
matrices that relate wave amplitudes, or voltages and cur-
rents at ports. The RCM is based on random matrix theory
(RMT) originally introduced to describe complex nuclei
[22]. It was later conjectured that any system with chaotic
dynamics in the classical limit will also have wave proper-
ties whose statistics are governed by random matrix theory
[41,42]. Here the RCM is applied to wave chaotic sys-
tems in the short-wavelength regime. In contrast to the
abovementioned methods, the RCM is able to describe
the full probability distribution functions (PDFs) for volt-
ages and currents at ports. An exemplary application of
the RCM is the simulation of the fluctuating impedance
matrix based on minimal system information, namely a
single-cavity loss parameter α (to be defined) and sev-
eral system-specific features [38,39,43–47]. The system-
specific features include the radiation information of the
ports (both emitting and absorbing), as well as short orbits
inside the cavity. The parameter α reflects the loss level
of the system, which can be derived from the overall
cavity dimension, Q factor, and operating frequency. The
RCM has been successfully applied to single cavities and
systems of coupled cavities with varying losses, cavity
dimensions, and in the presence of nonlinear elements
[48,49].

The computational complexity of the RCM grows,
however, with the addition of large apertures connecting
together multiple enclosures. In the RCM an aperture is
treated as a set of M correlated ports, the number of which
scales with the area of the aperture as measured in wave-
lengths squared. For example, a circular shaped aperture
whose diameter corresponds to four operating wavelengths
allows approximately 100 propagating modes, leading to
M ∼ 100 ports in the RCM modeling of the intercon-
nected cavities. A cavity with M ports is described by
an M × M matrix [37,39,47,50]. When large apertures are
present, connecting multiple cavities, the RCM model can
become cumbersome. First, there is the need to calculate
the matrix elements for each aperture that describe the
passage of waves through an aperture radiating into free
space. Second, these matrices must be combined with ran-
dom matrices that give the statistical fluctuations. Third,
the RCM is a Monte Carlo method in which the matrices
simulating the cavities are constructed for each realiza-
tion, and many realizations may be required to get accurate
statistical results. Finally, the matrices must be connected
together, which involves inverting the submatrices repre-
senting the subvolumes inside a complex system for each
realization [47]. There is thus a need to develop a simple
statistical method that applies in cases where the aper-
tures are larger than a wavelength, but small enough so
that the two enclosures connected by the aperture can be
considered as two separate volumes.

Here, we introduce a hybrid approach that combines the
PWB model and RCM to generate statistical predictions of
the EM field for multicavity systems without the compu-
tational complexity of a full RCM treatment. The hybrid
approach is valid in cases where the coupling between
adjacent cavities is carried by many channels owing to,
for example, large apertures as described above. Using the
hybrid method, we apply the PWB method to compute the
average EM field intensities in each cavity and use the
RCM to predict the fluctuations in the cavity of interest
only. The modeling of multiple channels between adja-
cent cavities is thus reduced to computing a scalar coupling
coefficient in the PWB model, often given through simple
expressions involving the area of the aperture. A coupled
RCM model still needs to be applied where the number
of connecting channels between enclosures is small. Such
small apertures act as “bottlenecks” for the wave dynam-
ics and a full RCM treatment is necessary to characterize
the fluctuations correctly; see also Sec. V and Appendices
C and D. From nested reverberation chamber modeling, it
is known that weak coupling (bottlenecks) introduces sta-
tistical independence of the two cavity environments [51]
in the sense that the coupled problem can be described
in terms of a random multiplicative process leading to
products of random fields. This leads to strong deviations
from a Gaussian random field hypothesis, as discussed in
more detail in Sec. V and Appendix C. One may further
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reduce the computational cost of the hybrid model using
a simplified treatment, as proposed in Appendix E. This
simplified version of the hybrid model does not require
additional knowledge of the frequency-dependent aperture
admittance, which is usually obtained through full-wave
simulations.

We test the hybrid model using cavity-cascade systems,
that is, linear arrays of coupled complex systems. RCM-
based studies for a linear multicavity array with a single
coupling channel and multiple channels were treated in
Refs. [1,17,50]. In the following, we introduce the exper-
imental setup of the cavity cascade system in Sec. II. The
formulation of the hybrid PWB-RCM method is presented
in Sec. III. In Sec. IV, we compare our model simulations
with experimental results. The limits of the hybrid model
are studied in Sec. V with conclusions presented in Sec. VI.
We relegate technical details to Appendices A–E. These
contain an in-depth analysis of the limitations of the hybrid
model depending on the number of coupling channels in
Appendix C, and extension of the hybrid model including
“bottlenecks” in Appendix D, and a simplified version of
the original hybrid model in Appendix E.

II. EXPERIMENTAL SETUP

We study the transmission and reflection of EM waves in
chaotic multicavity systems. A series of individual cavities
is connected into a linear cascade chain through circular-
shaped apertures, as shown schematically in Fig. 1. Each
cavity is of the same size and shape, but contains a mode
stirrer that makes the wave scattering properties of each
cavity uniquely different [52]. The total number of con-
nected cavities is varied from 1 to 3. Short-wavelength EM
waves from 3.95 to 5.85 GHz are injected into cavities
of dimension 0.762 × 0.762 × 1.778 m3 through WR187
single-mode waveguides, shown as T(R)X in Fig. 1. The
loss factor of the system is tuned by placing rf absorber
cones inside each cavity. The cavities are large com-
pared with typical wavelengths of the EM field (with
λ = 7.49–5.12 cm and there are approximately 104 modes
in the frequency range in operation) simulating realistic
examples of wave chaotic enclosures. The diameter of the
aperture is 0.26 m, and this requires on the order of approx-
imately 100 modes to represent the fields in the aperture
at the operating frequency. The thickness of the aperture
is about 0.04 times the operating wavelength. We mea-
sure the 2 × 2 scattering (S) matrices of the entire cavity
cascade system between ports TX and RX with a vector
network analyzer (VNA) from which we deduce the 2 × 2
impedance (Z) matrix. The S and Z matrices are connected
through the bilinear transformation

S = Z1/2
0
(Z + Z

0
)−1(Z − Z

0
)Z−1/2

0
,

FIG. 1. A schematic view of the experimental setup. We mea-
sure the 2 × 2 S matrix of a cavity cascade system with a
VNA between single-mode ports labeled TX and RX. The cav-
ities are connected through multimode circular apertures from
1 → 2 → 3. Rotatable mode stirrers are employed in each cavity
to generate different system configurations. The 1- and 2-cavity
system measurements are conducted by blocking the apertures
and moving the location of the RX port to cavities 1 and 2,
respectively.

where Z
0

is a diagonal matrix whose elements correspond
to the characteristic impedances of the waveguide chan-
nels leading to the ports. Independent mode stirrers are
employed inside each cavity to create a large ensemble
of statistically distinct realizations of the system [53–56].
All mode stirrers are rotated simultaneously to ensure a
low correlation between each measurement. A total num-
ber of 200 distinct realizations of the cavity cascade are
created.

In the RCM, the “lossyness” of a single cavity is char-
acterized by the loss parameter α defined as the ratio of
the 3-dB bandwidth of a mode resonance to the mean
frequency spacing between the modes [19,45]. The loss
parameter α has values larger than 0 (with α = 0 corre-
sponding to no loss), where α corresponds roughly to the
number of overlapping modes at a given frequency. For
the RCM to be valid, there is an upper limit on α deter-
mined by the following conditions: (i) the loss rate and
mode density should be relatively uniform over the range
of frequencies considered and (ii) the number of overlap-
ping modes should be much less than the number of modes
used in the RMT construction of the RCM normalized
impedance matrix (see Sec. III).

The magnitude of the induced voltage at a load attached
to the last cavity in the chain, |UL|, can be calculated
from the measured impedance matrix Z of the cavity cas-
cade system [25]. In the experiment, the load is the RX
receiver in the VNA (ZL = 1/YL = 50�). Our objective is
to use the hybrid PWB-RCM method to describe the statis-
tics of the load voltage |UL| using a minimum amount of
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information about the cavities and minimal computational
resources.

III. THE HYBRID MODEL

A. PWB in the hybrid model

The PWB method can be used to determine mean val-
ues of EM power flow and energy in systems of cou-
pled cavities [27–30]. For a multienclosure problem, the
PWB method solves for the mean power density Si in
each enclosure (i is the cavity index) by balancing the
powers entering and leaving each cavity. These power
transfer rates are characterized in terms of area cross sec-
tions (σ ), such that the power transferred is σSi. Various
loss channels, such as aperture-port leakage, cavity wall
absorption, and lossy objects inside the enclosure are char-
acterised through the corresponding cross sections σo, σw,
and σobj, respectively [29]. Constant power is injected
into the coupled systems through sources in some or all
of the enclosures. The method solves for a steady-state
solution when the inputs and losses are made equal for
each individual cavity in the system reaching a power
balanced state. The PWB method does not contain phase
information of the EM fields and thus does not describe
fluctuations owing to interference. This can lead to an
incomplete prediction of enclosure power flow in the case
of small apertures, as discussed in Secs. III C and V B and
Appendix C.

B. RCM in the hybrid model

As introduced in Sec. I, the random coupling model pro-
vides an alternative method to describe the statistics of the
EM fields in a wide variety of complex systems. In contrast
with the PWB method, the RCM deals with both the mean
and fluctuations of the cavity fields.

For coupled-cavity systems, the RCM multicavity
treatment begins with the modeling of the fluctuating
impedance matrix of each individual cavity [47]. These
matrices relate the voltages and currents at the ports of a
cavity. When cavities are connected, the voltages at the
connecting ports are made equal and the connecting cur-
rents sum to 0. The input port on the first cavity is excited
with the known signal. This leads to a linear system of
equations that can be solved for all the voltages and cur-
rents. This system is resolved for each realization of the
cavity impedance matrices.

Model realizations of the fluctuating cavity impedance
matrix of an individual cavity are created via a nor-
malized impedance matrix ξ

RCM
derived from a random

matrix ensemble [37–39,55]. In terms of the normalized
impedance matrix, the fluctuating cavity impedance matrix
is written as

Z
cav

= i Im[Z
avg

] + Re[Z
avg

]1/2 · ξ
RCM

· Re[Z
avg

]1/2,

where the quantity Z
avg

is discussed below. Here, ξ
RCM

is
defined as

ξ
RCM

= − i
π

∑
n

wn wT
n

(k2
0 − k2

n)/�k2
n + iα

,

where the sum over n represents a sum over the modes
inside the cavity. The vector wn, whose number of ele-
ments equals the number of ports, consists of independent,
zero-mean, unit-variance random Gaussian variables that
represent the coupling between each port and the nth cavity
mode. This random choice of mode-port coupling origi-
nates from the so-called Berry hypothesis, where the cavity
modes can be modeled as a superposition of randomly dis-
tributed plane waves [57]. The quantities k0 and kn are
wave numbers corresponding to the operating frequency
ω0 = k0c and the resonant frequencies of the cavity modes,
ωn = knc. Rather than use the true resonant frequency of
the cavity, a representative set of frequencies is generated
from a set of eigenvalues of a random matrix selected from
the relevant random matrix theory ensemble [15,37,58,59].
These RMT eigenvalues are appropriately normalized to
give the correct spectral density via the parameter �k2

n .
The loss parameter α = k2/(Q�k2

n), where k is the wave
vector of interest and Q is the quality factor [45].

System-specific information about the enclosure is cap-
tured in the averaged impedance matrix for each cavity,
Zavg [43]. Here, the average impedance matrix can be
thought of in two ways. First, it can be considered as a win-
dow average of the exact fluctuating cavity matrix over a
frequency range, ω2, centered at frequency ω1. In the case
in which the windowing function is Lorenzian this aver-
age is equivalent to evaluating the exact cavity matrix at
complex frequency ω1 + iω2. This in turn is the response
matrix for exponentially growing signals with real fre-
quency ω1 and growth rate ω2. This leads to the second
way of understanding the average impedance matrix. It is
the early time (ω2t < 1) response of the ports of the cavity.
Thus, the average impedance matrix can be calculated by
assuming that the walls of the cavity have been moved far
from each port, and that each port responds as if there were
only outgoing waves from the port. In the case of apertures
as ports, the transverse electric and magnetic fields in the
aperture opening are expanded in a set of basis modes with
amplitudes that are treated as port voltages in the case of
an electric field, and port currents in the case of a mag-
netic field. The linear relation between these amplitudes
is calculated for the case of radiation into free space, and
this becomes the average aperture admittance-impedance
matrix. Each mode in the aperture field representation is
treated as a separate port in the cavity matrix. Thus, the
dimensions of the matrix grows rapidly with the addition
of a large aperture [50].

In the cavity cascade system, the abovementioned aper-
tures (with M propagating modes) are adopted as the
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FIG. 2. Schematic illustration of the hybrid model applied to a
3-cavity cascade. In the hybrid model, we use the PWB method
to characterize the power flow from the first cavity to the next to
last cavity. The fluctuations in the final cavity are described using
the RCM method using the mean power flow values obtained
from the PWB method as an input.

connecting channel between neighboring cavities. With M
connecting channels between cavities, the dimension of the
above-defined cavity impedance matrix becomes M × M .
The matrix multiplications and inversions in the calcu-
lation of RCM multicavity formulations [47] thus have
complexity that grows as O(M 2.4) using common algo-
rithms [60]. Thus, for large M , the computational cost of
the RCM scales roughly as N × M 2.4, where N represents
the number of cavities in the system.

Here we propose a hybrid method for multicavity prob-
lems that combines both the PWB model and RCM, as
shown schematically in Fig. 2. In an N -cavity cascade sys-
tem with multiple channel connections between adjacent
cavities, we utilize the PWB method to characterize the
mean flow of EM waves from the input port of the first

cavity to the input aperture of the last (N th) cavity. The
RCM method is now applied to the last cavity and the con-
nected load at the single-mode output port of that cavity.
Thus, the hybrid method combines the strengths of both
methods: the fluctuations of the EM field will be captured
with RCM, and the computational cost is greatly reduced
using the PWB method. A quantitative comparison of the
computational costs between the full RCM method and the
hybrid method is discussed later in Sec. III D.

In the following, we discuss the hybrid model formula-
tion in detail based on the 3-cavity system example shown
in Fig. 2. We will first introduce the PWB treatment to the
first two cavities in the chain, followed by the modeling
of the last cavity using the RCM in Sec. III C. We will
then discuss how to connect the PWB model and RCM
at the aperture plane between the last two cavities in Sec.
III D. With the model formulation introduced, we will look
into the validity of the hybrid model in Sec. III E. A step-
by-step protocol to apply the PWB-RCM fusion to generic
cavity systems is detailed in Appendix D.

C. Detailed cavity treatments

The PWB method characterizes the flow of high-
frequency EM waves inside a complex interconnected
system based on the physical dimensions of the cavities,
the cavity quality factors Q, and the coupling cross sections
σo, as well as the incident power Pin driving the system
[27,29]. The PWB method then yields the power densities
of each individual cavity in steady state. For the 3-cavity
cascade system in Fig. 2, the PWB equations are

⎡
⎣
σw1 + σo1 + σo2 −σo2 0

−σo2 σw2 + σo2 + σo3 −σo3
0 −σo3 σw3 + σo3 + σo4

⎤
⎦

⎡
⎣

S1
S2
S3

⎤
⎦ =

⎡
⎣

Pin
0
0

⎤
⎦ , (1)

where the σwi’s refer to the wall loss cross section and Si is
the power density of the ith cavity, σo1 and σo4 are the cross
sections of the input and output ports, while σo2 and σo3
represent the aperture cross sections; see Fig. 2. The cross
sections can be expressed explicitly from known physi-
cal dimensions and cavity wall properties [29]. Here Pin
is the (assumed steady) incident power flow into the first
cavity. In this example, we assume that only the first cav-
ity receives EM power from external sources. The balance
between the input and loss is achieved by solving Eq. (1)
for the steady-state power densities Si. For example, the
power balance condition of the first enclosure is expressed
as (σw1 + σo1 + σo2)S1 = Pin + σo2S2. The left-hand side
of this equation represent the loss channels of the cavity,
including the cavity wall loss and the leakage through the

input port and the aperture. The right-hand side describes
the power fed into the cavity, consisting of the external
incident power and the power flow from the second cavity.
The net power that flows into the last cavity in the cascade
is expressed as P2→3 = σo3(S2 − S3).

The last cavity is characterized by the RCM method.
With the knowledge of the cavity loss parameter α and the
port coupling details, the full cavity admittance matrix of
the last cavity can be expressed as [50]

Y
cav

= i Im(Y
rad
)+ Re(Y

rad
)0.5 · ξ · Re(Y

rad
)0.5.

The quantity Y
rad

is a frequency-dependent block-diagonal
matrix whose components are the radiation admittance
matrices of all the ports and apertures of that cavity. We
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assume no direct couplings between apertures because
the direct line-of-sight effect is small in the experimen-
tal setup. Consider a cavity with two M -mode aperture
connections; the dimension of the corresponding matrix
Y

rad
is 2M × 2M . The matrix elements are complex func-

tions of frequency in general and can be calculated using
numerical simulation tools. We use here the software pack-
age CST Studio Suite® to calculate the aperture radiation
admittance (see Ref. [61] and Appendix B.2 of Ref. [47]).
The RCM normalized impedance ξ is a detail-independent
fluctuating “kernel” of the total cavity admittance Y

cav
.

With known α, an ensemble of the normalized admit-
tance ξ can be generated through random matrix Monte
Carlo approaches [25]. Combining the fluctuating ξ and
Y

rad
, an ensemble of “dressed” single-cavity admittance

matrices for the final cavity can be generated. It is later
shown in Appendix E that a substantial reduction of the
hybrid model computational cost is made possible using an
aperture-admittance-free treatment, at the price of reduced
accuracy for longer cascade chains.

D. The hybrid model

We next connect the PWB and RCM treatments at the
interface between the second and third cavities. As dis-
cussed in the previous section, the power flow into the third
cavity, P2→3, is calculated from the 3-cavity PWB calcu-
lation. Identical system setups are utilized in the PWB and
RCM treatments, including the operating frequency range,
the dimensions of the cavities, ports and apertures, and the
loss of the cavity (achieved by a simple analytical relation-
ship between the RCM α parameter and σw; see Appendix
A for more details). To transfer the scalar power val-
ues P2→3 generated by the PWB method into an aperture
voltage vector required for the RCM, we assign random
voltages Uo3 drawn from a zero-mean, unit-variance Gaus-
sian distribution for the M -mode aperture and calculate the
random aperture power using

Po3 = 1
2

Re(U∗
o3 · Y

rad
· Uo3).

These randomly assigned aperture voltages Uo3 are then
normalized by the ratio P2→3/Po3 to match with the value
calculated from the PWB method. Combined with the
RCM-generated cavity admittance matrix Y

cav
, an ensem-

ble of induced voltage values UL at the load on the last
cavity is computed utilizing Eq. (C7) of Ref. [47]. The
power delivered to the load is obtained using

PL = 1
2

Re(UL
∗ · YL · UL),

where YL is the load admittance, taken to be 1/(50�) here.

With the formulation of the hybrid model now
explained, here we discuss the improvement in computa-
tional time and memory usage by replacing the full RCM
multi-cavity method with the hybrid model. For an N -
cavity system connected through M -mode apertures, the
hybrid model requires only a fraction of 1/[(N − 1)M 2]
of the memory consumption as compared to the full RCM
method, enabled by the reduced cavity impedance matrix
storage for the first N − 1 cavities. Moreover, the com-
putation time is also reduced by eliminating the RCM
modeling of the prior cavities. For example, the compu-
tation/CPU time for the two-cavity cascade system with
circular aperture connections reduces from about 120s to
40s with application of the hybrid method (tests run on a
typical workstation). In addition, the computation time of
the full RCM method scales with the total number of cavi-
ties in the system N , while the hybrid method is insensitive
to the further addition of cavities. Aside from the difference
in the CPU time, there is a finite loading time to move the
data (e.g. random matrices to model single cavities) from
the hard drive to RAM. Compared to the full RCM method,
the hybrid model reduces the number of cavities that need
RCM modeling from N to 1, and thus decreases the data
loading time. The advantage of the method becomes more
prominent for larger lengths of the cavity chain N and
larger apertures (having M modes).

E. Limits of the hybrid model

The hybrid model is based on the assumption that the
fluctuations in a given cavity are independent of the fluc-
tuations in adjacent cavities and thus of the fluctuations
in the power flowing between cavities (as a function of
frequency, for example). We assess the validity of these
assumptions by analyzing a multichannel cascaded cav-
ity system in Appendix C. We study in particular the
effect of the total number of effective cavity-cavity cou-
pling channels Mn between the nth and (n + 1)th cavity
on the fluctuation levels of the load-induced power PL
connected to the final cavity. Since PL ∝ |UL|2, the con-
clusions drawn from the power-flow studies can also be
applied to voltage-related results, as presented below in
Sec. IV. Defining the load power fluctuation levels as the
ratio κ = 〈PL〉2/〈P2

L〉, where 〈·〉 represents averaging over
an ensemble, we treat κ as a measure characterizing the
level of fluctuations of the power. Here, κ ∼ 1 and κ 	 1
refer to low and high fluctuations of the power values,
respectively. In Appendix C, it is shown that

κ ∝
N∏

n=1

(1 + M−1
n ), (2)

where the product is over all the cavities in the cascade.
If cavities n = 1 to n = N − 1 have strong multichannel
connections owing to, for example, large apertures with
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Mn 	 1 propagating modes at the operating frequency,
then M−1

n → 0 and the contributions to Eq. (2) not includ-
ing the coupling to the load, that is,

∏N−1
n=1 (1 + M−1

n ) → 1;
this holds for the experiments described in Sec. IV with
Mn ≈ 100 at the frequencies considered. The quantity Mn
is small when a single-mode waveguide connects the last
cavity (N ) to the load (the experiment in Sec. IV). At the
last cavity (N ) there is a single-mode output port, Mn = 1
and the 1 + M−1

n = 2, which induces higher fluctuations
at the load compared to the case where all apertures are
large. Similar small Mn situations appear when a “bottle-
neck” is introduced between cavities (the experiments in
Sec. V B). It is therefore sensible to adopt RCM for just
the last cavity to capture the power fluctuations at the load,
while it is sufficient to include the influence of the interven-
ing cavities with the PWB method only giving the required
information about the mean power flow. This case is dis-
cussed in Sec. IV. In Sec. V, we also consider the effect
of having small aperture connections—referred to as “bot-
tlenecks”—at intermediate locations in the cavity cascade
where we see deviations of the hybrid model from a full
multicavity RCM treatment.

IV. COMPARISON OF THE HYBRID MODEL
WITH EXPERIMENTAL RESULTS AND

DISCUSSION

We now conduct the PWB-RCM hybrid analysis for the
multicavity experiment and compare with measurements.
We consider 2- and 3-cavity cascades with large (on the
scale of the wavelength) apertures between the cavities

and single-mode connections to the load in the last cav-
ity. The induced voltages at the load |UL| are calculated
from data using the methods reported in Refs. [25,62],
and these experimental results are shown as solid lines in
Fig. 3. An ensemble of induced load voltages for the mul-
ticavity system is created by moving the mode stirrers in
all cavities between each measurement. The losses in the
single cavities are altered by inserting equal amounts of
rf absorbers in each cavity. In addition, the hybrid PWB-
RCM method is used to calculate |UL| and the resulting
distributions are shown as dotted lines in Fig. 3. Good
agreement between the measured and model-generated
results are observed over a range of different total cav-
ity numbers and single-cavity loss values. Under varying
cavity loss conditions, the PDF of the induced load volt-
age |UL| of the 3-cavity system has a lower mean value
and smaller fluctuations compared to the 2-cavity system
results. Going from two to three cavities will decrease
the energy density in the last cavity and thus the power
delivered to the load. This difference between the 2- and
3-cavity |UL| becomes smaller when the single-cavity loss
decrease, as can be seen following Figs. 3(a)–3(d); see also
the inset in Fig. 3(b).

The induced load voltage PDFs of the multicavity sys-
tem can be generated solely with the RCM formulation
[47]. A comparison between the |UL| PDFs generated with
the full RCM method, the hybrid method, and the exper-
iments are shown in Fig. 4. Both theoretical approaches
are able to generate statistical ensembles that agree well
with the experimental results. We find that the RCM results
(dashed lines) slightly outperform the hybrid method

(a) (b)

(c) (d)

FIG. 3. The PDFs of load-induced
voltage |UL| of 2- and 3-cavity exper-
iments (solid lines) and hybrid model
calculations (dashed lines). The single-
cavity loss parameter is 9.7, 7.5, 5.7, and
1.7 in (a)–(d), respectively. The inset in
(b) shows the 2- and 3-cavity experiment
averaged induced voltage values 〈|UL|〉
with respect to different loss parame-
ters α. Multimode (approximately 100
modes) circular apertures are employed
between the cavities.
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FIG. 4. Comparison of induced load voltage statistics for the
hybrid model (dotted lines), RCM predictions (dashed lines), and
experimental results (solid lines) for the case of 2- and 3-cavity
cascades with single-cavity loss parameter α = 9.7, and circular
multimode apertures between the cavities. The frequency range
is from 3.95 to 5.85 GHz.

(dotted lines) for the 2-cavity case. However, the compu-
tation time and storage cost of the full RCM method is N
times larger than the hybrid method, where N refers to the
total number of connected cavities in the cascade.

It is well established that the distribution of fields
inside sufficiently lossy single or nested cavity systems is
Rayleigh or double-Rayleigh distributed [48,51,63,64]. It
was shown by the authors of Ref. [48] that the cavity field
distribution deviates from a Rayleigh distribution in the
low-loss limit (α < 1), while the RCM method remains
valid. Thus, the RCM method applies to a wider range of
complex cavity systems.

V. TESTING THE LIMITS OF THE HYBRID
MODEL

As already discussed in Sec. III C, we expect that the
hybrid model will break down in the limit where either
the RCM and/or PWB methods are no longer valid. We
consider two generic types of limitations, namely systems
with high loss and systems having “bottlenecks” in the
middle of the cavity cascade. These two conditions are
experimentally studied using a ×20 scaled down version
of the cavity system [19,47]. The dimension of the single
miniature cavity is 0.038 × 0.038 × 0.089 m3. EM waves
from 75–110 GHz are fed into the cavity (approximately
104 modes at and below the operating frequency range)
through single-mode WR10 waveguides from Virginia
Diodes VNA extenders and the S parameters are measured
by a VNA. We have previously demonstrated that identical

statistical electromagnetic properties are found in this and
the full-scale configuration described in Sec. II [47].

A. High and inhomogeneous cavity losses

The proposed hybrid method is not expected to generate
accurate predictions for extreme high and inhomogeneous
lossy systems [62]. Both PWB and RCM models require
uniform power distribution inside the studied system. Such
a presumption no longer holds when the loss of the cavity
wall becomes so high that the energy distribution near the
system boundaries and from the input to output apertures
drop considerably. In this case, the PWB model needs to
be replaced with other methods, such as ray tracing [33] or
the DEA analysis [65], or, in the case of multiple scatterers
in each cavity, using an approximate flow solver based on
a three-dimensional diffusion model [66]; all these meth-
ods have a larger computational overhead compared to
the PWB model. Strong damping also violates the ran-
dom plane wave hypothesis crucial to the RCM [57,62,67].
We experimentally examine the applicability of the hybrid
model in the extreme high-loss limit. A 2-cavity cascade
system is designed where electrically large (many wave-
lengths in size) ARC rf absorber panels are placed on a
wall inside each cavity. The detailed experimental setup of
the extreme high-loss cases can be found in Appendix B.
The inclusion of absorber walls creates effectively “open-
wall” high-loss cavities (α ∼ 25 for a single cavity) [62].
The measured and the model-generated load-induced volt-
age statistics are shown in Fig. 5(a) for this case. Neither
the hybrid model nor the full RCM model is expected to
work in this high and inhomogeneous loss limit. As seen in
Fig. 5(a), both models show strong disagreement with the
measured data. These inhomogeneities in each cavity are
well captured using either ray-tracing or DEA methods, as
demonstrated in Ref. [68].

The hybrid model can be applied to the lower-loss sys-
tems (α ∼ 1), as demonstrated in Sec. IV. We point out,
however, that the stronger impedance fluctuations of low-
loss systems poses greater challenges for the acquisition
of good statistical ensemble data for both numerical and
experimental methods [64,69].

B. Weak intercavity coupling

Another assumption of the hybrid model is that interme-
diate cavities have multiple connecting channels; see Sec.
III C. We expect that the hybrid model as introduced in Sec.
III fails when some or all of the apertures are small, effec-
tively acting as “bottlenecks.” The transmission rates then
become strongly frequency dependent, thus adding to the
overall fluctuations in the system and deviating strongly
from the aperture cross sections assumed for the PWB
model in Sec. III E. In the experiments, we create a “bottle-
neck” carrying only five channels between the intermediate
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(a) (b)

FIG. 5. (a) The load-induced voltage |UL| statistics P(|UL|) of the 2-cavity experiment and models in the high loss limit (α ∼ 25).
The cavities are connected with a circular-shaped aperture that supports approximately 100 modes at 110 GHz. The inset shows
the experimental setup schematically. (b) The 3-cavity experimental and model-generated load-induced voltage statistics. The cavi-
ties (α ∼ 9.1) are connected by rectangular-shaped apertures with just five propagating modes. The inset shows a schematic of the
experimental setup.

cavities of the chain and study how this brings out the lim-
itations of the hybrid model. As discussed in Sec. III E and
Appendix C, the fluctuations of the wave flow are then cor-
related as the energy propagates through the cavity cascade
chain; these increased fluctuations of the input power at the
last cavity are not captured in a PWB treatment. It is impor-
tant to point out that the fluctuations of input current at a
cavity beyond a bottleneck can no longer be considered
Gaussian. The latter aspect is known from cavity systems
studied in electromagnetic compatibility; see, for example,
the deviation of the received power in a weakly coupled
nested reverberation chamber [51]. In Appendix C, argu-
ments are developed to quantify these deviations for cavity
cascade systems.

We construct a 3-cavity experiment to test this effect;
for more details about the experiment, see Appendix B.
The cavities are connected through small rectangular-
shaped apertures that allow only five propagating modes
as opposed to 100 modes utilized in the experiments dis-
cussed earlier; we have α = 9.1 for all cavities. In this
few-coupling-channel system, the cavities in the cascade
have a substantial contribution to the overall fluctuations of
neighboring cavities and thus the induced load voltage and
power values. As shown in Fig. 5(b), the hybrid model fails
to correctly reproduce the statistics of the measured |UL|,
while the full RCM cavity cascade formulation retains the
ability to correctly characterize the statistics of the system.

To summarize the section, we study the applicability
of the hybrid PWB-RCM method to cases where it is
expected to fail. It is found that enclosures with large and
inhomogeneous losses violate the conditions for the hybrid
method. The case of intermediate “bottlenecks” can be
handled with the RCM, but not the hybrid model as for-
mulated. A generalization of the hybrid PWB-RCM that
can handle arbitrary “bottlenecks” is outlined in Appendix
D. The proposed hybrid model is expected to generate
statistical mean and fluctuations of the EM fields for

systems with moderate cavity losses and large intercav-
ity coupling strengths. Expanding the hybrid model to
systems with more complex topology and exploring new
types of hybrid models by combining the RCM with other
statistical or deterministic methods has been considered
in Ref. [70].

VI. CONCLUSION

In this paper, we propose a hybrid PWB-RCM method
for the statistical analysis of EM fields in complex, cou-
pled cavity systems based on minimal information of the
system. The method is tested and found to be in good
agreement with cavity cascade experiments under vari-
ous conditions, such as varying single-cavity loss and the
total number of connected cavities. The limitations of the
hybrid model are also discussed and demonstrated exper-
imentally. The hybrid model is computationally low cost
and able to describe the statistical fluctuations of the EM
fields under appropriate conditions. We believe that the
hybrid method may find broad applications in the analy-
sis of coupled electrically large systems with sophisticated
connection scenarios.
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APPENDIX A: RELATING CAVITY INTERNAL
LOSS PARAMETERS IN THE RCM AND PWB

MODEL

The parameters used to model the cavity loss in the
RCM (α) and PWB model (σw) are different. We pro-
pose a simple analytical relationship between these internal
loss parameters, namely α = γ σw. In the RCM, the single-
cavity loss parameter α can be written as α = k3V/(2π2Q)
for three-dimensional enclosures, where V, Q, and k are the
cavity volume, closed cavity quality factor, and the oper-
ating wave number [19,45]. In the PWB method, the wall
loss cross section σw is defined as σw = Pw/S, where Pw
is the steady-state power loss caused by wall absorption,
and S represents the unidirectional power density at any
point inside the cavity. To arrive at an analytical expres-
sion for S, we first write the Poynting vector Sp that flows
uniformly in all directions as Sp = cW/(4πV), where W is
the stored energy inside the cavity volume V. Thus, S can
be calculated through the integral

S =
∫ 2π

0
dφ

∫ π/2

0
cos θSp sin θdθ = cW

4V
.

Combined with Q = ωW/Pw (which assumes that wall loss
dominates the closed cavity Q), we have

σw = Pw

S
= ωW

Q
4V
cW

= 4kV
Q

,

and we finally arrive at α = γ σw, where γ = 1/(2λ2).
We next conduct a sanity check of the α to σw rela-

tionship by creating a practical scenario. Consider a single
lossy cavity with a single input port and a radiating aper-
ture. We choose this particular scenario because it reflects
the range of situations where we believe the hybrid PWB-
RCM method will be relevant and valid. We calculate the
radiated power from the cavity as a function of the inter-
nal loss parameter in each model, for fixed input power.
In the PWB treatment, a single-mode port and an aperture
are opened on the cavity with their PWB cross sections
σo1 and σo2, respectively. Waves are incident into the cav-
ity through the port and exit the cavity through either the
aperture or the port into a vacuum. In the RCM treatment
of the same system, the port and the aperture are modeled
with their corresponding radiation impedance (for the port)
and radiation admittance (for the aperture).

For the study shown in Fig. 6, the dimension of the sin-
gle cavity is set to 0.762 × 0.762 × 1.778 m3, which is
the exact cavity dimension used in the experimental setup.
The aperture radiated power Paper is calculated with both
treatments at 5 GHz under various cavity loss values. The
aperture is set to be a circular-shaped aperture that allows
approximately 75 propagating modes at 5 GHz. The results
for the RCM are shown as red circles in Fig. 6. The PWB

FIG. 6. The single-cavity radiated power through the aperture
opening Paper versus the cavity loss calculated with the PWB
(γ σw) and RCM (α)methods. The input power is set as 1 W. The
inset shows a schematic diagram of the single-cavity radiation
setup.

results are obtained for a series of σw values and are shown
as a blue line in Fig. 6. The factor γ = 1/(2λ2) = 139 m−2

is applied for the PWB calculation to scale the σw value to
α on the horizontal axis. Good agreement of aperture radi-
ated power is found between the two models. We note that
a finite discrepancy is observed in the range α ∈ [0.1, 100].
This slight difference may be caused by the presence of
an aperture whose dimension is comparable to the operat-
ing wavelength (the resonance regime). In this limit, the
PWB formulae developed for electrically small and large
apertures may require modification.

APPENDIX B: THE EXPERIMENTAL SETUP OF
HYBRID MODEL LIMITATION STUDIES

As discussed in Secs. III and IV, both the PWB and
RCM methods assume that the wave energy inside the
subvolumes are homogeneously distributed. We would not
expect the hybrid model to be effective when this assump-
tion is violated. We experimentally test this limit of the
hybrid method by creating a system with nonuniform
energy distributions [see Fig. 7(a)]. In the 2-cavity cas-
cade setup, we first cover one of the cavity walls with rf
absorbing materials to create an effective “open-window”
cavity. The results for the load-induced voltage statistics in
this cavity can be found in Fig. 5(a). The single-cavity loss
parameter is α = 25, estimated by calculating the Q factor
of the S-parameter measurements [19]. It is shown that nei-
ther the hybrid method nor the RCM method can correctly
reproduce the experimental results for the load-induced
voltage statistics.
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(a) (b) FIG. 7. (a) The open-wall view
of the single cavity under extreme
high-loss conditions. A piece of
the rf absorber material (black
rectangle) is attached at one cav-
ity wall. (b) The schematic picture
of how the rectangular-shaped
aperture is created. Copper tape
with a small rectangular open-
ing (shown in blue) is placed
over the original circular aperture.
The inset shows a picture of the
rectangular-shaped aperture.

We also test the case where the apertures are changed
from a large circular-shaped aperture with approximately
100 propagating modes into a small rectangular-shaped
aperture with only five propagating modes [see Fig. 7(b)].
As shown in Fig. 5(b), the hybrid model prediction devi-
ates from the experimental results, while the full RCM pre-
diction retains the ability to accurately predict the induced
voltage PDF.

APPENDIX C: MULTICHANNEL ANALYSIS FOR
THE CAVITY CASCADE SYSTEM

Within the RCM description, the nth cavity in the cavity
cascade chain can be modeled by the following equation:

[
Vi

n
Vo

n

]
=

[
Zii

n
Zio

n
Zoi

n
Zoo

n

] [
I i

n
I o

n

]
. (C1)

The superscripts i and o refer to the input and output side of
the nth cavity where we adopt the convention that “input”
is on the side closest to the input TX port of the cavity
chain and “output” is on the side with the RX port (see
Fig. 1). The voltage vectors V and current vectors I at the
input and output sides of a cavity are connected through
the cavity impedance matrix, as shown in Eq. (C1). The Z
matrix of the nth cavity is written as a 2 × 2 block matrix.
Assuming that the nth cavity has m1 and m2 coupling chan-
nels at its input and output sides, the input vectors (Vi

n, I i
n)

are m1 × 1, and the output vectors (Vo
n, I o

n) are m2 × 1. Cor-
respondingly, the dimension of the Z matrix elements are
m1 × m1, m2 × m2, m1 × m2, and m2 × m1 for Zii

n
, Zoo

n
, Zio

n
,

and Zoi
n

, respectively. For simplicity, we assume the RCM
description of the off-diagonal impedance matrices as

Zoi
n

= (Ro
n
)1/2ξ

n
(Ri

n
)1/2, (C2)

and the matrices Zoo,ii
n

are diagonal. The Ri,o
n

are the input
and output radiation resistance matrices, and ξ

n
is the RCM

normalized impedance matrix. Since the output side of the
nth cavity is connected to the input side of the (n + 1)th

cavity, the continuity relationships of voltages and currents
between the two cavities are

Vo
n = Vi

n+1, I o
n = −I i

n+1. (C3)

In the high-loss limit, the output current at the (n + 1)th
cavity I o

n+1 is much smaller than the input current at the
nth cavity I i

n. By solving Eqs. (C1) and (C3) and neglecting
terms Zio

n+1
I o

n+1 (small compared to the Zii terms), the rela-
tionship between the input currents at the nth and (n + 1)th
cavities in the high-loss limit is written as

(Zii
n+1

+ Zoo
n
)−1Zoi

n
I i

n = I i
n+1.

We then rewrite this equation as

ψ
n+1

= τ
n→n+1

ξ
n
ψ

n

with τ
n→n+1

= (Ri
n+1
)1/2(Zii

n+1
+ Zoo

n
)−1(Ro

n
)1/2,

(C4)

a transition matrix that describes the coupling from the nth
cavity to the (n + 1)th cavity with Ri,o

n
as in (C2), and the

ψ
n

= (Ri
n
)1/2I i

n is a currentlike vector that describes the
input signal of the cavity n. The power entering the nth
cavity is given by

Pn = 1
2

Re[I i
n

†Zii
n

I i
n] = 1

2
ψ†

n
ψ

n
. (C5)

We first assume the transition matrix τ to be diagonal. The
input power at the (n + 1)th cavity is written as

Pn+1 = 1
2
ψ†

n+1
ψ

n+1

= 1
2
(τ

n→n+1
ξ

n
ψ

n
)†(τ

n→n+1
ξ

n
ψ

n
)

= 1
2

∑
i,j ,k

(ψ∗
n,i ξ

∗
ji |τj |2 ξjk ψn,k). (C6)

The more general cases, where the constraint of τ being
diagonal is lifted, will be discussed later in this section.

014022-11



SHUKAI MA et al. PHYS. REV. APPLIED 14, 014022 (2020)

With 〈Pn〉 = 1
2 〈ψ†

n
ψ

n
〉 being the average input power at

the nth cavity, and the fact that 〈ξ ∗
ji ξj ′i′ 〉 = 〈ξ ∗

ji ξji〉δii′δjj ′ , we
can further simplify Eq. (C6) as

〈Pn+1〉 = 〈Pn〉 · 〈|ξ |2〉 ·
∑

j

|τj |2 = 〈Pn〉〈|ξ |2〉
∑

j

Tj ,

(C7)

where Tj = |τj |2 and the sum on j runs from all trans-
mitting channels. Based on the relationship in Eq. (C7),
we next analyze the fluctuation level of the power
delivered to the load (PL) by studying the ratio κ =
〈P2

L〉/〈PL〉2. To simplify the following expression, Xj =
ψ∗

n,jψn,j and Yj = ψ∗
n+1,jψn+1,j are employed in the

following calculations. Equation (C6) is now rewrit-
ten as Yj = Tj

∑
i,i′ ψ

∗
n,iψn,i′ ξ ∗

ji ξji′ , and further we have
〈Yj 〉 = Tj 〈|ξ |2〉

∑
i〈Xi〉. Utilizing 〈|ξ |4〉 = 2〈|ξ |2〉2 and

〈ξ ∗
ji ξji′ ξ ∗

ji ξji′ 〉 = 〈ξ ∗
ji ξ

∗
ji 〉〈ξji′ ξji′ 〉 = 0 when i = i′, we have

∑
jj ′

〈Yj Yj ′ 〉 = 〈|ξ |2〉2
∑
i,i′′

〈XiXi′′ 〉
[∑

jj ′
Tj Tj ′ +

∑
j

T2
j

]
.

(C8)

We then introduce a mean power transmission coefficient
for the nth cavity T̄n and an effective total number of
channels Mn, defined as

T̄n = 〈|ξ |2〉
∑

j

Tj , M−1
n =

∑
j

T2
j

/( ∑
j

Tj

)2

,

(C9)

respectively. Thus, we have the power transmitted into the
(n + 1)th cavity [Eq. (C7)] written as

〈Pn+1〉 = T̄n〈Pn〉, (C10)

and

〈P2
n+1〉 = T̄2

n(1 + M−1
n )〈P2

n〉. (C11)

The fluctuation level of the power after N cavities is

κ = 〈P2
L〉

〈PL〉2 = 〈P2
1〉

〈P1〉2

N∏
n=1

(1 + M−1
n ) =

N∏
n=1

(1 + M−1
n ).

(C12)

Here we utilized the fact that the power injected into
the first cavity (P1) is a fixed scalar in the case of a
steady input. Since the last cavity is connected to the
load with a single-mode port in the experiments, we have

(1 + M−1
N ) = 2 at the last cavity. The overall fluctuating

level of the load power is

κ = 〈P2
L〉

〈PL〉2 = 2
[ N−1∏

n=1

(1 + M−1
n )

]
. (C13)

For a system with a large number of connecting channels
(Mn 	 1) between the neighboring cavities, such as the
circular aperture connection which allows approximately
100 propagating modes, the factor (1 + M−1

n ) → 1. In this
limit, the mean field methods are sufficient to describe the
power flow for cavities with strong coupling. On the con-
trary, the hybrid model is not expected to work for a system
with few coupling channels inside a cavity cascade. The
study explains the experimental observations that hybrid
models are successfully applied to systems with multi-
mode aperture connections (see Fig. 3), while they fail to
generate predictions for systems with “bottlenecks” [see
Fig. 5(b)].

We also note that the proposed hybrid model assumes
each input current throughout the chain is Gaussian dis-
tributed while the RCM predicts non-Gaussian statistics
[17]. In the presence of a “bottleneck” connection, a devi-
ation from Gaussian statistics of the input current distribu-
tion will be present owing to the fluctuating nature of the
narrow aperture coupling.

We next expand the analysis to the more general cases
where the transition matrix τ is no longer a diagonal
matrix. With Eqs. (C6) and (C8), the expression for Yj
becomes

Yj =
∑
j ′j ′′

τ ∗
jj ′τjj ′′

∑
i′,i′′

ψ∗
n,i′ψn,i′′ξ

∗
j ′i′ξj ′′i′′ . (C14)

Analogously, the average of Yj is 〈Yj 〉 = ∑
j ′ τ ∗

jj ′τjj ′ 〈|ξ |2〉∑
i〈Xi〉. With the updated T̄n = 〈|ξ |2〉∑

jj ′ τ ∗
jj ′τjj ′ , we sum

on j and obtain

∑
j

〈Yj 〉 = 〈|ξ |2〉
∑
jj ′
τ ∗

jj ′τjj ′′
∑

i

〈Xi〉 = T̄n

∑
i

〈Xi〉, (C15)

and the average of the product of the Y’s is

〈YkYk′ 〉 =
∑

j ,j ′,j ′′,j ′′′
τ ∗

kj τkj ′τ ∗
k′j ′′τk′j ′′′

×
∑

i,i′,i′′,i′′′
〈ψ∗

n,iψn,i′ψ
∗
n,i′′ψn,i′′′ 〉〈ξ ∗

ji ξj ′i′ξ
∗
j ′′i′′ξj ′′′i′′′ 〉.

(C16)

014022-12



EFFICIENT STATISTICAL MODEL FOR PREDICTING. . . PHYS. REV. APPLIED 14, 014022 (2020)

With careful calculation, the double summation of
Eq. (C16) over k and k′ gives

∑
k,k′

〈YkYk′ 〉/〈|ξ |2〉2 =
∑

ii′
〈XiXi′ 〉

[∑
jk

τ ∗
kj τkj

]2

+
∑

ii′
〈XiXi′ 〉

∑
jj ′

[ ∑
k

τ ∗
kj τkj ′

]2

.

(C17)

With the updated T̄n, we reach a similar expression of the
power flow as in Eq. (C11) with the new M−1

n written as

M−1
n =

∑
jj ′

[ ∑
k

τ ∗
kj τkj ′

]2/[ ∑
jj ′
τ ∗

jj ′τjj ′

]2

. (C18)

Thus, the conclusions of the multichannel analysis can be
applied to the more general cases with the refined τ , T̄n,
and M−1

n .

APPENDIX D: APPLYING THE HYBRID MODEL
TO GENERIC CAVITY SYSTEMS

Here we propose a scheme of applying the hybrid
model to more general cases, where there exists several
limited-channel connections between the intermediate cav-
ities. Because of the large power-flow fluctuations induced
by these “bottlenecks,” we apply RCM to better char-
acterize these connections. A general case is shown in
Fig. 8. We study the treatment of limited-channel connec-
tions between the ith and (i + 1)th cavities in an N -cavity
cascade chain. The treatment involves four steps.

(i) Use the PWB N -cavity model to calculate the input,
output power of the ith cavity Pi

in|PWB, Pi
out|PWB, and the

input power at the last (N th) cavity PN
in|PWB.

(ii) For the case of a bottleneck between cavity i and
cavity i + 1 (see Fig. 8), use the calculated Pi

in|PWB and
RCM treatment to calculate an ensemble of the output
power of the ith cavity Pi

out|RCM.
(iii) Update the input power at the last cavity by

PN
in|RCM = Pi

out|RCM
PN

in

Pi
out

∣∣∣∣
PWB

.

Note that we therefore obtain an ensemble of the input
power to the last cavity PN

in|RCM.

(iv) Use RCM to calculate an ensemble of the output
power of the N th cavity PN

out|RCM with the ensemble of
PN

in|RCM obtained from (iii).

For cases where there exist multiple “bottlenecks” inside
the chain (beyond cavity i), one may repeat procedure
(ii)–(iv) by actively changing the cavity index N to the next
cavity connected through a bottleneck.

APPENDIX E: HYBRID MODEL
SIMPLIFICATION

Here we present a simplified treatment of the PWB-
RCM hybrid method where the full-wave simulated aper-
ture radiation admittance matrix is no longer required. We
assume that all inter-cavity apertures are large, on the scale
of a wavelength, i.e. the original PWB-RCM treatment is
applicable. We also assume that all cavities are in the high-
loss (α > 1) limit. This Yaper-free treatment will further
decrease the computational cost of the hybrid model. We
utilize Eqs. (C4)–(C6) to introduce the new treatment.

Consider an N -cavity cascade chain. We may treat the
load connected to the output port of the N th cavity as the
(N + 1)th effective cavity. The induced power is equal to
the input power of the (N + 1)th cavity:

Pload = PN+1

= 1
2
ψN+1

†ψN+1

= 1
2
(τN→N+1ξN

ψ
n
)†(τN→N+1ξN

ψ
n
). (E1)

Here τN→N+1 = (Ri
N+1)

1/2(Zii
N+1 + Zoo

N )
−1(Ro

N )
1/2 is a

scalar transition factor due to the fact that a single-mode
port acts as a single-mode “aperture” connecting the N th
and (N + 1)th cavities (the load). As introduced in the
main text, the radiation impedance of the port, which is
used to calculate τN→N+1, is obtained from the scattering
matrix measurements of the waveguide ports.

Equation (E1) is further generalized as

Pload = 1
2
ψN+1

†ψN+1 = 1
2
|τN→N+1|2ψ†

n
ξ †

N
ξ

N
ψ

n
. (E2)

FIG. 8. Schematic of a cavity cas-
cade array with many-channel connect-
ing apertures between all cavities except
that between cavity i and cavity i + 1.
Note the definition of input and output
powers at each cavity aperture.
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(a) (b)

(c) (d)

FIG. 9. The PDFs of load-induced
voltage |UL| of 2- and 3-cavity exper-
iments (solid lines), hybrid model
(dashed lines), and the simplified
hybrid model (dash-dotted lines). The
single-cavity loss parameter is 9.7, 7.5,
5.7, and 1.7 in (a)–(d), respectively.

The ensemble average of Pload is

〈Pload〉 = 1
2
|τN→N+1|2〈ψ†

n
ξ †

N
ξ

N
ψ

n
〉

= 1
2
|τN→N+1|2ψ†

n
ψ

n
〈ξ †

N
ξ

N
〉. (E3)

In the above equation, the quantity ψ
n

is moved out
of the ensemble averaging because only ξ

N
is varying

under the ensemble average, while ψ
n

and τN→N+1 are

not. As defined in Appendix C, we write ψ
n

= Rii
N

1/2 ·
I i

n under the high-loss assumption. Here Rii
N

is set as
the radiation impedance of the aperture, which does not
change value under ensemble averaging. The input cur-
rent vector I i

n is also considered not to change since
the cavity off-diagonal impedance element Zio

n
[Eq. (C1)]

is small at the high-loss limit, and the input power of
the N th cavity is fixed from the prior PWB calculation.
Since the input power of the N th cavity PN = 1

2ψ
†
N
ψ

N
is given by the PWB calculation, we may further sim-
plify Eq. (E3) as 〈Pload〉 = 1

2 |τN→N+1|2ψ†
n
ψ

n
〈ξ †

N
ξ

N
〉 =

PN |τN→N+1|2 · 〈ξ †
N
ξ

N
〉. The vector element of ξ

N
, ξi, is

generated using the same method as in Sec. III. The vec-
tor product ξ †

N
ξ

N
is the summation of a large number of

ξ ∗
i ξi’s. Thus, ξ †

N
ξ

N
and ξ ∗

i ξi have the same expected value
according to the law of large numbers. We finally write
〈Pload〉 = PN |τN→N+1|2〈ξ ∗

i ξi〉 and Eq. (E2) is reduced to
scalar components Pload = PN |τN→N+1|2ξ ∗

i ξi.
The comparison of the original hybrid model and the

Yaper-free hybrid model is presented in Fig. 9. Good agree-
ment between the simplified hybrid model predictions
and the experimental cases for the PDF of load-induced

voltages are found. The original hybrid model slightly out-
performs its simplified version for the 3-cavity cases [red
curves in Figs. 9(a)–(d)], and it is expected that the accu-
racy of predictions will decrease for longer chains. Such
an effect may be caused by the absence of an aperture
admittance matrix in the simplified hybrid model. The
Yaper-free treatment would broaden the applicable range
of the PWB-RCM hybrid method to situations where the
exact shape of the aperture is unknown and the numer-
ical simulation of the aperture is unavailable. However,
this shortcut shares the same high-loss (α > 1) assumption
since it is built on the multichannel analysis (Appendix C).
We also note that, for situations discussed in Appendix D,
the admittance matrix of the narrow aperture (bottleneck)
is required to compute the transition matrix τ .
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