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We consider nonlinear electromagnetic time reversal (TR) applied to a semireverberant complex
enclosure containing a discrete passive nonlinear circuit. Unlike closed reverberant systems used for the
previous demonstrations of nonlinear electromagnetic TR, the experimental system used here better
represents realistic environments that are often far more lossy. Moreover, we demonstrate the use of pulse
inversion to extract nonlinear responses for electromagnetic time reversal, which could help overcome
potential practical-implementation issues. Concentrating on the application of this technique as an efficient
power-delivery method, we evaluate the peak power enhancement resulting from TR focusing at the
location of the nonlinear circuit.

DOI: 10.1103/PhysRevApplied.2.044013

I. INTRODUCTION

The concept of a time-reversal mirror (TRM) has been
studied and demonstrated extensively as a means of
focusing acoustic or electromagnetic waves both spatially
and temporally [1–6]. In principle, a TRM exploits the
time-reversal symmetry in the lossless wave equation,
where there exist both time-forward and time-reversed
solutions to a wave traveling in a particular direction.
An ideal TRM would enclose a medium in which a
localized source emits a waveform. The TRM captures
all of the waves that originated from the source at every
point on the enclosing surface. The captured waveform is
then time reversed and transmitted back into the medium,
such that the resulting waves will converge back to the
source in both time and space, thus reconstructing a time-
reversed version of the original waveform at the source.
Practical TRMs are realized by employing an array of

antennas (or transducers) that receive and transmit wave-
forms. An array provides the spatial coverage needed to
capture a significant portion of the waves emitted from a
source. Furthermore, complex scattering media are shown
to enhance the performance of a TRM due to an effective
increase in spatial coverage by capturing parts of the waves
redirected by scattering [7]. TRMs are studied for both
acoustic and electromagnetic waves in various applications
such as underwater communications [8–10], sensors
[11–13], wireless communications [4,14–18], imaging
[19–22], radars [23,24], and beam forming [25–28].
Of particular interest here is an electromagnetic TRM in

a closed wave-chaotic environment that exhibits a strong
reverberant condition [6,13,29]. In such an environment, a

TRM can be simplified to a single-antenna configuration
when a short pulse is used as the original waveform. That
is, when a pulse is transmitted from a source, all of the
multipath rays, in principle, will eventually intersect with
the TRM, assuming a lossless medium and boundaries.
This intersection allows for the TRM to capture all of the
waves that originated from the source. Even with the loss at
boundaries and a finite recording time in an experimental
system, a good TR reconstruction can be achieved with a
single-antenna TRM in a wave-chaotic system [6]. TRMs
in this manner are demonstrated for indoor wireless
communications [4,18] and sensors [29].
As indicated above, a TRM requires the response of a

system to an initial short pulse from a source, hereafter
referred to as the channel response. However, in order to
employ a TRM in a broader range of applications, it is
desirable to obtain the channel response without physically
sending a short pulse from the source location. To this end, a
recent demonstration with a single-antenna electromagnetic
TRM in a closed wave-chaotic system has shown that the
reconstruction of a short pulse can be achieved when a
localized nonlinearity is enclosed in the system [30]. That is,
when a short pulse enters the system, its interaction with the
nonlinear element generates harmonics, and the element
becomes a new source originating from the location of the
nonlinear element.When the radiated nonlinear excitation is
captured by the TRM, time reversed and retransmitted, the
reconstruction of the original nonlinear excitation will take
place at the location of the nonlinear element. This nonlinear
electromagnetic time reversal is demonstrated for secure
wireless communications [30] and could also be used for
wireless power transfer. This nonlinear time reversal
(NLTR) has been previously demonstrated in acoustics
[31–33] and also in optics [34] for various applications
such as imaging nonlinear scatterers [32], sensing defects in
materials [33], and biomedical therapy [34].
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Previous work has successfully demonstrated electro-
magnetic NLTR with a discrete nonlinear device in a
closed, reverberant cavity [30], which provides good
conditions for a basic demonstration of the concept. For
most realistic applications, however, the scattering envi-
ronment will be far less reverberant, with openings and
windows greatly reducing the number of multipath rays.
Furthermore, the signal level of harmonic responses would
be lower by orders of magnitude than that of the funda-
mental response, which could be a challenge in linearity or
dynamic-range-limited digital receivers. Also, any overlap
between the spectrum of the fundamental and harmonic
frequencies will limit the isolation of the harmonic
responses when a bandpass filter around the harmonic
frequencies is applied as in Ref. [30].
In this paper, we investigate electromagnetic NLTR,

addressing the aforementioned practical issues. Here we
use an experimental system consisting of an open complex
enclosure with many apertures to better represent a realistic
environment. To overcome the issues of receiver linearity
and harmonic isolation, we propose to use pulse inversion
[35], which will suppress fundamental and odd-order
harmonics while enhancing even-order harmonic
responses. We show that the reconstruction of the original
nonlinear excitation does occur at the location of the
nonlinear element when pulse inversion is applied to extract
harmonic responses. Furthermore, we introduce a simple
but practical method of evaluating the performance of
NLTR by comparing the peak power at the nonlinear
element resulting from time-reversal focusing and the peak
power at the same location due to the transmission of
simple, nondispersed pulses without time reversal. This
performance metric will be particularly useful for evaluat-
ing NLTR’s capability to efficiently deliver short electro-
magnetic pulses to a localized nonlinear element in a
complex propagation environment in applications such
as wireless power transfer, directed energy, and biomedical
applications.

II. EXPERIMENT

A. Experimental setup

An experimental system consisting of a partially
open wave-chaotic metallic enclosure as shown in
Fig. 1 is constructed. The dimensions of the enclosure
are 1.21 m× 1.27 m× 0.65 m (W ×D ×H). See the
Supplemental Material [36] for the comparison of loss
between this open cavity and a closed cavity. As shown in
the figure, windows are placed across the front wall and
halfway across the side walls. The height of the windows is
0.32 m. A mode-mixing paddle is located inside the
enclosure towards the left back wall. A wideband mono-
conical antenna loaded with a passive nonlinear circuit is
placed inside the cavity. The nonlinear circuit element is
represented by Mini-Circuits passive-frequency doublers

(three different models are used for different frequencies
[37]). The input and output of the frequency doubler are
connected to the antenna feed via a power divider, such
that the nonlinear excitation would be reradiated into the
enclosure through the same port. Two external ports,
namely, port 1 and port 2 (TRM port), consist of ultra-
wideband dual-ridged horn antennas and are placed in a
bistatic configuration with the spacing of 1.6 m at a
distance of 1.5 m from the front center of the enclosure
for both ports.
As illustrated in Fig. 2, the experiment consists of two

distinct stages: the interrogation (time forward) and focus-
ing (time reversed). In the interrogation stage [Fig. 2(a)], a
10-ns microwave pulse with a carrier frequency of f0 (three
different f0’s are used throughout the experiment) is
transmitted into the enclosure from port 1. The pulse is
generated directly from a Tektronix AWG70002 arbitrary
waveform generator. As the pulse propagates around the
enclosure, it enters the nonlinear port, exciting the non-
linear circuit element. The nonlinear excitation is then
reradiated into the enclosure. The signal that port 2 receives
is a combination of the scattering of the original pulse and
the nonlinear excitation. From this combined response, the
nonlinear response is extracted (by using pulse inversion
discussed in the next subsection) and time reversed in the
postprocessing. In the focusing stage [Fig. 2(b)], the time-
reversed nonlinear response is retransmitted into the enclo-
sure from port 2. Since the signal contains only the effective
channel response from the nonlinear port, the waves
converge exclusively at the nonlinear port, thereby recon-
structing the original nonlinear excitation. In this stage, the
nonlinear circuit and power divider are removed in order to
monitor the reconstruction.

B. Nonlinear response extraction using pulse inversion

For a single-carrier interrogation pulse at f0, the result-
ing nonlinear responses occur at harmonic frequencies,
which can be extracted by using a bandpass filter, say, at

FIG. 1. Metallic enclosure used for the nonlinear time-reversal
experiment in an anechoic chamber. The nonlinear element is
placed inside the enclosure while transmit and receive (TRM)
antennas are placed outside the enclosure.
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2f0. However, it becomes a challenge in more arbitrary
cases, especially when there is a significant overlap in the
spectrum around fundamental and harmonic frequencies
due to a short, wideband interrogation pulse. Furthermore,
the power level of the nonlinear excitation tends to be
significantly lower than that of the linear response, which
may limit the reception of the nonlinear response due to the
linearity or dynamic-range limit in a digital receiver. Such
potential issues can be overcome via pulse inversion [35],
which is applied extensively in contrast-enhanced ultra-
sound imaging [38].
Here we apply pulse inversion to our nonlinear time-

reversal experiment for extracting nonlinear responses.
Consider two interrogation pulses, namely, pþðtÞ and
p−ðtÞ, such that p−ðtÞ ¼ −pþðtÞ. When either of these
pulses is transmitted into the enclosure from port 1, the
resulting channel response received by port 2 is

c21ðtÞ ¼ c21LðtÞ þ c21NLðtÞ; ð1Þ

where the first and second terms represent the linear and
nonlinear responses, respectively. The linear response,
which is from the scattering of the original pulse, is

c21LðtÞ ¼ ApðtÞ∘h21ðtÞ; ð2Þ

where ∘ denotes temporal convolution, pðtÞ is an inter-
rogation pulse, A is a scalar constant representing the
transmit amplitude (from an amplifier), and

h21ðtÞ ¼
X∞
n¼1

anδðt − τnÞ; ð3Þ

representing the impulse response between port 1 and
port 2 as a weighted sum of ray trajectories between the
two ports. The nonlinear response in Eq. (1) is

c21NLðtÞ ¼ gðtÞ∘h2;NLðtÞ; ð4Þ

where h2;NLðtÞ is the impulse response between the non-
linear port and port 2, which can also be represented as a
sum of ray trajectories similar to Eq. (3), and gðtÞ is the
signal excited (output) at the nonlinear port represented in
terms of a power-series expansion as

gðtÞ ¼
X∞
k¼1

bkekðtÞ; ð5Þ

FIG. 2. Nonlinear time-reversal experimental setup. (a) Time-forward or interrogation stage, where a short pulse is transmitted from
port 1 to excite nonlinearity and the total response is received by port 2. (b) Time-reversed or focusing stage, where the nonlinear
response is extracted, time reversed, and retransmitted from port 2 into the enclosure. Time-reversal reconstruction of the nonlinear
excitation is monitored at the nonlinear port.

NONLINEAR ELECTROMAGNETIC TIME REVERSAL IN AN … PHYS. REV. APPLIED 2, 044013 (2014)

044013-3



assuming memoryless nonlinearity. The incident signal at
the nonlinear port, eðtÞ, is represented as

eðtÞ ¼ ApðtÞ∘hNL;1ðtÞ; ð6Þ
where

hNL;1ðtÞ ¼
X∞
m¼1

cmδðt − τmÞ; ð7Þ

which is also a weighted sum of ray trajectories between
the nonlinear port and port 1. This result suggests that, in
general, gðtÞ is not a single pulse but rather a set of many
pulses as a result of multiple paths (multipath) from port 1
to the nonlinear port. However, we observe that gðtÞ is
fairly well localized in time in the form of a single or a set
of a few short pulses [as shown, for example, in Fig. 3(b)].

This observation is primarily due to the nonlinear relation-
ship between the input and output signals at the nonlinear
port, where only the strongest input pulses will generate
significant output. This relationship means that the early
trajectories (direct path and short orbits) containing the
largest weights (cm) produce most of the harmonic content,
thereby allowing the resulting gðtÞ to be rather localized in
time. A similar observation has been made even in a highly
reverberant closed cavity [30], although gðtÞ is spread out
more in time in that case due to ray trajectories with larger
weights in later time. Note that, while we limit our
demonstration to an open, semireverberant system which
represents a more realistic environment, the equations
derived here represent general phenomena in any rever-
berant system containing a multipath.
By applying the two inverted pulses separately, the

channel response in Eq. (1) becomes

cþ21ðtÞ ¼ cþ21LðtÞ þ cþ21NLðtÞ; c−21ðtÞ ¼ c−21LðtÞ þ c−21NLðtÞ:
ð8Þ

By summing these two responses, we get

sðtÞ ¼ geðtÞ∘h2;NLðtÞ; ð9Þ

where the linear term is eliminated and

geðtÞ ¼
�X∞
k¼1

2b2k−1e2k−1ðtÞ
�
: ð10Þ

Note that only the even-order nonlinear terms remain
(enhanced by a factor of 2), indicating that sðtÞ now
represents a channel response between the nonlinear port
and port 2. When sðtÞ is time reversed and retransmitted
into the enclosure, the resulting signal at the nonlinear
port is

rðtÞ ¼ Bgeð−tÞ∘½h2;NLð−tÞ∘h2;NLðtÞ�; ð11Þ

which is an approximate reconstruction of the even-order
nonlinear excitation (time-reversed version) as the term on
the right represents an autocorrelation that approaches the
Dirac δ function in the limit of zero cavity loss. Here, B is a
scalar constant representing the transmit amplitude from an
amplifier. Notice that the odd-order nonlinear terms are
eliminated from pulse-inversion excitation.
The reconstruction of the nonlinear excitation results

from the focusing of waves in both time and space.
Although the equations shown here are only as a function
of time, we can relate them to spatial focusing by consid-
ering the signals that would be measured if probes were
placed at locations other than that of the nonlinear port.
That is,

nðtÞ ¼ Bgeð−tÞ∘½h2;NLð−tÞ∘h23ðtÞ�; ð12Þ
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FIG. 3. Experimental signals in the interrogation stage.
(a) Original 10-ns interrogation pulse (f0 ¼ 1.75 GHz). (b) Ex-
cited signal (output) at the nonlinear port. (c) Overall channel
response from the positive interrogation pulse (blue) and the
signal after summing the inverted channel responses (red and
inset). (d) Spectrum of overall channel responses from the
positive (green) and negative (blue) interrogation pulses and
the signal after summing the inverted channel responses (red).
The even-order harmonic signal is extracted due to the suppres-
sion of the fundamental and odd-order harmonic.
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where h23ðtÞ represents the impulse response between port
2 and a third probe placed at any location other than that of
the nonlinear port in the enclosure. In this case, h23ðtÞ
differs from h2;NLðtÞ and the correlation is low between the
two, which means that the waves do not interfere coher-
ently. Although we consider only rðtÞ in the experimental
results in Sec. III, we demonstrate the spatial focusing in
the Supplemental Material [36], where a two-dimensional
model is simulated to obtain rðtÞ and nðtÞ at various
locations.

III. RESULTS AND DISCUSSION

Measurements from the setup shown in Fig. 2 are taken
by using a 10-ns single-tone interrogation pulse at three
different carrier frequencies (f0), namely, 1, 1.75, and
3.5 GHz, which represent three different electrical sizes of
the enclosure. An amplifier at port 1 produces 30 dBm of
peak power in the interrogation pulse. At each frequency,
several different enclosure configurations are realized by
rotating the mode-mixing paddle to change the scattering
condition in the enclosure. In Fig. 3, an example of the
signals in the interrogation stage (f0 ¼ 1.75 GHz) is
presented. In Fig. 3(a), an original 10-ns interrogation
pulse, pþðtÞ, is shown. Figure 3(b) displays the excitation
at the nonlinear port, gðtÞ, which is probed at the output of
the nonlinear circuit. It shows that the nonlinear excitation
in this case is a set of a few pulses with the most weight
(highest amplitude) in the first pulses. As discussed earlier,
many of the nonlinear excitations in the experiment consist
of a similar form, i.e., consisting of a single to few pulses.
In Fig. 3(c), the overall channel response due to a

positive interrogation pulse, cþ21ðtÞ, is plotted in comparison
with the sum of the inverted channel responses, sðtÞ, which
represents the extracted nonlinear response. The channel
response is spread over a few hundred nanoseconds due to
the multipath scattering in the enclosure. Also, it is clear
that the nonlinear response is significantly lower in
amplitude than the linear response. As shown in the
spectrum [Fig. 3(d)], the amplitude around f0 is over
40 dB higher than that of the nonlinear response at 2f0 and
3f0. On the other hand, in the sum signal a significant
suppression of amplitude around f0 and 3f0 can be
observed, while there is an increase (approximately
6 dB) around 2f0, which is consistent with Eq. (9).
Notice that the energy around f0 is not completely sup-
pressed. This result is primarily due to the limitation in the
alignment and sampling of the two inverted pulses. Further
suppression could be achieved by minimizing the error
between the two inverted pulses. However, it is clear in the
plot that the magnitude of the suppression is near 50 dB,
which is significant enough to reduce the level of the linear
response below the nonlinear response. This result suggests
that if pulse inversion were to be implemented in hardware
(by using delay lines and combiners) before the receiver, it
could resolve potential receiver linearity issues and help

detect very small harmonic responses in the presence of a
large fundamental response. Additional processing such as
high-pass filters could be used for further suppression when
there is minimal spectral overlap between the linear and
nonlinear responses as in the case of this experiment.
In Fig. 4(a), the signal reconstructed at the nonlinear port,

rðtÞ, obtained in the focusing stage by transmitting the time-
reversed sðtÞ from Fig. 3(c) is shown in comparison with the
original excitation at the nonlinear port plotted time reversed
for better comparison. Although there are time sidelobes in
the reconstructed signal due to the less-than-ideal TRM and
loss in the system, the reconstructed signal resembles the
original excitation, particularly around 375 ns, where the
reconstruction of the main peaks takes place. Similar results
are obtained throughout other runs in the experiment with
different configurations and frequencies.
Here we discuss the aspect of time reversal as a means of

efficiently concentrating peak power at a given location,
which in this case is a nonlinear port. In this regard, we
consider the enhancement in peak amplitude of the signal
delivered to the nonlinear port by using time reversal
compared to when nondispersed, simple microwave pulses
are used. To this end, we define a parameter, hereafter
referred to as the peak gain, as

PG ¼ 10 log

�
max jrðtÞj2
max jyðtÞj2

�
; ð13Þ

where rðtÞ is the reconstructed signal at the nonlinear port
after time reversal as in Eq. (11) and yðtÞ is the signal at the
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FIG. 4. (a) Reconstructed signal at the nonlinear port in the
focusing stage compared with (b) the original excitation at the
nonlinear port, plotted time reversed for better comparison.
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nonlinear port after transmitting a simple pulse with the
same peak amplitude at the input. The peak enhancement
should be more prominent when the nonlinear excitation
gðtÞ is localized in time, since the reconstructed signal rðtÞ
will also be localized in time. This result makes PG an
effective practical-performance metric of NLTR in a lossy
complex environment where gðtÞ, consisting of a few short
pulses, is localized in time [as opposed to the case in a
highly reverberant system where gðtÞ may not be localized
in time].
For each discrete run with a new paddle position,

nonlinear time reversal is applied, and the reconstructed
signal at the nonlinear port is compared with the signals at
the same port due to two different nondispersed pulses, i.e.,
short (10 ns) and long (200 ns) rectangular pulses. The peak
gain values as defined in Eq. with respect to the responses
to these short and long pulses, namely, PGS and PGL,
are obtained. The short pulse is exactly the same pulse as
the original interrogation pulse used for nonlinear time
reversal. The second pulse is to resemble a narrowband
continuous-wave-like signal. All waveforms are transmit-
ted from port 2 at the peak input power level of 30 dBm.
Figure 5 shows the signals at the nonlinear port that are
(a) the reconstructed signal rðtÞ, using sðtÞ from Fig. 3(c),
(b) the signal due to the short pulse, ysðtÞ, and (c) the signal
due to the long pulse, yLðtÞ. For both (b) and (c), the carrier
frequency is 2f0 ¼ 3.5 GHz. In the figure, the peak power
of rðtÞ is higher than that of both ysðtÞ and yLðtÞ with PGS
and PGL of 11 and 5.5 dB, respectively, indicating a
concentration of peak power at the nonlinear port via
nonlinear time reversal.
ysðtÞ in Fig. 5(b) is the channel response (to a short

pulse) between the nonlinear port and port 2, where the
peak power is primarily determined by the direct or short
orbit trajectories. The PGS in essence is the measure of the
temporal compression of a multipath spreading through
time reversal and could vary depending on the scattering
(multipath) condition of the enclosure.
The long pulse response yLðtÞ [Fig. 5(c)] is directly

related to the steady-state mode of the enclosure, since the
input signal is a narrowband single-tone pulse. The leveling

of the amplitude in the later portion of the response
indicates that the steady-state mode is established in the
enclosure. Hence, the peak enhancement (PGL) rather
depends on the spatial mode of the enclosure at the
corresponding frequency. In other words, the peak ampli-
tude of yLðtÞ varies depending on whether the nonlinear
port is positioned at a modal peak or null for a given
configuration, which in turn varies the PGL values.
Figure 6 presents the PGS and PGL values obtained for

various enclosure configurations (paddle positions). The
three plots in the figure correspond to the interrogation f0
of (a) 1, (b) 1.75, and (c) 3.75 GHz, which means that the
signals measured to obtain peak gain values consist of the
corresponding 2f0. The PGS values mostly stay above 6 dB
(up to 12 dB), suggesting that, in general, good enhance-
ment in peak power at the nonlinear port is achieved via
nonlinear time reversal compared to sending a short non-
TR pulse. The PGL values are spread between 0 and 6 dB,
which are generally lower than PGS, due to the amplitude
buildup to a steady state. The PGL value of 0 dB implies
that the nonlinear port is at a modal peak in the corre-
sponding configuration, whereas the PGL value of 6 dB
points to a relative null. Therefore, sending in a long
duration pulse could result in a ”hit” or ”miss,” depending
on the location of the nonlinear port. Furthermore, even for
the hit case, there is no spatial concentration of peak power
exclusively at the nonlinear port, since the modal peaks
take place throughout the enclosure. Therefore, it shows
that time reversal can be used to more efficiently concen-
trate peak power at a nonlinear port than both short and
long simple pulses without TR.

IV. CONCLUSIONS

In this paper, we consider nonlinear electromagnetic time
reversal applied to a lossy complex enclosure containing a
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discrete passive nonlinear circuit. We also demonstrate the
use of pulse inversion for extracting nonlinear responses,
which could resolve practical issues of overlapping of
linear and nonlinear spectral content and receiver linearity.
The utility of this approach as a means to efficiently

concentrate peak power at the nonlinear element is dem-
onstrated by comparing the signal peak amplitudes result-
ing from time reversal vs non-TR pulses. The results
demonstrate good potential for practical application of
nonlinear time reversal in complex propagation environ-
ments, particularly in the areas of wireless power transfer
where NLTR can be used to efficiently transfer short pulses
to power compact devices. By applying high-power ampli-
fication to NLTR signals, the focused pulse could also be
used for applications such as microwave thermotherapy of
cancer, as well as electronic disruption.
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