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We have discovered specific conditions for generic scattering systems to act as wave splitters that are robust to any
change in relative amplitude or phase of an arbitrary injected waveform. Specifically for complex systems with tunable
parameters, these conditions for robust splitting (RS) are abundant, and by using multiple tunable parameters the relative
amplitude and phase of the output signals can also be tuned. The splitting property of the systems works for all
possible input phase differences and amplitude ratios and does not require a particular coherent input signal. We show
experimentally that the fixed splitting ratios and output phases at RS conditions are robust to 100 dB of relative power
and 27 phase changes of the input waves to a complex non-Hermitian two-port system. We also demonstrate that the
splitting power ratio can be tuned by multiple orders of magnitude and the RS conditions can be tuned to any desired
frequency with suitable tunable perturbations embedded in the system. Although this phenomenon is realized in two-
port systems and involves some degree of attenuation, tunable robust splitting can be achieved between any two ports
of multiport systems. These results are general to all wave scattering phenomena (electromagnetic, acoustic, etc.) and

hold in generic complex scattering systems.

Coherent Perfect Absorption (CPA) is a remarkable phe-
nomenon where in a lossy system, injected electromag-
netic radiation is completely absorbed, such that no inci-
dent energy leaves the system through reflection or trans-
mission. This phenomenon was first discovered in the con-
text of time-reversed lasers!=. Under this condition, a sys-
tem acts as a lossy resonant cavity where a coherent excita-
tion, corresponding to the scattering matrix eigenvector as-
sociated with the zero eigenvalue, results in perfect absorp-
tion. This has attracted much attention for its potential appli-
cations, including sensing*~, photodetection’, filtering':!1,
communication'>"'%, wireless power transfer'”, wavefront
shaping'®1%, broadband absorption?>?2, etc. These applica-
tions can be implemented in any wave-scattering system, as
demonstrated by studies of CPA using Random Matrix The-
ory (RMT) models of generic scattering systems>>2*,

In the past, CPA was most commonly demonstrated in sys-
tems that are highly symmetric. In contrast, more recent work
has shown that generic multi-modal cavities with or without
reciprocity can be manipulated to create the conditions needed
for CPA’s at arbitrary frequencies'>16:18:1925-31 ngpired by
foundational work on CPA, and newer work expanding appli-
cations of CPA to generic complex scattering systems, we now
recognize that the conditions required to display CPA also
present an opportunity for another phenomenon, which we
term “robust splitting" (RS). We demonstrate that at these con-
ditions, any signal sent into the system will be output with a
particular fixed relative amplitude and phase (albeit with some
overall attenuation) which depend on system-specific details.
In the limiting case that the CPA waveform is injected, then
the signal is perfectly absorbed.
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One of the key features in the newer works on creating
the conditions required for CPA, compared to previous ones,
is the implementation of electronically-controlled tunable pa-
rameters embedded within a system. These tunable parame-
ters allow for a more thorough manipulation of the scattering
singularities of a system, including RS conditions, and their
dynamics. Due to the topological protection of the scattering
singularities, along with the ease of finding and manipulating
them with tunable parameters, the potential to find applica-
tions of these singularities is greatly increased.

In this paper, we show experimentally and theoretically that
for all arbitrary monochromatic signals injected into a two-
port system set to RS conditions (excluding the CPA wave-
form corresponding to the zero eigenvalue), using one port or
both ports simultaneously, the output signals will have a ro-
bust relative amplitude and phase. Additionally, due to the
topological stability and manipulability of RS conditions, the
values of the relative amplitude and phase can be continuously
varied by tuning a third parameter of the system. We also
demonstrate the combined case of RS conditions and a scat-
tering matrix exceptional point degeneracy in a non-reciprocal
system.

To demonstrate the generality of robust splitting conditions,
we employ complex multi-modal physical systems interro-
gated by M = 2 scattering channels. These systems are char-
acterized by a 2 x 2 scattering matrix S which relates the in-
coming and outgoing wave excitations for each channel:

yout Vin
) o
where V" VUt are the complex voltages of the incoming
and outgoing excitations on channel n = 1,2 respectively. The

scattering matrix is experimentally measured in the frequency
domain using a Keysight model N5242B microwave vector
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network analyzer (VNA) connected to two channels of the
systems using coaxial cables. Due to the lossiness of the phys-
ical systems, S is sub-unitary, and due to the underlying com-
plex (chaotic) ray dynamics its complex matrix elements are
irregular functions of frequency.

The systems used in this work are quasi-one-dimensional
microwave graphs (reciprocal and non-reciprocal)®>=%¢, a
quasi-two-dimensional microwave billiard®#2, and a three-
dimensional microwave Cavity25*4345 (see insets (i-iii) of
Figure 2). To exert control over the scattering properties,
each system contains electronically-controlled metasurfaces
or phase-shifters which modify the amplitude and phase of
reflecting and/or propagating waves. These tunable devices
are denoted as TM,‘?D, where ¢ indicates the dimension of the
device (¢ = 0 for phase shifters and ¢ = 1,2 for the one and
two-dimensional metasurfaces) and p = 1,2,3, ... labels each
device within a system. The number of tunable devices in each
experimental system was determined by the number available,
but in general two tunable devices are enough to achieve all
the results shown in this paper. However, the more tunable
devices in use, the easier it is to accomplish any specific con-
dition. The metasurfaces used in this work are tuned by a
global voltage bias which modulates the amplitude and phase
of reflected waves?®31:46_ For additional details on the mea-
surements and experimental systems used, see supplementary
material I and Ref. 31. Embedding tunable devices in the sys-
tems allows for multi-dimensional parametric variation of the
scattering matrix and its singularities, including robust split-
ting conditions. This capability enables us to find numerous
scattering singularities which we can manipulate and utilize
for applications.

To identify scattering singularities in a multi-dimensional
parameter space, we use conditions of the scattering matrix
that correspond to each singularity. For robust splitting con-
ditions in particular, an eigenvalue of the scattering matrix is
zero. A zero eigenvalue also corresponds to the zero of the
determinant, as at least one eigenvalue of S must be 0+ i0 for
det(S) to equal 0+ 0. In practice, the conditions for identify-
ing singularities incorporate a tolerance for purposes of visu-
alization.

An abundance of singularities, specifically points of RS
conditions (corresponding to dez(S) = 0+ i0), can be seen in
Figure 1 where |det(S)| is plotted vs frequency and phase shift
of TM?D measured in a non-reciprocal tetrahedral microwave
graph. We have identified 26 RS conditions marked by white
triangles. Numerous RS conditions are seen in many types of
generic wave-scattering systems with or without reciprocity
(see Figs. S1, S2 in supplementary material IT).

Using the 2-port dual-source mode of the VNA, we can
directly inject arbitrary monochromatic signals into a system
using one port or both ports simultaneously. When injecting

a signal, the input and output power ratios (% = %) and
phase difference between the ports are systematicallzy varied
and measured. From this, we can determine the unique prop-
erties of RS conditions once we have found their locations
in parameter space. Except in the case of exceptional point
degeneracies, which is described later and in more detail in

Phase Shift TM)” (Deg/GHz)

9.4 9.6
Frequency (GHz)

FIG. 1. Plot of |det(S)| vs frequency and phase shift of TM?D in the
non-reciprocal tetrahedral microwave graph. The white triangles cor-
respond to points where det(S) = 0+ i0, which enable robust split-
ting. The mean mode spacing (A = 57) of the graph is approximately
45 MHz, and is marked in red near the bottom of the plot.

supplementary material III, any signal sent to, and returned
from, an arbitrary two-port scattering system can be written
as a linear combination of the two S-matrix eigenvectors:

Vin
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where (Vli")’ (v“’"‘) are the input and output signals re-
2 2

spectively, |R; 2) are the right eigenvectors of the sub-unitary
scattering matrix S, ¢ are arbitrary coefficients, and ls(l’z)
are the corresponding eigenvalues, which are complex in gen-
eral.

If the system is set to RS conditions (without loss of gener-

ality, let A" = 04 i0),
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Therefore, for any arbitrary monochromatic signals sent
into the system, the relative amplitude and phase of the output
signals are robust and determined by |R;) (excluding the set of
measure zero where ¢; = 1, ¢, = 0, which is the conventional
CPA injection'®?8). The contribution of the eigenvector cor-
responding to the zero eigenvalue of the input signal is com-
pletely absorbed by the system. The overall amount of signal
that is absorbed after injection is dependent on both the pro-

portion of the input signal on ¢ |R;) and the value of AS(Q). For

systems with less overall loss, |/'LS(2)\ will tend to be closer to
unity and the output signal will have more power. Additional
discussion of signal loss is described in supplementary mate-
rial IV. In practice, once the RS condition has been found,
the robust splitting value that the output signal obeys can be
indirectly determined from the relative amplitude and phase
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of the two components of the scattering matrix eigenvector
corresponding to the non-zero eigenvalue (see supplementary
material V for the analytic form of the eigenvectors at RS con-
ditions). This eigenvector depends on the scattering matrix
elements, so in general at different RS conditions, the output
power ratio and phase difference will also be different.

To directly determine the robust splitting ratio of RS con-
ditions, we inject signals over a large range of channel am-
plitudes and relative phases. In Figure 2, we experimentally
demonstrate that the power ratio and phase difference of the
output signals at an RS condition are robust to 100 dB of rela-
tive power and 27 phase change of the input signal. Note, for
input power ratios |P"/Pi"| > 40 dB, this is effectively a sin-
gle port excitation. In this figure, for the specific RS condition
measured, the amplitude and phase of the output signals are
fixed at approximately 3.85 and -128.8 degrees respectively,
independent of the value of the input signals.

To show that different RS conditions have different split-
ting ratios, we found 28 unique RS conditions in all four of the
physical systems described above, and show the results in Fig-
ure 3. In this figure, we show the output power ratio and phase
difference vs the input power ratio and input phase difference
for all 28 RS conditions measured. The color of the curve cor-
responds to the specific system measured (black: reciprocal
graph, red: non-reciprocal graph, blue: two-dimensional bil-
liard, green: three-dimensional cavity). The solid curves cor-
respond to measurements where the power at port 1 was less
than the power at port 2, and vice versa for the dashed curves.
‘We see that nearly all curves are flat, proving the robustness of
the output signals at RS conditions. The green curves from the
three-dimensional cavity are the least flat because during the
time it takes to find the RS conditions and inject the input sig-
nals, the environment of the system can change, causing the
system to drift away from the RS conditions. See Figure S7 in
supplementary material VI to see signal injection in systems
not set to RS conditions. In contrast with the robustness of the
output signals at RS conditions, output signals away from RS
conditions vary significantly as the input signals change.

If we slowly vary the value of a third tunable parameter
while measuring the scattering matrix over the same two-
dimensional parameter space, such as the one shown in Fig.
1, we can continuously manipulate the location of the sin-
gularities of the scattering matrix3' (see supplementary ma-
terial VII for a video showing the dynamics of RS condi-
tions). Within the two-dimensional parameter space, as the
third parameter varies, the scattering singularities are topolog-
ically stable except in certain instances when they are created
or annihilated in pairs. For RS conditions in particular, as
their locations move in parameter space, their robust splitting
values also vary. This is shown in Figure 4, where the left
plot shows the location of an RS condition moving in the fre-
quency and phase shift of TM?D parameter space as the phase
shift of TMSD is varied. The right plots show how the out-
put power ratio and phase difference vary along the trajectory
of the evolving RS condition. The colors show the continuous
evolution of the third parameter, phase shift of TMgD . For this
RS condition, the output power ratio varies by multiple orders
of magnitude and the output phase difference varies over 260

degrees. Similar examples obtained in the two-dimensional
quarter bow-tie billiard and the three-dimensional microwave
cavity are shown in Figs. S3, S4. Due to the complexity of
our experimental systems, any perturbation to the system will
affect the scattering properties, which also affects the location
of the RS conditions as well as their output power ratio and
phase difference. To view the stability of RS conditions over
time in a one- and two-dimensional system see Figs. S9, S10
in supplementary material VIIL

‘We have established that utilizing a single tunable param-
eter and frequency we can find an abundance of scattering
singularities. However, within each of the physical systems,
there are multiple phase shifters or metasurfaces which can
be used to perturb the system. Using these multiple tunable
parameters, we can do more advanced manipulation of the
scattering singularities, such as combining them at a single
location in a two-dimensional parameter space. A particularly
interesting combination case is that of an exceptional point
degeneracy (EPD) and a robust splitting condition. At an ex-
ceptional point degeneracy, both the scattering matrix eigen-
values and associated eigenvectors become degenerate*’~>2.
In prior work, the CPA and EPD combination has been shown
in the spectrum of the Hamiltonian®*>> and the RS condi-
tion and EPD combination has been shown in the scattering
matrix of a reciprocal scattering system®'. In Figure 5, we
demonstrate an RS+EPD combination in a non-reciprocal sys-
tem. In this figure, we show that both scattering eigenvalues
are near Ag = 0+ 0, and that the output signal power ratio
and phase difference are robust to changes in the input sig-
nal power ratio and phase difference. The results show small
deviations from ideal flatness because the scattering eigenval-

ues Ms(])‘ + MS(Z)| = 0.029 # 0. As this was measured in a
non-reciprocal system, the combined case of RS conditions
and EPD is no longer a 50:50 power splitter, as predicted for
reciprocal systems in Ref. 31. The output power ratio and
phase difference can take any value in non-reciprocal systems,
as can be seen from the analytic formula for the degenerate

—S»
eigenvector at RS and EPD conditions: |Rgs+Epp) o< ( Sil >

(see supplementary material III for additional details on the
RS and EPD combination). For each instance of an RS+EPD
combination in a non-reciprocal system, the value of }i’;z
(magnitude and phase) fixes the output power ratio and phase
difference, but different instances of RS+EPD combinations
will have different values of ’Si’;z In addition, since the RS
conditions and EPD’s are independent singularities, in gen-
eral any perturbation to the system will split the combination

apart.

All of the above results are generic to all complex wave-
scattering systems. To confirm this, we utilize a Random Ma-
trix Theory model (see supplementary material IX, X), which
have been well established in the literature to describe the
universal scattering properties of generic complex resonant
systems % In Figure S11, similar to Figure 1, the |det(S)|
is plotted vs @ and parameter x, where  is the frequency and
parameter x is a surrogate for the tunable metasurface. There
are 21 RS conditions marked by white triangles. In Figure
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FIG. 2. Experimental demonstration of the robust splitting conditions in the quarter bow-tie two-dimensional billiard and schematics of three
experimental systems. (a) Output power ratio vs input power ratio (lower axis, blue) and input phase difference (upper axis, red). The blue
curve corresponds to the input signals power ratio being swept at a fixed phase difference, and the red curve corresponds to the input signals
relative phase being swept at a fixed power ratio. Left inset (i) depicts a schematic view of a quasi-one-dimensional tetrahedral microwave graph
with phase shifters (TMOQI’ZJA) along four of the bonds. The ports connected to the graph are indicated by the red cables and numbers. The
arrows indicate the input and output signals to/from the graph. Right inset (ii) depicts a schematic view of a quarter bow-tie two-dimensional
billiard with three one-dimensional metasurfaces (TM ”il 5 3) along the walls of the billiard. The ports connected to the billiard are indicated
by the red cylinders and yellow numbers. (b) Output pﬁasé difference vs input power ratio (lower axis, blue) and input phase difference (upper
axis, red). The blue and red curves have the same interpretation as in (a). Inset (iii) depicts a schematic view of a three-dimensional microwave
cavity with two two-dimensional metasurfaces (TMig 1 ») along the walls of the cavity. The ports connected to the cavity are indicated by the

red cylinders and yellow numbers.

S12, similar to Figure 4, we see that the location of an RS
condition can be strongly manipulated in a two-dimensional
parameter space by means of a third parameter (in this case
parameter y, which acts similarly to x), and the output power
ratio and phase difference vary significantly.

In conventional RF and microwave settings, there are sev-
eral passive devices that act as a wave splitter. These devices
include power splitters, directional couplers, hybrid couplers,
etc®’. Most commonly, these devices take the form of a three-
or four-port network, with the input ports being distinct from
the output ports. Examples of power splitters are T-junctions
and Wilkinson power dividers®®. Generally, power splitters
take an input signal and split it into two output signals with
equal amplitude and phase, although it’s possible for output
signals to be split into N channels with an unequal power
split. Directional couplers can be designed for an arbitrary
(but fixed) output power split, while hybrid couplers gener-
ally have an equal power split®’. The 90° and 180° hybrid
couplers take an input signal and split it into two equal ampli-
tude signals with a 90° phase difference or either a 180° or 0°
phase difference respectively.

In general, conventional wave splitters are networks
(graphs) that take a single input signal and output N > 2 sig-
nals at some fixed amplitude and phase ratios, where the input
and output ports are distinct. These splitters can be designed
to work over a broad frequency band, but the output ampli-

tudes and phases cannot be tuned. In contrast, we have shown
that the RS phenomenon can convert any generic two-port
complex scattering system with adjustable parameters into a
tunable robust splitter. One should note that the output sig-
nals suffer a degree of net loss dependent on the value of the
non-zero eigenvalue and the details of the input signal. In par-
ticular, as the input signals approach the CPA eigenvector, the
degree of net loss increases until the signal is completely ab-
sorbed. If the input signals vary considerably, then the amount
of net loss suffered can also vary substantially. In Fig. 6, we
show surface plots of 1;;::‘ vs input power ratio and input phase
difference of injected signals for two representative examples
of RS conditions from the experimental reciprocal tetrahedral
graph (for additional details about this figure and output sig-
nal loss in different systems see supplementary material IV).
In this figure, we see that the locations of the CPA and “Anti-
CPA" eigenvectors (white and red triangles, respectively) in
the input signal power/phase parameter space determine the
regions where the output signal has a significant, or minimal,
amount of net loss. While there can be large regions of pa-
rameter space where there is a significant amount of net loss,
for applications where the input signal values are known and
don’t vary too much, a system can be designed to have the
minimal loss (near the “Anti-CPA" eigenvector, red triangle in
Fig. 6) at those values. The net loss can be further reduced by
designing the RS condition to have the non-zero eigenvalue
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FIG. 3. Experimental demonstration of the robust splitting of 28
unique robust splitting conditions from four different experimental
systems. The black curves were measured in a 1D reciprocal tetrahe-
dral graph, red curves in a 1D non-reciprocal tetrahedral graph, blue
curves in a 2D quarter bow-tie billiard, and green curves in a chaotic
3D microwave cavity. The dashed lines correspond to output power
ratios where P°" > P! and solid lines correspond to PP < PP
(a) Output power ratio vs input power ratio. (b) Output power ratio
vs input phase difference. (c) Output phase difference vs input power
ratio. (d) Output phase difference vs input phase difference.
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FIG. 4. Experimental demonstration of the continuous tunability of
robust splitting conditions in the reciprocal tetrahedral microwave
graph. The color of each point corresponds to the value of the vary-
ing third parameter of the system (TMgD ) the RS condition was mea-
sured at. (a) Location of an RS condition in the two-dimensional
parameter space of frequency and phase shift of TM?D as the phase
shift of TMYP varies. (b) Output power ratio vs phase shift of TMIP.
(c) Output phase difference vs phase shift of TMgD .

of S near the unit circle, increasing % to be nearly 1 at the

location of the “Anti-CPA" eigenvector.

Additionally, this phenomenon only works at a single fre-
quency at a time, but due to the abundance and manipulability
of RS conditions, a tunable system can exhibit robust split-
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FIG. 5. Experimental demonstration of the robust splitting of
RS+EPD in a non-reciprocal tetrahedral microwave graph. (a) Out-
put power ratio vs input power ratio (lower axis, blue) and input
phase difference (upper axis, red). The blue curves correspond to
the input signals power ratio being swept, and the red curves cor-
respond to the input signals relative phase being swept. Top inset
shows the eigenvalues of the scattering matrix in the complex plane.
Bottom inset shows a vertical zoom-in to illustrate the details of the
curves. (b) Output phase difference vs input power ratio (lower axis,
blue) and input phase difference (upper axis, red). The blue and red
curves have the same interpretation as in (a). Inset shows a vertical
zoom-in to magnify the details of the curves.

ting at arbitrary frequencies. Another important distinction is
that for RS conditions, the input ports and output ports are
the same. The input signal can be injected into one or both
ports, but the output signal will have a robust splitting value
between both ports. Due to the directed nature of conventional
splitters, there is usually unwanted reflection at the input port.
However in the RS case, the input and output ports are identi-
cal, therefore the issue of unwanted reflection is irrelevant.

The results discussed in this work were obtained using
a 2 x 2 scattering matrix, but can be generalized to higher
dimensions. The conditions for det(S) = 0+ i0 are still
abundant, topologically protected, and can be manipulated in
higher dimensions as det(S) remains a simple complex scalar
function for any number of ports. Unfortunately, the robust
splitting phenomenon only generically occurs when measur-
ing a 2 x 2 scattering matrix (see supplementary material XI
for details on signal injection in scattering systems with many
ports). However, systems with multiple ports can still achieve
robust splitting between any two ports by only injecting and
receiving signals on those two ports, while also at RS condi-
tions.

Instead of the conventional use of CPA to absorb all inci-
dent energy, we have discovered a way to use RS conditions
to create robust splitters (albeit with a variable and sometimes
substantial overall loss), and with multiple tunable parame-
ters we can continuously change the relative amplitude and
phase of the robust output signal. Using enough tunable pa-
rameters, a degree of control can be created over the output
splitting values, including independent control of the output
power ratio and phase difference. With the ability to gen-
erate and manipulate numerous scattering singularities, this
provides an alternative to special design/engineering consid-
erations to establish RS conditions at particular frequencies,
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FIG. 6. Plots showing P,;’:‘ vs input power ratio Pf” / Pé” and input phase difference for representative examples of arbitrary signal injection into
a reciprocal tetrahedral graph set to two different RS conditions. In each of the plots, the white triangle indicates the location of the coherent
perfect absorption (CPA) eigenvector which corresponds to I;’“‘ = 0 and the red triangle indicates the location of the “Anti-CPA" eigenvector
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since the tunable parameters take care of that problem. The
topological protection of the RS conditions (as long as they
are not annihilated with a separate RS condition), and their
ease of manipulation, make applications of these singularities
more feasible. Additionally, using the RMT model we have
shown that these phenomena are general to all complex wave-
scattering systems.

SUPPLEMENTARY MATERIAL

In the supplementary material, section I describes the ex-
perimental systems and procedures used in this work, section
II demonstrates robust splitting (RS) phenomena in the exper-
imental systems not shown in the main text, section III de-
scribes exceptional point degeneracy (EPD) phenomena and
how it affects signal injection, section IV discusses the overall
loss associated with signals injected at RS conditions, section
V gives the general analytic form of the eigenvectors and their
simplified forms at RS conditions, section VI shows signal in-
jection into systems not at RS conditions, section VII contains
a movie of the dynamics of RS conditions, section VIII dis-
cusses the stability over time of systems set to RS conditions,
section IX details the Random Matrix Theory (RMT) model
of complex scattering systems used in this work, section X
shows results of the RMT model that have the same features
as the experimental results, and section XI generalizes signal
injection and EPD’s for higher dimensional scattering matri-
ces.
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