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Abstract—Wave energy distribution within enclosures with ir-
regular boundaries is a common phenomenon in many branches
of electromagnetics. If the wavelength of the injected wave is small
compared with the structure size, the scattering properties of the
enclosure will be extremely sensitive to small changes in geometry
or wave frequency. In this case, statistical models are sought. The
random coupling model (RCM) is one such model that has been
explored through experiments and theory. Previous studies were
conducted by injecting waves into high Q cavities in a nearly
omnidirectional manner. In this article, a directed beam approach
is taken, and relatively low Q cavities are considered. The goal is to
determine when the so-called “random plane wave hypothesis,” a
fundamental basis of the RCM formulation, breaks down. Results
show that injecting such directed beams leads to large deviations in
the wave statistics for single realizations of the enclosure geometry.
The expected statistics are restored to some degree when multiple
realizations are considered.

Index Terms—Electromagnetic compatibility (EMC),
overmoded cavities, radiation impedance, ray chaos, statistical
electromagnetism, wave chaos, wave scattering.

I. INTRODUCTION

E LECTROMAGNETIC (EM) coupling within systems of
enclosures that are connected by apertures or ports is an

important problem for the EM community that regularly appears
in various forms. Examples include EM compatibility studies for
electronic components under high-power microwave exposure
[1], [2], wireless signal propagation inside rooms or buildings
[3], and even coupled quantum mechanical systems modeled
with superconducting microwave billiards [4].

For most irregular geometries, an analytical solution for the
wave fields does not exist. In these cases, one can numerically
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solve the governing Maxwell’s equations using methods such
as the finite-element method [5] or the finite-difference time-
domain [6] method. Although these numerical approaches are
powerful, they can be time-consuming to implement in the case
of high-frequency applications due to the need for a fine mesh.
In the small wavelength limit, where the ratio of the enclosure
dimensions to the wavelength is large, the numerical solver
must mesh the geometry covering it with a very large num-
ber of grid points. The amount of memory and computational
power required to numerically solve these problems can thus
become impractical. Furthermore, such deterministic solutions
of these complicated geometries often depend sensitively on
details (such as the exact shape of the boundary; the position,
shape, and number of scatterers; or the exact location and shape
of the injecting ports) of the system that may not be known. Even
if the details are known, the nature of the waves in the complex
enclosures is such that a small change in the boundary conditions
or the frequency dramatically changes the wave fields, thereby
changing the solution substantially [7], [8], [9].

To study wave coupling in the small wavelength limit, re-
searchers frequently resort to approximate solutions of the gov-
erning equations that are simpler to implement. Rather than solv-
ing such systems exactly, it is often desirable to create statistical
models. Then, one can describe the general properties of such
systems without the need for accurately modeling the details.
One successful statistical approach to describing wave dynamics
in such cases is known as the random coupling model (RCM)
[10], [11], [12], [13], [14], and it is based on a combination of the
random matrix theory (RMT) [15] and the random plane wave
hypothesis [16], [17], [18], [19], [20].

The RCM provides a statistical model for the impedance
matrix that describes the linear relation among the currents and
voltages at specified ports. The relevant properties of the ports
needed for the model are the port radiation impedances. These
are the first approximations of the impedance values the ports
would have if there were no enclosure and the ports radiated into
free space. The basic RCM also includes information about the
enclosure, in particular the ratio of the decay rate of fields due
to losses and the average spacing in frequency between modes
of the enclosure. The distribution of resonant mode frequencies
is given by RMT. A key assumption in the use of the basic RCM
is that the mode fields at any point in the enclosure are well
approximated by a random superposition of plane waves with
uniformly distributed directions and phases.
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The RCM has been thoroughly tested both in experimental
and simulation/numerical settings. It was found that systematic
deviations from RCM statistical predictions appeared if data
from a too narrow range of frequencies were considered. These
deviations were traced to a breakdown in the so-called random
plane wave hypothesis, where in a suitable approximate sense,
the fields within the cavity behave as a random superposition of
isotropically propagating plane waves [14], [15], [16], [17]. The
breakdown was associated with the presence of relatively short
ray paths from the transmitting port to the receiving port. The
effect of these paths can be eliminated if statistics are collected
over a range of frequencies larger than the reciprocal of the
travel time for a ray along the path, or if the properties of the
path are known, they can be incorporated in the port impedances
[21], [22].

Since the deviations from the basic RCM model are associated
with the presence of short ray paths connecting ports, it is inter-
esting to ask: What is the role of the directivity of the radiating
structures that constitute the ports? On the one hand, the effect of
a ray path will be enhanced if the ray leaves the transmitting port
or arrives at the receiving port along a direction where the gain
profile of the port is high. On the other hand, the contributions
from ray paths that start or end along directions of low gain can be
expected to decrease. In this article, we show that by injecting
waves in a directed manner, one can cause the values of the
scattering matrix elements to deviate from the RCM predictions.
In other words, one can break the RCM model by injecting waves
in a more directed manner. This has two important consequences.
First, it invalidates, in some circumstances, the estimates for field
strengths in irradiated enclosures. The true values will tend to be
larger than the estimates. Second, it opens up new avenues for
research in the RCM where port directivity can be incorporated
as a parameter in the relevant formulations.

We will find that the deviations depend in a complicated way
on a number of factors: the directivity of the ports, the frequency
of the radiation, and the energy loss rate for the cavity. Roughly
speaking, deviations are largest in cases where the ports are
highly directive, either due to their geometry or due to their
frequency of operation, and the damping is strong enough that
a ray will be absorbed before it can bounce around in the cavity
and contribute to a random superposition of waves.

This article is organized as follows. In Section II, we briefly
review the RCM. In Section III, we briefly review the short-orbit
effect. In Section IV, we present simulation results that show
the deviations from the RCM predictions due to the injection of
a directed beam of waves within a chaotic enclosure. Also, we
compare these results to those of a simulation in which waves are
injected isotropically. Finally, Section V concludes this article
and discusses future work.

II. RANDOM COUPLING MODEL

The RCM is a statistical model used to characterize the
impedance matrix of a multiport, complex, overmoded EM
cavity. It is based on a combination of the random plane wave
approximation, in which the fields at any point in the enclosure
consist of the random superposition of isotropically propagating

plane waves with random phases, and RMT, which provides the
statistical distributions.

The main result from the RCM is that the cavity impedance,
Z, at a single port in a wave chaotic cavity is given in terms
of system-specific deterministic quantities and a universally
distributed random quantity [11], expressed in the following
formula:

Z = jXrad + ξRrad (1)

where Rrad and Xrad , respectively, are the real and imaginary
parts of the radiation impedance Zrad, which is the impedance
of the port excluding contributions from the cavity. In other
words, Zrad is the impedance that would be measured if the
cavity walls were moved out to infinity. The quantity ξ is a
complex random variable [14] whose probability distribution is
fully characterized by a single loss parameter α. It is defined as
follows:

ξ = − j

π

∑
n

Δk2φnφ
T
n

k2 − k2n + jαΔk2
(2)

where φn is a vector of independent and identically distributed,
zero-mean, unit-variance Gaussian random variables. The series
k2n represents the squares of the eigen-wavenumbers of the
normal modes of the closed system. These are taken to be
random variables whose normalized distribution is described
by RMT [15]. The quantity α is the loss parameter, and Δk2 =
<k2n+1 − k2n> is the mean mode spacing. The loss parameter
α characterizes the loss in the enclosure; it is essentially the
average Q-width of resonant modes in the cavity normalized to
the average spacing between modes. Also, α can be evaluated
as α = k2/(QΔk2), where k is the wave number of interest and
Q is the quality factor [14].

From this point on, we focus on quasi-2D cavities because
they are more easily simulated and analyzed. By quasi-2D, we
mean cavities that have very small heights compared with their
lengths and widths. Such cavities support a set of modes with
frequencies below a cut-off for which the height is half a vacuum
wavelength. The electric field for such modes is directed parallel
to the height, and the magnetic field is transverse to the electric
field. Both fields have insignificant variations along the direction
of the height of the cavity. By considering these modes, we
eliminate the effects of wave polarization, which is a further
simplification. We expect that the basic phenomena uncovered
by considering quasi-2D cavities will also be revealed in 3-D
cavities. We defer verification of this to future work.

Returning to the evaluation of (2), we note that according to
Weyl’s formula [23] for a 2-D cavity of area A, the mean spacing
between two adjacent squared eigen-wavenumbers is given by
Δk2 = 4π/A. Furthermore, a method to generate an ensemble
of k2n to be used in (2) is described in [24, Appendix].

The impedance formula (2) can be extended to a multiport
cavity [12] as follows:

Z = jXrad +R
1/2
rad ξR

1/2
rad (3)

where all the variables are now matrices. Therefore, the ma-
trix Zrad, mean mode spacing, and loss parameter α are the
system-specific quantities necessary to apply the RCM, which
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then allows us to predict the statistics of the impedance of a
chaotic cavity.

III. SHORT-ORBIT EFFECT

Previous comparisons of experimental data with RCM pre-
dictions have often employed ensembles of realizations of the
system to compile statistics. To create such ensembles, re-
searchers have typically varied the geometrical configuration
of the scattering region and/or taken measurements at different
frequencies [21], [22]. These variations are intended to create
a set of systems in which the properties of the ports and the
loss factor are preserved, but the detailed field patterns are
varied. Thus, by suitably accounting for the port details, it was
hoped that only universal properties remained in the ensemble
data. However, there can be problems in practice. For example,
in the case of geometrical configuration variation, researchers
typically move perturbing objects inside a ray-chaotic enclosure
with a fixed shape and size or move one wall of that enclosure to
create an ensemble of systems with varying details. The problem
is that certain walls or other scattering objects of the enclosure
remain fixed throughout the ensemble. Therefore, there may
exist relevant ray trajectories that remain unchanged in many
or all realizations of the ensemble. We term such ray trajectories
that leave a port and soon return to it (or another port) before
ergodically sampling the enclosure “short ray trajectories” or
“short orbits.”

A “short orbit” refers to a ray trajectory whose length is not
much longer than several times the characteristic size of the
EM enclosure. This type of trajectory is shown in a 2-D cavity
in Fig. 1, as reproduced from [25]. The circular scatterer is a
movable object for creating different boundary realizations and
is used to create an ensemble. However, in the case of geometries
such as those in Fig. 1, the effect of the short orbit persists
in many realizations, being eliminated only if blocked by the
scatterer.

Generally, the length of the orbits that are of interest is
determined by the range of frequencies over which the window
average of the impedance is desired. For example, if the window
average is made with a Lorentzian kernel of width Δω, the
average is equivalent to evaluating the exact impedance at a
complex frequencyω − jΔω. The effect of orbits corresponding
to travel times longer thanT = 1/Δω is eliminated by frequency
window averaging. This idea of short orbits is important for this
work, as we expect the highly directive source in combination
with short orbits to cause deviations from the RCM predictions.
However, it is important to point out that previous researchers
have carried out “Short-Orbit Corrections” to the RCM, which
can lead to improved predictions of the RCM even when short
orbits are present [21], [22].

IV. INJECTING DIRECTED BEAMS IN A CHAOTIC CAVITY

The goal of this article is to report an investigation of whether
the RCM is applicable if a highly directed beam is used to inject
energy into a chaotic cavity. Previous RCM studies in 2-D have
utilized a source that radiates isotropically. Here, we consider
the effect of a source with a directed beam.

Fig. 1. Illustrations of short orbits in a 2-D cavity with a circular scatterer. The
red dots are the ports, and the colored lines are examples of short orbits. The
blue lines are direct orbits. The two-bounce orbit (light green) in the top figure is
blocked in the bottom figure due to the shift of the scatterer. Figure reproduced
from [25].

The basis for much of the previous work on RCM is “the ran-
dom plane wave hypothesis” [16], [17], [18], [19], [20]. In short,
this hypothesis states that the fields within the cavity behave
like a random superposition of isotropically propagating plane
waves. Therefore, the eigenfunctions φ(X)of the Helmholtz
equation can be approximated by a superposition of the plane
waves with wavenumber kn such that

φ (X) =

N∑
j=1

aj cos (iknêj ·X + iθj) (4)

where aj are independent and identically distributed random
variables, êj is an independent isotropically distributed random
unit vector, θj is an independent and uniformly distributed
random variable in [0, 2π). The normalization of the amplitudes
aj is determined by the assumed normalization of the eigenfunc-
tions and the number of amplitudes N , φ2 = Na2j/2. The “·” in
this equation refers to the dot operator between two vectors and
i is equal to

√−1.
The eigenfunctions can be thought of as a superposition of a

large number N of plane waves. The coupling coefficients in the
RCM are proportional to the port directivity averaged over theN
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Fig. 2. (a) View of the quasi-2D bowtie cavity with coaxial sources created in
HFSS. (b) Schematic diagram illustrating a cross-sectional view of the bowtie
cavity through a port. Fig. (b) reproduced from [14].

plane waves. For large N , this becomes the average of the port
directivity. However, there are fluctuations that scale as N−1/2.
If the port is highly directive, these fluctuations are enhanced.
Furthermore, it is expected that such a directed beam would lead
to enhanced short-orbit effects. Evidence for that prediction is
also presented in this section.

To study the role of port directivity, we designed a chaotic
bowtie-shaped cavity, as shown in Fig. 2(a), using the popular
full-wave commercial solver ANSYS HFSS. The dimensions of
the bowtie are the following: The lower and left straight sides
of the cavity have lengths L1 = 418 cm and L2 = 21.59 cm,
respectively, and the upper and right sides have radii of curvature
R1 = 103 cm and R2 = 63.9 cm. The thickness of the cavity
is 7.9 mm in the z-direction. We placed a circular scatterer in
the cavity, which has a radius of 40 mm. This scatterer was
placed in various positions inside the cavity to create a number
of realizations. In all the simulations described in this article,
the scatterer was kept fully reflective. We added losses to the
straight and curved walls of the cavity, and the losses were then
varied.

To compare ports with varying directivity, we designed two
types of ports. The first type is omnidirectional. It consists of a
coaxial cable with inner and outer conductors connected through
the top plate of the cavity. Ports of this type are labeled Port 1 and
Port 2 in Fig. 2(a). Port 1 is centered at location x= 18.03 cm and
y = 12.47 cm, and Port 2 is at x = 32.43 cm and y = 12.47 cm.
The distance between the ports is 15 cm. Both ports have an
inner radius of 0.868 mm and an outer radius of 2 mm. The
outer conductor touches the top plate of the bowtie, whereas the
inner conductor extends inside the cavity as shown in Fig. 2(b),
leaving a small gap (0.01 mm) between it and the bottom plate.

The second type of port used is an aperture in the side walls
of the cavity. This is done to simulate ports with increased
directivity of the EM wave energy that is entering the cavity.

Fig. 3. View of the quasi-2D bowtie cavity with a circular scatterer created in
HFSS.

Fig. 4. View of the magnitude squared of the complex E-field in a quasi-
2D bowtie cavity with a circular scatterer in different positions at 25 GHz for
aperture-like ports. Blue represent the lowest intensity, and red represent the
highest intensity. The walls have a loss of 80 Ω while the scatterer is perfectly
reflective. At this frequency, the beam is very directive, as shown by the E-field
plots.

Apertures of different sizes were considered. The apertures were
treated in HFSS as single-mode wave ports. The largest apertures
are 110 mm wide and are shown in Fig. 3. The directivity of an
aperture port depends on the frequency and size of the aperture.
Radiation is emitted from the aperture in a range of angles. If
LA is the size of the aperture, the radiated energy comes out
in a wedge of angular width Δθ ≈ λ/(2LA). The directivity of
the aperture port is evident in Fig. 4, where the magnitude of
the electric field is plotted as a function of position in the cavity
for two positions of the scatterer and excitation frequency is
25 GHz.

Fig. 5 shows the field profiles for the coaxial, isotropic ports.
In these simulations, the walls of the bowtie have a surface
resistance of 80 Ω while the scatterer is perfectly reflective.
These field profiles are qualitatively different from the directed
port case shown in Fig. 4. They are more evenly distributed
across the cavity.

To compare the statistics of the fields under excitation by
different port types, we excited the cavity over a range of
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Fig. 5. View of the E-field in a quasi-2D bowtie cavity with a circular scatterer
in different positions at 25 GHz for coaxial ports.

frequencies from 24 to 26 GHz and recorded the values of the
elements of the 2 × 2 impedance matrix. Six scatterer positions
were used for each port type. We can then examine the statistics
of the impedance matrices for a fixed scatterer position and
an ensemble of frequencies, or for a total ensemble of both
frequencies and scatterer positions. Figs. 6 and 7 show the
real and imaginary parts of Z12 as functions of frequency for
aperture ports and coaxial ports, respectively. Z12 here refers
to the impedance seen between ports 1 and 2. Different colors
represent different scatterer positions.

To compare the statistics of the impedance values, we have
normalized them as follows. We introduce a scaled impedance
matrix according to

[
ζ11 ζ12
ζ21 ζ22

]
=

⎡
⎢⎣

Z11−Z̄11(ω)
R̄1,rad

Z12−Z̄12(ω)√
R̄1,radR̄2,rad

Z21−Z̄21(ω)√
R̄1,radR̄2,rad

Z22−Z̄22(ω)
R̄2,rad

⎤
⎥⎦ . (5)

Here, ζnm represents the normalized impedance, and Zij

are various elements of the impedance matrix as generated by
HFSS. The Z̄ij(ω) quantity represents the average impedance,
which is the mean taken over all the scatterer positions. The
R̄rad quantities are defined in terms of the diagonal elements as
R̄1,rad = Re{Z̄11(ω)} and R̄2,rad = Re{Z̄22(ω)}.

The averaging procedure was done as follows: We use a
sliding window average for each of the six plots for Z12 versus
frequency. The window frequency is taken to be 0.65 GHz.
These “smoothed” results were then summed at each frequency
and then divided by 6, the number of scatterer positions. These
results were then averaged over frequencies. After this process,
R̄1,rad is calculated as 32.9 Ω and R̄2,rad is 33.7 Ω. We had 200
data points from 24 to 26 GHz.

What can be seen by comparing Figs. 6 and 7 is that the graphs
of impedance versus frequency for different scatterer positions
in the case of the coaxial ports are similar, whereas the graphs

Fig. 6. Top and bottom: real and imaginary parts of various components of
the Z matrix versus frequency for aperture-like ports. Different colors represent
different scatterer positions. These results are normalized as described in (5).
Wall loss is 80 Ω.

for different scatter positions in the case of the aperture ports
differ from each other. In the aperture case in Fig. 6, three of
the curves show consistently smaller impedance values than the
other two. To further illustrate these deviations, we constructed
histogram plots for the real part of the Z12 data for each scatterer
position. These are shown as the solid bars in Figs. 8 and 9.
We also combined the data from different scatterer positions
and constructed a composite histogram for the total ensemble
for each of the port types. These are shown as the red line
histograms.

Figs. 8 and 9 clearly show that for a very directive beam,
Fig. 8, the impedance values for a particular scatterer position are
very different from the values for the ensemble of realizations.
This is not the case for the isotropic ports, Fig. 9, where the
histograms for individual realizations are close to those of the
ensemble.

Two factors can combine to contribute to the large deviations
in the aperture case. These are the directivity of the ports and
the relatively high value of wall loss. With a surface impedance
of 80 Ω, the power reflection coefficient averaged over incident
angles is R = 0.85. Thus, power is effectively extracted from
the radiation beam in several bounces from the walls, and the
narrow radiation beam does not reach all regions of the cavity
and all directions before it is absorbed. We lowered the loss to
40 Ω. This should lead to more scattering from the walls for the
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Fig. 7. Top and bottom: real and imaginary parts of various components of the
Z matrix versus frequency for coaxial ports. Different colors represent different
scatterer positions. These results are normalized as described in (5). Wall loss
is 80 Ω.

Fig. 8. Histogram plots for the normalized real (Z12) values (5) on the
horizontal axes for six different scatterer positions. These histograms are for
the 110-mm aperture-like sources at 24–26 GHz and 80 Ω wall loss. Blue bars
show the real parts of Z12 for each scatterer position. The red staircase graph
shows the histogram for the real values for all six scatterer positions combined.

EM waves, more ergodicity, and more uniformity realization.
These results are plotted in Fig. 10.

Fig. 10 shows that lowering the loss has led to the individual
histograms looking more similar to the ensemble (shown in red)
than the case shown in Fig. 8. We then dropped the loss to 10 Ω
on the wall, and these results are shown in Fig. 11.

Fig. 11 shows that the Z12 values for individual scatterer
positions conform much more to those of the total ensemble.
This may be understood as follows. For wave reflections from
walls of surface impedances of 10, 40, and 80 Ω, the power
reflection coefficients averaged over angle are 0.97, 0.91, and
0.85, respectively. Thus, for these surface impedances, a ray
will bounce NB = 39, 11, and 6 times before losing a fraction

Fig. 9. Histogram plots for the normalized real (Z12) values (5) on the
horizontal axes for different scatterer positions. These histograms are for the
coaxial sources at 24–26 GHz and 80 Ω loss. Blue bars show the real parts of
Z12 for a particular position. The red staircase graph shows the histogram for
the real values for all six scatterer positions combined.

Fig. 10. Histogram plots for the normalized real (Z12) values (5) on the
horizontal axes for six different scatterer positions. These histograms are for
the 110-mm aperture-like sources at 24–26 GHz and 40 Ω loss. Blue bars show
the real parts of Z12 for a particular position. The red staircase graph shows the
histogram for the real values for all six scatterer positions combined.

Fig. 11. Histogram plots for the normalized real (Z12) values (5) on the
horizontal axes for six different scatterer positions. These histograms are for
the 110-mm aperture-like sources at 24–26 GHz and 10 Ω loss. Blue bars show
the real parts of Z12 for a particular position. The red staircase graph shows the
histogram for the real values for all six scatterer positions combined.

(1-e) of its power. An aperture of LA = 110 mm radiates in the
far field into a sector Δθ � π/(LAk) = 0.054 rad at 25 GHz.
The far field result applies for distances greater than a Rayleigh
length, which for the 110-mm aperture at 25 GHz is roughly 2 m.
This corresponds to 5 bounces. Thus, we expect the radiation
to be absorbed in the far field for the 10 Ω and 40 Ω surface
impedance cases, but marginally for the 80 Ω case. If the cavity
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TABLE I
VARIANCE OF THE IMPEDANCE

were a square of side L, the extent of the illumination of the
perimeter after NB bounces would be LE = NBLΔθ. Thus, a
fraction fE = NBΔθ/4 of the perimeter is irradiated after NB

bounces. For the three values of surface impedance, 10, 40, and
80 Ω, this fraction is fE = 0.53, 0.15, and 0.08. Thus, one can
expect that for 10 Ω surface impedance, the random plane wave
approximation and the RCM treatment of the cavity for a single
position of the scatterer will become valid. One would not expect
the RCM to be valid for the 40 or 80 Ω surface impedances. This
is basically confirmed by comparing Figs. 8, 10, and 11.

The next issue we address is whether the composite his-
tograms, the ones that combine data from six different scatterer
positions, conform to the RCM. We compare the composite data
(i.e., the ensembles in the red staircases) for different values of
surface impedance. These are shown in Fig. 12 for the real and
imaginary parts of Z11 and Z12.

To compare these with RCM predictions, we compute the
variance of the impedance values for each histogram. According
to the RCM, the variance of the histograms should satisfy

Var (Rij) = Var (Xij) =
υij
πα

(6)

where Zij = jXij +Rij and

α =
k2

QΔk2
(7)

is the dimensionless loss parameter, k = ω/c, A is the cavity
area, Q is the cavity quality factor, and υ11 = 1, υ12 = 1/2.
These relations follow from (2) in the α � 1 limit [12]. For the
three loss values (80, 40, and 10 Ω), we estimate the quality
factors to be Q = 211, 422, and 1690, respectively. These
estimates were obtained by computing several eigenfunctions of
the undriven cavity and averaging. The corresponding α-values
are 12, 6, and 1.5. The histograms shown in Fig. 12 confirm the
trend that the variance decreases with increasing loss. We can
be more quantitative by computing the variances and forming
the quantity, μij =

πα
2 [Var(Rij) + Var(Xij)], which should

agree with υij . We note that the computed variances of the real
and imaginary parts of the impedance elements for diagonal
and off-diagonal elements are numerically very close, so in
forming μij we average the variance of the real and imaginary
parts. Table I shows the tabulation of the index μij giving the
variance of the impedance values for diagonal, i = 1, j = 1, and
off-diagonal, i= 1, j= 1, elements of the impedance matrix. The
value is tabulated for three different surface impedance values.
Also shown is the theoretical expectation based on (1) is shown.

Table I shows that the variances have the correct inverse
dependence on the loss parameter. The coefficient μ12 has close
to the correct numerical value. However, the coefficient μ11is
approximately a factor of 2 too large. The predicted values

Fig. 12. Ensemble histograms of normalized impedance values (5) on the
horizontal axes for various wall losses for the 110-mm aperture-like ports at
24–26 GHz. Colors correspond to loss values as follows: blue is for 80 Ω, red
is for 40 Ω, and yellow is for 10 Ω. The labeled panels are as follows: (from top
to bottom) Re{Z11}, Im{Z11}, Re{Z12}, and Im{Z12}.
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Fig. 13. Histogram plots for the normalized real (Z12) values (5) on the
horizontal axes for six different scatterer positions. These histograms are for
the 55-mm aperture-like sources at 24–26 GHz and 40 Ω loss. Blue bars show
the real parts of Z12 for a particular position. The red staircase graph shows the
histogram for the real values for all six scatterer positions combined.

Fig. 14. Histogram plots for the normalized real (Z12) values (5) on the
horizontal axes for six different scatterer positions. These histograms are for
the 27.5-mm aperture-like sources at 24–26 GHz and 40 Ω loss. Blue bars show
the real parts of Z12 for a particular position. The red staircase graph shows the
histogram for the real values for all six scatterer positions combined.

TABLE II
VARIANCES OF THE COMPOSITE HISTOGRAMS

are based on the assumption that the field is well represented
by a superposition of uncorrelated modes. Here, we know that
the main contributions to the impedance values come from the
directive nature of the ports. Thus, it is perhaps not surprising
that elements have larger than expected fluctuations.

We now fix the loss value at 40 Ω and vary the size of
the aperture. Histogram data for aperture sizes of 55 mm and
27.5 mm are shown in Figs. 13 and 14. The individual realization
histograms conform marginally to the composite histograms in
these cases. According to the RCM, the aperture size should
have no effect on the normalized impedance variances. Table II
presents the variances of composite histograms for apertures of
110 mm, 55 mm, and 27.5 mm.

The variance of the diagonal element is roughly independent
of aperture size as expected, but again a factor of two larger than
expected from the RCM. The variance of the off-diagonal shows
some dependence on aperture size, but no consistent trend.

The comparison of the composite histograms for various
apertures is shown in Fig. 15. The composite histograms for

Fig. 15. Ensemble histograms of normalized impedance (5) for various aper-
ture sizes at 24–26 GHz and 40 Ω loss. Blue bars are for 110-mm aperture, red
bars are for 55-mm aperture, and yellow bars are for 27.5-mm aperture.

the diagonal elements are independent of aperture size, as
expected. The composite histograms for the off-diagonal nor-
malized impedance values show some variation with aperture
size; primarily, the 110-mm aperture results show a greater range
of fluctuations compared with the 55-mm and 27.5-mm aperture
histograms.

V. CONCLUSION

Wave scattering and coupling in a complicated geometry is
a common challenge in many scientific fields because the com-
plexity makes exact solutions impractical. On the other hand,
wave chaos theories, such as RCM, offer useful approaches to
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analyze the statistical properties of these complicated dynamical
systems. In order to investigate the effect of a very directive
energy source in wave chaotic cavities, we conducted full-wave
solutions in HFSS of a bowtie cavity with a scatterer inside. We
used aperture-like ports to inject EM energy into the cavity at
25 GHz. This was done to create a more directional beam, which
we expected to create deviations from the random plane wave
hypothesis—which is the basis of the RCM. We did find this to
be true.

We first found that in a relatively high loss case (80 Ω sur-
face impedance), a directive port (110-mm aperture) produces
impedance histograms that vary significantly from realization to
realization. This is in contrast with the results of a nondirective
port, for which the impedance histograms from different real-
izations were quite similar. We then varied the loss in the case
of the directive port and found that as the loss was lowered, the
histograms from different configurations became more similar.
The loss rate for this transition was found to be consistent with
the simple estimate that the emerging radiation beam would be
wide enough to extend a distance equal to the cavity perimeter.
Furthermore, the variance of the impedance values for different
loss rates scaled with loss, as predicted by the RCM. However,
there were numerical factors that differed consistently from
RCM predictions. A general finding was that the fluctuations in
impedance values were larger for diagonal elements as compared
with off-diagonal elements.

Finally, we compared results from apertures of different sizes.
The individual and composite histograms in these cases were
similar. We computed the variances and again found that the
diagonal elements had larger variances than expected on the
basis of the RCM.

The calculations presented here are for a special case of modes
in a quasi-2D cavity. A natural extension for future work would
be the more extensive study of 3-D systems.
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