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Abstract

We consider, for the first time, the effects of strong capacitive and inductive coupling between
radio frequency superconducting quantum interference devices (rf SQUIDs) in an overlapping
metamaterial geometry when driven by rf flux at and near their self-resonant frequencies. The
equations of motion for the gauge-invariant phases on the Josephson junctions in each SQUID
are set up and solved. Our model accounts for the high-frequency displacement currents through
capacitive overlap between the wiring of SQUID loops. We begin by modeling two overlapping
SQUIDs and studying the response in both the linear and nonlinear high-frequency driving
limits. By exploring a sequence of more and more complicated arrays, the formalism is
eventually extended to the N X N x 2 overlapping metamaterial array, where we develop an
understanding of the many (8N? — 8N + 3) resulting resonant modes in terms of three classes of
resonances. The capacitive coupling gives rise to qualitatively new self-resonant responses of rf
SQUID metamaterials, and is demonstrated through analytical theory, numerical modeling, and

experiment in the 10-30 GHz range on capacitively and inductively coupled rf SQUID

metamaterials.
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1. Introduction

A radio frequency (rf) superconducting quantum interference
device (SQUID) is simply a superconducting loop interrupted
by a single Josephson junction (JJ). This device was originally
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introduced to measure small dc magnetic fields and to operate
as a magnetic-flux-to-frequency transducer [ 1-4]. Later, it was
recognized that rf SQUIDs, due to their low loss, self reson-
ance, and strong interaction with electromagnetic fields, can
be used as meta-atoms in a metamaterial, both in the quantum
[5, 6], and classical limits [7, 8]. The rf SQUID effectively
acts as a macroscopic-quantum split-ring resonator. The rf
SQUID metamaterials were initially realized by covering a
plane with rf SQUIDs to act as a nonlinear and highly tunable
metasurface [9-11].

The properties of rf SQUID metamaterials can be tuned
by means of dc magnetic flux ®q4., rf magnetic flux Py,

© 2024 The Author(s). Published by IOP Publishing Ltd
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temperature, and the structure of the metamaterial, which dic-
tates the interactions between the meta-atoms. The closed
superconducting loop creates the condition for magnetic flux
quantization, while the single JJ in the loop introduces the
Josephson inductance Ljy = MLED% [12-14]. Here ®( =
h/2e is the magnetic flux quantum, with 2 Planck’s constant
and e the electronic charge, I, is the critical current of the
junction, and ¢ is the gauge-invariant phase difference across
the junction. The self resonant frequency of the rf SQUID
is dictated by the junction capacitance and shunt capacit-
ance (which are in parallel and have a total capacitance C)
along with the geometrical inductance of the loop L, and the
Josephson inductance Ly;. A dc magnetic flux applied to the
SQUID loop creates screening currents that adjust the gauge-
invariant phase ¢ in the JJ, and thus tune Lj; through a wide
range of positive and negative values [15, 16]. The result is
a highly tunable self resonant frequency that can span the
mm-wave, microwave, and RF frequency ranges [9-11]. In
non-hysteretic SQUIDs (8;f =27 LI./®y < 1) the flux tun-
ing is periodic with period ®y. The application of rf flux
to the SQUID modifies the impedance of the JJ through the
Josephson effect nonlinearity [17], I = I.(T) sin ¢, and changes
the self-resonant frequency and tunability with dc flux [11,
18]. The rf SQUID response is also tunable with temperat-
ure through the temperature-dependent critical current I, and
inductance of the superconducting loop.

The key enabling characteristic of the rf SQUID as a meta-
atom is its nonlinearity, which has been thoroughly examined
and demonstrated by the two-tone intermodulation distortion
(IMD) experimental results on rf SQUID metamaterials [19,
20]. The intrinsic nonlinearity of the Josephson effect, along
with the extreme tunability of rf SQUIDs, leads to bistability
[21, 22] and multistability [23, 24] in their response to rf
and dc driving fields. This in turn leads to complex and hys-
teretic behavior, including the phenomenon of transparency
[18]. Theory predicts that, under appropriate circumstances,
driven rf SQUIDs will display strange nonchaotic attractors
[25] and chaos [26, 27]. The rf SQUID metamaterials can
also act as nonlinear gain media when immersed in passing
electromagnetic waves [28-34], which is based on the non-
linear processes enabled by the Josephson effect that transfer
energy to a signal at frequency f; from a strong pump signal at
frequency f,.

In early theoretical and experimental works on rf SQUID
metamaterials, the rf SQUIDs were packed together side-by-
side in either one [9, 10, 35, 36] or two dimensions [11],
with substantial long-range (dipole-dipole) mutual induct-
ance of the SQUID loops due to their close lateral proxim-
ity in the plane. This coupling gives rise to remarkable col-
lective behaviors of the metasurface, such as chimera states
[37-43], disorder-dominated states [21, 44, 45], and coher-
ent modes of oscillation [46]. Such states have been dir-
ectly imaged by laser scanning microscopy in the super-
conducting state under microwave magnetic flux [47, 48].
Prior work examining collections of SQUID-like entities
in two dimensions, not necessarily metamaterials, include
the following: superinductors made up of planar ladders
of superconducting wires/loops incorporating JJs [49], and

Josephson transmission lines utilizing SQUID arrays to cre-
ate magneto-inductive waveguides [50, 51]. Another type of
Josephson metamaterial recently realized utilizes a tunable
plasma edge created by current-biased linear arrays of JJs
embedded in a three-dimensional waveguide [52]. In contrast
to the present work, this metamaterial interacts mainly with
high frequency electric fields, rather than magnetic fields.

There have been proposals for three-dimensional versions
of quantum metamaterials [27, 53], and previous experimental
work on three dimensional superconducting metamaterials
based on spiral resonators [54]. In this work, we experiment-
ally realized three dimensional arrays of rf SQUIDs employed
as metamaterials for the first time. By stacking the SQUIDs
vertically, we introduce positive mutual inductive coupling for
nearest neighbors, very different from the co-planar geometry
and, more importantly, add the qualitatively new aspect of
strong capacitive coupling that permits high frequency cur-
rents to flow between SQUID loops. To the best of our know-
ledge, such coupling has not been considered in the past in
any aspect of SQUID physics or technology, and can lead
to dramatic new properties of coupled SQUIDs. Our three-
dimensional (3D) SQUID metamaterials have flux-quantized
loops mixed with non-flux-quantized loops. These latter loops
are enabled by the capacitors that host displacement currents
between SQUIDs. Faraday’s law is applied to all of the non-
SQUID loops, in addition to the flux quantization condition in
the appropriate loops.

Parasitic capacitive coupling can also occur in supercon-
ducting digital electronics (SCDE) that are based on the
propagation of ps-duration single-flux quantum voltage pulses
between logic circuit elements [55]. The pulses are processed
by means of inductive loops, typically based on supercon-
ducting wires including JJs, essentially acting as non-resonant
SQUIDs. It is well-established that state-of-the-art SCDE suf-
fers from an inefficient use of space on chip in many practical
computing and signal processing applications. This is due to
the fact that SCDE is based on magnetic flux, as opposed to
the monopole electric charge utilized in CMOS electronics,
and the resulting need to create and control dipole sources,
such as current loops, transformers, inductors, etc [56]. One
way to mitigate this problem is to create three-dimensional
circuit layouts in which logic and wiring layers are distrib-
uted in the third dimension, separated by ground planes [57].
However, this three-dimensional geometry can introduce new
and unexpected coupling effects between circuits. Our induct-
ively and capacitively coupled rf SQUID metamaterials can
act as a surrogate test-bed to study coupling effects in future
highly-integrated SCDE circuits.

Quantum computers utilize large arrays of qubits with con-
trolled interactions (typically either inductive or capacitive)
between many pairs of qubits [58—61]. For charge and phase
qubits, the nearest-neighbour interactions are enabled by capa-
citors, rather than inductors [60, 62—65]. Of recent interest
is the design of a tunable coupler transmon that is capacit-
ively coupled to a pair of qubits to achieve high-fidelity two-
qubit gates [66—69]. Our rf SQUID metamaterials differ in that
multiple coupling capacitors are included, creating a highly
integrated network of both capacitive and inductive coupling
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between all of the SQUIDs. We note that the effects of both
capacitive and inductive coupling between rf SQUIDs has
been considered as a step in deriving the quantum Hamiltonian
of arrays of interacting qubits [70, 71]. For the flux qubits,
the nearest-neighbor inductive coupling can be adjusted by
introducing an intermediary SQUID between the qubits to be
coupled, whose properties are tuned by a local magnetic flux
[72-75]. Another approach is to have two qubits share a com-
mon wiring loop bond. This bond may have a variable kin-
etic inductance, or Josephson inductance, that depends on the
sum of the currents flowing in the two qubit loops through that
bond [76-78]. Our coupling design is uniquely different in that
it introduces interactions through a combination of inductive
and high-frequency capacitive coupling. The possibility exists
to tune the capacitive coupling through external manipulation
of the dielectric material in the capacitor.

The outline of the paper is as follows. In section 2.1, the
theory of inductively coupled rf SQUID meta-atoms is briefly
reviewed. In section 2.2 we then introduce the strong capacit-
ive coupling between two SQUID loops in what we call the
corner-coupled geometry and discuss its effect on the dynam-
ics of the SQUIDs. In section 2.5, a sequence of larger over-
lapping rf SQUID structures are studied to uncover a total of
three distinct classes of resonant modes from these unique
metamaterial structures. Analytical results for the resonant
modes and their dispersion with dc flux are obtained in the
linear response limit, and comparisons are made to full non-
linear numerical simulations. This culminates in consideration
of the N x N x 2 metamaterial where 2 refers to the num-
ber of overlapping layers formed by the corner-coupled geo-
metry and the calculation of the number of resonant modes
in such system. In section 3 we then compare the results of
theory to experimental data on contrasting samples: a single-
layer 12 x 12 x 1 and an overlapping 12 x 12 x 2 Nb-based
rf SQUID metamaterial all utilizing the same rf SQUID meta-
atom. In section 4, we discuss the generalization of our model
to non-regular arrays of overlapping corner-coupled SQUIDs,
the limitations of our analysis, and opportunities for further
studies of this remarkable class of superconducting metama-
terials. The experimental data and numerical results presented
in this work can be found in [79].

2. Theory

2.1 Model for a system of inductively coupled SQUIDs
based on the resistively and capacitively shunted junctions

First we shall review the consequences of flux quantization in
a single rf SQUID loop to establish our notation and approach
to setting up and solving the equations of motion for the
gauge-invariant phase. The total flux ® in the rf SQUID loop
and gauge-invariant phase difference 9 across the junction are
related through the statement of flux quantization in a super-
conducting loop, which requires the order parameter to be
single-valued upon going on a continuous and closed loop
C through the superconducting material. Mathematically, this
self-consistency condition results in [2, 80],

2rn=10+ %@, (1
where n =0,41,£2,.... and ® is the magnetic flux through
any surface that terminates on the continuous circuit C. This
can be re-written as, & = n®dy — %5, where &) = % is the
flux quantum. Without loss of generality, taking n =0 in the
SQUID loop, the expression is simplified to & = —%5. We
shall assume that the SQUID loop maintains quasi-static flux
quantization through the microwave frequency range so that
equation (1) holds for both the rf and dc flux in a single
galvanically-connected rf SQUID loop. One would expect that
equation (1) remains valid for all situations in which the super-
conducting order parameter has a well-defined phase through-
out the material, which should extend to time scales as short
as the order parameter relaxation time, expected to be in the
ps range, except close to T, [81, 82].

The total flux in the loop can be expressed as [2, 3, 16, 80],

o = *(I)app + Ping (2)
where @, stands for the applied flux and the minus sign is
chosen to account for the diamagnetic relationship between
the applied and induced fluxes. The induced flux is ®i,qg = LI
for a single SQUID with a loop inductance L carrying cur-
rent /. Note that this relationship can be generalized to a sys-
tem of many interacting SQUIDs as Cf;md = TT, where the
inductance matrix L contains self-inductances on its diagonal
and mutual inductances between SQUIDs in the off-diagonal
elements [46].

The current [ in the junction is expressed using the resist-
ively and capacitively shunted junction (RCSJ) model where
the junction is treated as a parallel combination of three
branches: an ideal JJ, a capacitor C and a shunt resistor R [83].
The total current from the three branches is thus:

I=0hy+1Ir+1Ic =1.sind 4 C v
=Ijp+1Ir +1Ic = 1.s1n +R+ i
Using the second Josephson equation, one can relate the
voltage drop on the junction V to the time derivative of
the gauge-invariant phase as V = %26, where the over-dot []
denotes time derivative. In this case, the response current can
be written as,

L ®ed Dy
I—Ics1n5+gﬁ+cg5. 3)

The flux quantization condition, equation (2) can now
be written for a system of inductively-coupled identical rf
SQUID:s as, [46]

- - b, - R ) g P =
B+ Bypsin(wr) = 26+ L [ Lsind+ 22 4 ¢225 ),
27 2T R 27
whose normalized form reads

S
dic +$rfsin(QT) =5+ % Brfsing—k vd—(s + L& ,
dr  dr?



Supercond. Sci. Technol. 37 (2024) 075023

J Cai et al

where Cf;dc and (frf are the vectors of dc and rf magnetic flux
applied to each SQUID in the array, respectively, and we
assume time-harmonic rf flux at a single frequency w. Here
§ is the array of gauge-invariant phase differences on the junc-
tions in all of the rf SQUIDs in the array. The equation can be
reduced into the dimensionless form W1th the following sub-
stitutions: ¢gcf = 27 Pyc /Do, W= L /Lgeo, Where Ly, is
the geometric inductance for a single SQUID in the system,
51-16 = 27TLgEOIC/(I)0, v = \/LgeO/C/R, T = wgeot: l/\ /LgeoC,
and Q =w/ Weeo = W/ LeeoC. Note that we also introduce the
geometric resonance Weeo = 1/4/ LgeoC, which is the resonant
frequency of the rf SQUID meta-atom in the absence of the
Josephson effect.

Equation (4) is a system of driven second-order coupled
nonlinear differential equations for the gauge-invariant phase
vector as a function of time, Y (1), which dictates the response
of the metamaterial to external electromagnetic fields. Solving
for | (7) allows one to calculate all observable properties of the
system. Prior work has explored solutions to these equations
for purely inductively-coupled rf SQUID metamaterials [19,
20, 46]. The following sections focus on extending this
model to capacitively-coupled rf SQUIDs. We begin with
the simplest case of a pair of corner-coupled overlapping rf
SQUIDs, and then consider a sequence of larger and larger
structures, eventually addressing the problem of the N x N x 2
system. The parameters for the SQUIDs in the following cal-
culation are given in appendix B and table 2.

2.2. Model for two corner-coupled overlapping SQUIDs

The simplest model for overlapping SQUIDs is a pair of rf
SQUID loops having wiring layers overlapping each other
at the corner, and the overlapping portions are separated by
a thin dielectric layer, which forms two capacitors whose
capacitance C,, is comparable to that of the junction, C
(see figure 1(b)). It should be noted that these overlap-
ping capacitors do not include Josephson coupling between
the superconducting wires, but do create a route for high-
frequency displacement currents to flow between the wir-
ing loops of neighboring SQUIDs. The capacitors shunt the
SQUID loop, breaking the uniformity of high-frequency cur-
rents in the loops, which leads to different currents in the
non-junction branches 1, (1) from the currents in the junction
branches 1,00y as illustrated in figure 1(a). Note that the over-
lapping capacitors have no direct influence on the dc currents,
which are constrained to flow only through individual SQUID
loops.

2.2.1. Loops in the two corner-coupled SQUIDs.  Following
the same flux-to-current approach in section 2.1, one can write
down the flux quantization conditions for the two corner-
coupled SQUIDs (called a and b) as follows:

i\_

Figure 1. (a) Schematic diagram of a pair of corner-coupled rf
SQUIDs with overlapping wiring layers, creating capacitors labeled
1 and 2, along with the two nominally identical Josephson junctions
in loop a and loop b represented with ‘X’s. Junction currents /9 and
I differ from the corresponding non-junction currents /,; and I,
in general. (b) Micrograph of a small sectionof a7 X 7 x 2
metamaterial made up of corner-coupled SQUIDs (fabricated by the
SNEP process), where one representative pair of the
capacitively-coupled SQUIDs is highlighted. The different colors of
the wiring correspond to different lithographic layers of the device.

P\ _ @ (5,) , (B
(I)ZPP - 7 6b (I)Lnd

IaO

Pind Loao Mapo Laar Mapi\ | Ino
with a,a a, a,a a, 5
<‘I’md) <Mb,a() Lyyo Mpar  Lppi I ©)

Iy

where the induced flux is expressed as contributions from dif-
ferent segments of the two SQUID loops on the second line.
The elements of the first (second) row in the inductance mat-
rix are determined as the partial inductance between the indi-
vidual segments denoted by the second subscript, and the gal-
vanically connected SQUID loop a (b). Partial inductance is
a concept that generalizes the inductance of a closed loop to
that of segments in the loop [84, 85]. Consider a segment 1 in
a closed loop c that is experiencing a time-varying magnetic
field due to the current in segment 2 in a closed loop d. The
total flux in the closed loop c is simply & = [ B-dS = ¢, A-dl
where the magnetic field and the vector potential are due to the
current in segment 2. We can assign the flux contribution from
individual segments as follows: @ = $ A-di=3", [ _ A-dL
The partial inductance between segments 1 and 2 is then
defined as the ratio, My, = f] A- df/lz. Consequently, it fol-
lows that for a closed loop ¢, M, » = Zsi ce M, 2, and between
two closed loops c and d, Mg =3 cyMe.s;-

Although equation (5) relates the flux with the currents,
the non-junction currents I, ;1 are not yet expressed as func-
tions of the gauge-invariant phase differences 6, and their
time derivatives. To obtain the equations of motion in 5, one
needs to invoke Faraday’s law on the center overlapping loop
from capacitor 1 to 2 to junction b and back to capacitor 1 in
figure 1(a), as well as current conservation on the capacitor
nodes. This will allow us to solve for I, 5 in terms of the
gauge-invariant phases.
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2.2.2. Faraday’s law applied to the center overlapping loop.
There is no need to consider Faraday’s law in the formula-
tion of the equations for the non-overlapping SQUIDs, since
it is implicitly incorporated in the flux quantization condition
equation (4). In fact, applying Faraday’s law to a single SQUID
loop will result in the time derivative of equation (4). On the
other hand, its application is necessary for a superconducting
loop interrupted by capacitors, such as the small center loop
carrying currents Iy and I,; formed by the two overlapping
corner-coupled SQUIDs in figure 1(a). By applying Faraday’s
law to this center loop (denoted cen), one finds:

Vi — Vi 4 Vy = %P — find (6)

with (I)ggrjl = Mcen,aOIaO + Lcen,bOIbO + Lcen,allal + Mcen,hllbl .
V1, V, are the voltages across the capacitors at nodes 1 and
2. The sign convention of the capacitor voltages are chosen
so that the positive voltage corresponds to the electric field
pointing out of the plane, from the bottom Nb wiring layer
to the top Nb wiring layer or from SQUID b to SQUID a.
Vp is the voltage across the junction of SQUID loop b, and
the currents /,0,40,41,51 are labeled in figure 1(a). Again, the
partial inductances Mcen a0, Leen 505 Leen,at; Mcen,p1 from each
segment to the center overlapping loop (cen) are involved in

the expression for the induced flux ®nd.

2.2.3. Conservation of current through the overlapping
capacitors.  The effect of capacitive coupling on the corner-
coupled SQUIDs are understood through the conservation of
currents applied to the overlapping capacitors:

Lo = Lo + Coy Vi (Ta)
Iy = Iy1 — CoyVy (7b)
Lo =1 — Coy V> (7c)
Lo = Ip1 + Coy V2, (7d)

where nodes 1 and 2 have identical capacitance C,, based on
our design. The current conservation statements, equations (7),
reduce to the following relations:

Lao + 1po = L1 + Ip1 ®)

Vi =—V,. 9)

The flux equation (5) allows us to express the non-junction
currents I,; and Ip; in terms of the junction currents and

the gauge-invariant phases, in other words 1,1 (L0, 50,04, 0p)s
Ip1 (140, Ip0, 9a, 1) as:

I, =CD™! _(Lb s Map) ( (I)Zzp o )
, (Lo, P\ —@P 4 g,

S ) LR v L
Iy =CD"! :(Mb-ﬂl Loa) (_Q(}ézp—i—%fa)

— det <AL42;11 1{2”{;) Lyo —det (AL/I{Z,aall AL/[::(()) ) Ibo] .

(10)

The definition of CD is given in appendix A. The current con-
servation statement equation (8) now becomes a constraint on
0a, 0,140, Ipo after substituting I, 51 from equations (10):

I 0 —1 —1 q)app - %1_05
(Ka ) <IZO> =(Ls Ly) (q)gpp _ %52 , (an

where k4 and Ls, 55 are defined in appendix A. After sub-
stituting the expressions for I,1;; in equations (10) into
Faraday’s law equation (6), the time derivatives of junction
voltages in equation (9) are determined as:

Vl = *VZ = |:(1 + Fﬁvh) Vb + HvaVa +lejb0 +Llaja0

S mbcisgpp} /2. (12)

The parameters ky,, kvp, Lig, L1p are defined in appendix A.
One can see that equation (12) contains 4th-order derivat-
ives of ,5, by noting that I, 0 given in the RCSJ model
equation (3) brings two more time derivatives into the
equation. The expression for V; equation (12) can then be sub-
stituted into the current laws equation (7) to obtain solutions
for the non-junction currents 41 41 (140 40, iaO,bO, 5ah)

2.2.4. Equation of motion for gauge invariant phase differ-
ences. The flux equations for the two SQUID loops can
now be set up. Assuming that the applied dc and rf flux amp-
litudes are the same in both SQUID loops, and that the rf flux
is sinusoidal at a single frequency w with amplitude ®,¢, the
flux equation, equation (5), becomes:

e + Pypsin(wi) | _ Po (dq
Dy + Pyesin(wr) |~ 27 \
Lgeo M )
(3 o) ()
_Léavl
+C()V < LSbVI ) )

where the induced flux (last two terms on the right hand
side of equation (13)) is separated into two contributions:
the conventional inductively-coupled SQUIDs with mutual
inductance M, and the correction due to the overlapping
capacitors. The term with the inductance matrix can be
regarded as the limit without capacitive coupling, when Co, =
0. Consequently, the current becomes uniform inside the
SQUID loops such that I, = 1,1, Io = 1. The 2 x 4 induct-
ance matrix in equation (5) is then reduced to the 2 x 2 matrix
above with self inductance of the SQUID loop determined as
Lgeo = La,a0 + La,a1 = Lp po + Ly p1, and the mutual inductance
between the two SQUID loops M = M}, 40 + Mp g1 = My po +
M, »1, which can be positive, zero, or negative depending on
the overlapping area between the two SQUID loops. The last
term in equation (13) involving C,, brings in qualitatively
new phenomena in the high frequency response of coupled rf
SQUIDs.

13)
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2.2.5. Linearlimit solutions.  To analytically understand the
two corner-coupled SQUIDs, one can start by simplifying
the equations in the low-driving-amplitude linear limit when
|| < 1. The full solution to §(¢) of any individual SQUID
can be separated into its dc and rf components: § = 6;¢(¢) + dgc
[19]. Under a weak applied rf flux, the rf response is also van-
ishingly small, |0y| < 1, so that any nonlinear rf response
is negligible. Therefore, the solution takes the following
form 0 = dgc + direxp(iwt), where w is the driving frequency
[19]. The junction current from the RCSJ model under the
weak rf flux approximation is I = Iy, + I;s(¢) = I. sin(dgc) +
1.c08(84c) 01 (2) + iw®o / (27 R) 5, (t) — w? @ C/ (27) 6yt(1),
where the terms with second or higher order in ¢;; are dropped.
After substituting the expressions for 1,9 and I in the equation
of motion equation (13), and converting to the dimensionless
vector format, one obtains a system of algebraic equations:

¢dc = 0qgc + ﬁﬂw $in dqc

. > o
g = ( 1 — aQZ)\COV?lOOP) ?6‘{’ (14)

<> -
with ? =1 + ?ﬂrfdiag (cos 6d0> + i’yWQ
- (? + )\cov?loop (%)6 + ?Iﬁrfdiag (COS gdc))) Qz

+ deov ooy 1 (—172 + ) (15)
where ?, ?1(,0},, ?5, and ?1 are defined in appendix A.
Here ‘%’ is the 2 x 2 conventional inductive coupling mat-
rix for the two SQUIDs without capacitive coupling, as in the
middle term on the right hand side of equation (13). Consider
the case when the applied flux gz;rf is zero, the resonance con-
dition occurs when nontrivial solutions for S;f exist, which
requires a non-invertible response tensor, or det(?) =0.The
real parts of the solutions to this characteristic equation in
) = w/wge, are the resonance frequencies, plotted in figure 2
as a function of dc flux applied to the SQUIDs.

The characteristic equation is only sixth order in (2,
since the matrix ‘&’; in front of the (—ivQ® +Q*) term in
equation (15) is non-invertible with zero determinant. There
are thus six roots from solving the sixth order equation, which
come in pairs where the real parts are opposite to each other.
Only the three positive roots are shown in figure 2. The tun-
ing curves of eigenfrequencies are periodic in applied dc
flux with a periodicity of ®(, with each curve centered at an
integer multiple of ®,. However, each resonant solution curve
extends beyond the dc flux range of 1®, and overlaps the
adjacent curves due to the hysteresis from the SQUID loop,
since By > 1.

The three resonances cover a much broader frequency
range compared to that of a single SQUID, which is shown as
a black dotted curve in figure 2. Mode II (the yellow curve)
out of the three resonances closely follows the dc-flux tun-
ability of a single SQUID loop resonance. To better under-
stand the nature of the other two modes, one can examine
the solutions & to the linearized equations, equations (14)
at the corresponding eigenfrequencies. In particular, the cur-
rent values (40,40,41,51) in the SQUID loops as a function of

J Cai et al
Re(Q)
,_*_4??_*—_*
Mode 111
4
3
e T S T— T —
I
Dy (@)
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Figure 2. Real part of eigenfrequency solutions Re(2) from the
characteristic equation det(?) = 0 for the two corner-coupled
SQUIDs, as a function of dc magnetic flux ®4.. The parameters for
this calculation are given in appendix B and table 2. The solid
curves with three different colors correspond to the three positive
solutions to the characteristic equation, while the black dotted curve
is the eigenfrequency for a single SQUID with the same parameters.
Due to the hysteretic response of the SQUIDs (S, > 1), multiple dc
flux tuning curves overlap each other in the same range of applied
dc flux.
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Figure 3. (a), (b) Real and imaginary parts of the solved
dimensionless currents ¢ = 27 Lgeol /®o between Q2 = 2.1 and 2.7,
for the linearized case of two corner-coupled SQUIDs at zero dc
flux. (c), (d) Real and imaginary parts of the solved currents
between {2 = 4.8 and 5. The solid curves are the solutions to the
junction currents ¢4 40, While the dashed curves are the
non-junction currents, 41 51. Blue curves are for the currents in loop
a, and red for loop b.

frequency at zero dc flux are shown in figure 3, expressed
as the dimensionless currents ¢ = 27 Lgeol, /®g. The currents
indeed undergo resonances near the three eigenfrequencies
Q) ~ 2.3, 2.55, 4.88 in figure 2 for zero dc flux.

After comparing the current values from the three different
eigenmodes, the dominant current distribution for each mode
can be summarized in the schematics in figure 4, where the
branches with strong currents are highlighted in red. Mode II
at Q2 ~ 2.55 clearly stands out as the only mode where the cur-
rent remains uniform inside one SQUID loop, just as in side-
by-side pairs of inductively-coupled SQUIDs, which explains
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Figure 4. The dominant rf (not dc) current distribution for the three
linearized eigenmodes. The three modes are organized from left to
right to match the corresponding eigenfrequencies from low to high
frequency at zero dc flux in figure 2. The dominating junction and
the ‘loop’ in the mode are shaded in red. The capacitor nodes are
shaded red when the rf current passes through the capacitors in the
corresponding mode.

the match between the single SQUID eigenfrequency and the
mode II in figure 2.

The frequencies for the modes can also be estimated quant-
itatively from the current distribution in the circuit. For a
single SQUID loop, the resonance can be predicted from the
lumped element model, Qe = Wres/Wgeo = (LC) ™0 /wgeo =

(Lg}é + LJ*JI)C*I/Wgeo = +/1 + Bicosd. This circuit model
can be generalized to one SQUID loop a in a large coupled
system:

fhes = \/(La_elff + LJ_Jl> C! weeo

L
= [ =2 4 Bicosd

(16)
La,eff

where the loop inductance has changed from the geomet-
ric inductance Ly, to the effective inductance L, .fr(w) =
®ind(w) /1,(w), accounting for the coupling from other SQUID
loops in the large system. For instance, in the low power linear
limit, a planar inductively coupled system has antiferromag-
netic couplings among the SQUIDs. Thus, L is always lower
than Ly, resulting in a slightly higher {2, than expected for
the single SQUID design parameter. This property no longer
holds true in an overlapping system. In particular, for the two
corner-coupled SQUIDs model, ®I" is given in equation (5).
The resulting L. and €25 calculated for the loop a and b at the
three resonance modes are listed in table 1. As a consequence
of the nonuniform current distribution in one SQUID loop, the
real part of the effective inductance can take on much wider
range of values from higher than Lg, to large negative val-
ues. The corresponding resonant frequencies agree with the
eigenfrequencies {1, solved from the linearized characteristic
equation shown in figure 2.

The inductance of a circuit generally scales with its size.
Therefore, the longer dominant current branches in modes
I & II in figure 4 contribute to larger effective inductance
magnitudes compared to mode III, where the short segments
dominate the current distribution. A small positive effective
inductance, 0 < Legr << Lgeo, leads to a resonance frequency
much higher than that of the single SQUID, /1 + S,scos? .

Table 1. Effective inductance values of SQUID loops a and b,

L) eft, in the three resonant modes of the corner-coupled rf
SQUIDs. Comparison between the real parts of the resonant
frequencies Re(£2,(p) res) calculated from the effective inductance
for the SQUID loop a(b), and the real part of their corresponding
eigenfrequencies Re({2;,) deduced from solutions to equation (14)
at zero applied dc flux.

Mode I I I
Lacit/Leco ~5.35+1.09 1.01+0.006i 0.054—0.001i
Lb et/ Lgeo —5.15+2.04i 1.15—0.16i 0.054+0.001i
Re(Qures(6 =0))  2.30 2.54 491
Re(Qpres(6 =0)) 2.31 2.52 4.90
Re(Qig(6 =0)) 231 2.54 4.89

In contrast, the larger magnitudes of the effective inductance,
|Left| 2, Loeo, in modes I & ITin figure 4 lead to lower resonance
frequencies close to the prediction for a single SQUID. The
apparent difference in dc flux tunability between the highest
frequency mode and the other modes can also be explained
by the magnitude of effective inductance. The small effective
inductance leads to a large Lgeo /Legs that renders the dc tuning
term represented by fSy¢cosd less effective in equation (16).

2.3. Full nonlinear numerical solutions to the two
corner-coupled SQUIDs

Although analytical solution to the system of equations at rf
flux driving levels beyond the linear limit is difficult, we can
obtain the full nonlinear solution numerically. For the conveni-
ence of the numerical solver, the equations are first converted
into dimensionless form as in equation (4) with the additional
introduction of dimensionless currents: ¢ = 27 Lgeol /®o. Inthe
general practice of numerically solving a system of differen-
tial equations, the equations are first reformulated as a sys-
tem of first order initial value problems. The equations of
motion equation (13) consist of two flux equations, each a
4th-order differential equation for . However, due to the con-
straint in equation (11) relating 6,5 and I, o, there are only
six degrees of freedom, two less than otherwise expected. This
can be illustrated by manipulating the matrix expression in
equation (13) as follows: L(S_alRow 1 +L6_blR0w 2, which is
equivalent to the constraint in equation (11). Therefore, instead
of solving the overdetermined system in equation (13) dir-
ectly with eight variables, one should reduce the system to one
equation of motion for one of the SQUIDs, along with the con-
straint equation (11), and establish the initial value problems
with six variables: d 5, 547;7, La0s Lao, as follows.

ds, .

“a_ 17
dr ({7a)
oy _ 5 (17b)
dr
B 5 v~ Basind, — 6, (17¢)
dr
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where ¢*P = ¢g. + Prsin(Q7) is the dimensionless applied
flux. The second time derivatives in § in equations (17¢)
and (17d)) are related to the currents using the RCSJ model,
equation (3). The constraint equation (11) is invoked to express
Lpo in equation (17d). The second time derivative of current
(Z40) in equation (17f) is obtained from the equation of motion
equation (13). All other parameters are defined in appendix A.
The resulting system of initial value problems was solved with
the LSODA function from SciPy based on the FORTRAN lib-
rary ODEPACK.

To compare with ex_Perimental results, one needs to con-
vert the solutions for §(¢) into measurable quantities. Here,
the power dissipated by the resistive channel of the junction,
and the resulting change in transmission magnitude through
the metamaterial are calculated as [18],

L\ 2
V2 Doo;
Pissipation = Z El = Z ( 2(;_ ) /R (18)

|S21| = 1010g10 (1 - Pdissipalion/Pincident) ) (19)
where the sum is over JJs in the metamaterial (here i = a,b
and V; is the voltage drop on junction ), Pincigent 1S the total rf
power incident on the metamaterial (which provides the rf flux
bias to the SQUIDs), and S»; is the transmission coefficient
through the metamaterial at frequency f. Pincigent 1S related to
the applied rf flux ®,¢ as follows. For the experimental setup
in figure 12, the sample lies in the center of a rectangular
waveguide and is perpendicular to the rf magnetic field of the
propagating TE |y mode. The rf magnetic field, and thus the
rf flux &+ at the location of the SQUIDs, can be calculated
from the incident power Pjijcigent> the waveguide dimensions,
and the frequency [11]. The total dissipated power is summed
over the individual contribution for each SQUID i. This calcu-
lation assumes that the only lossy element in the setup is the
normal charge carriers tunneling in the junction, represented
by the parameter R.

The resulting transmission at low applied rf flux amplitude
(®y ~ 1073 Dy), near the linear limit, as a function of dimen-
sionless driving frequency €2 and dc flux is plotted in figure 5.

o (B

Figure 5. Nonlinear solutions to the two corner-coupled SQUIDs at
Dy ~ 1073®. The parameters for this calculation are given in
appendix B and table 2. The quantity plotted is |S2;|(dB) on a
logarithmic color scale, as a function of dimensionless frequency

Q = w/wgeo and applied dc magnetic flux in units of the flux
quantum $¢. The white dashed curve corresponds to the
eigenfrequency for a single SQUID with the same parameters, and
the red curves are the eigenfrequencies from the linear limit
solutions for the two corner-coupled SQUIDs as in section 2.2.5.

The dark bands represent the resonances in the rf SQUID sys-
tem, where the amplitudes of the rf currents in the SQUID
loops, and thus the dissipated powers in the junctions, are max-
imized. Unlike the case for a pair of side-by-side rf SQUIDs,
which have two resonant modes, there are now three distinct
modes tuned by the applied dc magnetic flux. The red lines in
figure 5 show the dispersion of the linearized solutions from
equation (14), and show good agreement with the solutions
to the full nonlinear equations, equations (17), in the weak-
driving limit.

2.4. Nonlinear properties of the corner-coupled SQUIDs

Here we examine the evolution of the three modes as the amp-
litude of the rf driving flux is increased. Figure 6 shows the
evolution of the resonant modes from the linear limit @,/ Py ~
1073 at zero dc flux to higher rf flux amplitudes. All three
modes show a suppression of their resonant frequencies in a
manner similar to that observed for single rf SQUIDs [11].
Note that the two lower frequency modes show substantial
tuning with rf flux amplitude, but the high-frequency mode is
only weakly affected due to the small effective inductance of
this mode leading to a resonance which is less sensitive to the
applied magnetic flux, according to equation (16). Also note
that all three modes achieve linear response again at high driv-
ing amplitudes, in the sense that the resonant frequencies are
independent of rf flux amplitude when ®,¢ 2 ®,. This behavior
was observed before [11] and can be attributed to the term lin-
earind in equation (4). At large rf driving amplitudes, the sin §
term is bounded between £1, much smaller than the leading-
order & term, which reduces the equation of motion to the form
of a harmonic oscillator. Further examination of the nonlinear
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Figure 6. Nonlinear solutions to the two corner-coupled SQUIDs
for ®4. = 0. The quantity plotted is |S>;|(dB) on a logarithmic color
scale, as a function of applied rf magnetic flux amplitude in units of
the flux quantum @ and dimensionless frequency 2 = w/wgeo. The
linear limit discussed in section 2.2.5 is reproduced at low applied
power on the left of the plot. Upon increasing ®,s above &g, the
high-power linear limit is achieved where the SQUID loop
resonance is suppressed to the geometric frequency (2 = 1).

properties of these hysteretic SQUID metamaterials will be the
subject of future work.

2.5. Modéel for larger overlapping SQUID systems

Building upon the formalism developed for the two corner-
coupled SQUIDs in sections 2.2-2.4, we now consider the lar-
ger systems of overlapping SQUIDs as exemplified in figure 7.
One major difference in the larger systems compared to two
corner-coupled SQUIDs is the introduction of a new kind of
circuit loop enclosing an area outside any galvanically con-
nected SQUID loop. To better distinguish the different loop
circuits in the large systems, and to streamline the discussion,
some common vocabulary should be established. Highlighted
in blue in figure 7(a) is the new loop, named the ‘extra-SQUID’
loop, while the loop formed at the corners of two overlap-
ping SQUIDs, as studied in the two-SQUID case, is referred
to as a ‘partial loop’, colored red in figure 7(a). Together
with the conventional galvanically-connected SQUID loops,
these three types of loop circuits dictate the dynamics of
the gauge-invariant phases through either Faraday’s law (e.g.
equation (6)), or the flux quantization condition in the SQUID
loop (e.g. equation (4)).

Another challenge in modelling the larger system is the
fact that each SQUID loop is broken into many segments by
the additional capacitive nodes formed by the overlap with
more than one neighboring SQUID. For instance, each SQUID
in figure 7(a) has 4 capacitor nodes and thus 4 segments.
There are in total 16 segments, each with a different current.
Attempting to follow a similar treatment to that used for the
two corner-coupled SQUIDs in section 2.2, one would need

a) b) X X

$TE T

| W |

X L}J .

Figure 7. Schematics for larger overlapping SQUID systems. (a)
The four corner-coupled SQUIDs constitute the minimal system that
contains all three different types of loops involved in the dynamics
of the gauge-invariant phases. The three types of circuits are
galvanically-connected SQUID loops (black lines), the partial loops
(highlighted in red ), and the extra-SQUID loops (highlighted in
blue). (b) represents a typical square array of N x N x 2 SQUIDs
(here with N =2)). The SQUIDs from the two different layers are
color coded to illustrate the geometry of this design. Overlap
capacitors exist wherever lines of different color cross. An array
with N = 12 has been characterized experimentally in this work.

to express the 12 non-junction currents in terms of 4 junction
currents, 4 gauge-invariant phase differences and their time
derivatives. The number of unknown currents can be further
reduced by invoking current conservation laws on the SQUID
loops requiring zero net current into any SQUID. The con-
straints need to be applied to all SQUID loops but one, since
the net current into the last SQUID is equal to the net cur-
rent leaving the rest of the SQUID loops which is already zero
due to the current conservation laws. The number of independ-
ent non-junction currents is thus 12 — (4 — 1) = 9, which still
could not be completely determined from 4 flux quantization
conditions (equation (4)) from the 4 SQUID loops. We should
note that applying Faraday’s laws to the 5 non-SQUID loops
only relates the time derivatives of the currents, not the cur-
rents themselves.

To circumvent this problem, instead of using the junction
currents, the model should be reformulated in terms of the
voltages across the capacitor nodes, as commonly done in the
Lagrangian formalism for a magnetic circuit. All the junction
currents are expressed using the RCSJ model in equation (3)
in terms of the set of 5: and their time derivatives. The non-
junction currents are obtained from current conservation laws
on the capacitor nodes (e.g. equation (7)). For the four corner-
coupled SQUIDs in figure 7(a), there are in total 8 capa-
citor nodes. Due to the current conservation laws mentioned
above, the number of independent voltages is reduced to 5,
corresponding to the number of non-SQUID loops. This sys-
tem can then be set up and solved analytically as demon-
strated in section 2.5.1. This voltage formalism turns out to be
a more general approach for modeling overlapping SQUIDs
compared to the current formalism followed in section 2.2 for
the two corner-coupled SQUIDs. Appendix C illustrates the
application of the voltage formalism to the two corner-coupled
SQUIDs, and arrives at the same eigenfrequency solutions as
found in section 2.2.
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2.5.1. Four corner-coupled overlapping SQUIDs. ~ With ref- Re(€2)
erence to the system shown in figure 7(a), the dynamics of the 12
system is now described by the 4 gauge-invariant phase differ- extra-SQUID loop mode
ences 6,5, ¢, and their time derivatives, as well as 5 independ-
ent capacitor nodal voltages Vi34 5 and their time derivat- T [
ives. The voltages across the rest of the capacitor nodes can )
be expressed in terms of V) 345 through the current con- s partial loop modes
servation laws inside each continuous SQUID loop. Applying
Faraday’s law to the non-SQUID loops and flux quantization
conditions to the SQUID loops, we obtain the following sys- 4
tem of equations of motion.

@wpg—éoé/(zw)4f¢md(i'j X

OIPP = B4,/ (2) + DI (T, _‘) : SQUID loop modes

O = Py, / (2r) + B (“, *) 2—x

") Dy (Do)

Q) 3P — (1305[1/ (271') +<I)md ( s

@W——w+w+@“0 )

q')aPP —

A T m+w+wﬂﬁm@@

q’dpp Vi — (Vi + Vo + Vs) — Vs + dind (77 ‘7)
OYPP = (Vi + Vo — Vi) — Vg + P} (77 ‘7)

G Vs v,y

g (Vi V2= Va) + Vs + &, (1V) 20)
where T = (I, 1p,1.,1;) and V= (V1,Va, V3, V4, Vs). The top 4
rows are from the flux quantization conditions on the 4 SQUID
loops, and the bottom 5 rows from application of Faraday’s law
to the non-SQUID loops. The non-SQUID loops are labeled
by the SQUID loops involved in forming their circuit. For
example, the top left partial loop in figure 7(a) is labelled as
ac. The voltages in the parentheses, e.g. (V; 4+ V, + V3) in the
sixth row, are dependent nodal voltages obtained from apply-
ing current conservation laws to the continuous SQUID loops.
The induced flux ®¢ is calculated from the partial induct-
ances from the individual branches just as in section 2.2, which
is a function of junction currents I and node voltages V.

The low rf flux amplitude linear limit solution can then
be obtained by expressing I, 5 ¢ 4 in terms of 0, ¢ 4 and their
time derivatives using the RCSJ model in equation (3), and
replacing time derivatives with i) under Fourier transform.
The resulting system has a size 9 x 9 with the 9 variables:
dabc,a and Vi 5 3 4 5. The eigenfrequencies for this linear sys-
tem can be calculated and are plotted in figure 8 as a func-
tion of dc flux. As discussed in section 2.2.5, and illustrated
in figures 2 and 4, the high frequency modes are dominated
by the smaller loops, which contribute to smaller effective
inductances, explaining their higher resonance frequency and
weaker tunability, according to equation (16). The same loop-
resonance correspondence can be established for the system
of four corner-coupled SQUIDs containing 4 SQUID loops, 4
partial loops and 1 extra-SQUID loop, as labeled in figure 8.
As expected, the much smaller extra-SQUID loop brings about
a very high resonance at 2 ~ 12 in figure 8.

Figure 8. Real part of eigenfrequency solutions Re(£2) from the
characteristic equation det(?) = 0 in the linear limit for the four
corner-coupled SQUIDs shown in figure 7(a), as a function of dc
magnetic flux @4 in units of ®g. In this case 9 distinct resonance
modes can be resolved. The two black horizontal dashed lines
delineate the three types of resonant modes.

Similar to the two corner-coupled SQUIDs discussed in
section 2.3, the full nonlinear solution is obtained numeric-
ally. The details for setting up the numerical solver can be
found in appendix D. Figure 9 shows the resulting transmis-
sion |S,1] as a function of driving frequency €2 and applied
dc flux @4 in the low rf flux amplitude linear limit, @ ~
10~3®,. The transmission calculated from the numerical solu-
tion has good agreement with the eigenfrequencies from the
linear limit solutions, as illustrated by the coincidence of the
dark (absorbing) features with the red dotted curves. A sep-
arate calculation is performed around €2 = 12 which resolves
the extra-SQUID loop mode that can not be captured in the
frequency range in figure 9.

2.5.2. 2x 2 x 2 corner-coupled overlapping SQUIDs. A
full numerical solution, or even an analytical solution in the
linear limit, is very computationally expensive to obtain for
the large N x N x 2 system studied experimentally. However,
the case of N =2 (figure 7(b)) can be tackled easily and should
illustrate the general properties of the model. For the 2 x 2 x 2
system, there are 8§ SQUID loops, 9 partial loops, and 2 extra-
SQUID loops. In the absence of any symmetries, we would
thus expect a total of 19 resonant modes, comprised of 8 lower
frequency modes near the single SQUID resonance, 9 partial
loop modes at about twice the single-SQUID resonance fre-
quency, and 2 extra-SQUID loop modes near €2 = 12.
Following the same treatment as in section 2.5.1, the eigen-
frequencies in the low rf flux amplitude linear limit, and the
full nonlinear numerical solution, can be obtained, and are
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Figure 9. Nonlinear solutions to the four corner-coupled SQUIDs
shown in figure 7(a) at ®,y ~ 1073®;. The quantity plotted is
|S21|(dB) on a logarithmic color scale, as a function of
dimensionless frequency §2 = w/wgeo and applied dc magnetic flux
in units of ®. The red dotted curves are the eigenfrequencies from
the linear limit solution, and closely match the resonances from the
numerical solution. The dashed white curve is the eigenfrequency of
the single SQUID with the same design parameter. The calculation
cuts off at {2 = 6 below the extra-SQUID loop modes.

shown in figures 10 and 11, respectively. Indeed, 19 eigen-
frequencies fall in the expected range for their corresponding
loop modes as depicted in figure 10. We note once again the
general decreasing sensitivity to dc flux with increasing fre-
quency of the modes, consistent with equation (16).

The full numerical solution in the low rf flux amplitude
limit in figure 11 shows resonances coincident with the eigen-
frequencies obtained from the linear-limit solution.

2.5.3. Nx N x 2 corner-coupled overlapping SQUIDs. In
the general case of an N x N x 2 SQUID array, there are 2N?
SQUID loops, (2N — 1)? partial loops, and 2(N — 1)? extra-
SQUID Iloops, resulting in a total number of 8N — 8N + 3
distinct loops. As illustrated above, each loop corresponds
to an equation of motion in the voltage formalism. Thus,
one would expect 8N> — 8N + 3 equations for an N x N x 2
SQUID array. There are two capacitor nodes for each partial
loop. However, the current conservation law from the SQUID
loops will constrain the number of independent nodal voltages
to 2 x #of partial loops — (#of SQUID loops — 1) = 6N? —
8N + 3. Together with the 2N? gauge-invariant phase differ-
ences 0 for each SQUID, the dynamics is described by a total
of 8N* — 8N+ 3 variables. The resulting (8N?> — 8N + 3) x
(8N? — 8N + 3) system can be solved exactly (see appendix D)
and will generate 8N> — 8N + 3 modes in the absence of any
symmetry.

Equipped with the loop-mode correspondence established
in the analysis for the three model systems discussed in
section 2, we can extrapolate to the prediction for a larger

1

12
1 ot extra-SQUID loop modes |
E;‘: ) I————— partial loop modes
5
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4 .
37 SQUID loop modes |
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Figure 10. Real part of eigenfrequency solutions Re(€2) from the
characteristic equation det(Y") = 0 in the linear limit for the

2 x 2 x 2 corner-coupled SQUIDs shown in figure 7(b), as a
function of dc magnetic flux @4 in units of ®y. A total of 19
distinct resonance modes can be resolved. The two black horizontal
dashed lines delineate the three types of resonant modes.
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Figure 11. Nonlinear solutions to the 2 x 2 X 2 system shown in
figure 7(b) at ®. ~ 10~2®y. The quantity plotted is |S21](dB) on a
logarithmic color scale, as a function of dimensionless frequency

Q = w/wgeo and applied dc magnetic flux in units of ®g. The red
dotted curves are the eigenfrequencies from the linear-limit solution
and match the resonances from the numerical solution. The dashed
white curve is the eigenfrequency of the single SQUID with the
same design parameter.

system, where many partial loop modes should be visible
between {2 = 3 and 6, with very weak dc flux tunability, while
the SQUID loop modes occur at lower frequency range with
high dc flux tunability. The extra-SQUID loop modes around
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) =12 is almost invariant in dc flux and is beyond the fre-
quency range of our measurement capability.

3. Experiment

3.1 SQUID samples

The samples in this work are fabricated by the STAR
Cryoelectronics Selective Niobium Anodization Process
(SNAP) with JJ critical current density J, = [uA ,um’z [86].
The Nb films have a critical temperature of 7, = 9.2 K, and
the samples were measured at 7=4.6 K. A representative
three-dimensional rf SQUID metamaterial sample is shown
in the inset of figure 12. The main concern in the design is
to maintain the rf-SQUID self-resonant frequency in the 10—
30 GHz range while keeping (i = Lgeo/Lyy reasonably small
(<10) to avoid extreme hysteresis. The low resonant fre-
quency of the rf-SQUID requires a large junction inductance,
corresponding to a small critical current. The requirements
of small junction size and low critical current density is an
uncommon constraint for JJ foundries, since most supercon-
ducting electronics applications prefer high Josephson energy
(Ej = ®ol./(27)) and thus high critical current of the junction.

3.1.1. SNAP fabrication. ~ SNAP fabrication starts by first
depositing the Nb/Al — AlO, /NbD trilayer on the wafer with
J. = 1uA pm~2. This trilayer is then patterned with a wet etch
that defines the base layer of the SQUID loop, the vias between
the top and the base wiring layers of the SQUID, as well as
the anodization rails connecting all of the SQUIDs to the edge
of the wafer. The anodization rails are required to supply a
voltage bias to the Nb layers for the anodization process in the
next step. The junctions, anodization rails, and the area sur-
rounding the vias [87] are protected by photoresist, while the
remaining exposed Nb is anodized to form the 100 nm-thick
insulating dielectric layer of Nb,Os between the top and base
Nb layers. Previous measurements of the dielectric constant
of Nb,Os made by this process yield €, = 29 [88, 89]. Next,
the second Nb layer is deposited and patterned to form the top
wiring layer of the SQUID. After the SQUIDs are defined, the
anodization rails connecting the SQUIDs are finally removed
with a wet etch.

3.1.2. SNEP fabrication.  The first generation of the overlap-
ping SQUID samples, as shown in figure 1, was made with a
slightly more complicated process, the selective niobium etch
process (SNEP) from STAR Cryoelectronics. This process
begins with the same Nb/Al — AlO, /Nb trilayer deposition.
However, instead of anodization, the junctions are defined by a
reactive ion etch (RIE) on the top Nb layer of the trilayer. The
entire trilayer is then patterned and etched to form the base
wiring layer. A layer of SiO, with a thickness of 300 nm is
then deposited with plasma enhanced chemical vapor depos-
ition, and this serves as the insulating dielectric between the
top and base layers. The dielectric deposition is then followed
by another etch to open contact vias through the SiO, layer.
Next, the top Nb wiring layer is deposited and patterned. The

Table 2. Design parameters for the overlapping SQUID
metamaterial sample SNAP 161A. See figure 1(b) for definitions of
d, w, and asQuiD-

Parameters Symbols Values
Gap between nearest SQUID d 4 pm
wiring

Wiring width w 16 pm
SQUID loop side length asqQuid 132 ym
SQUID self capacitance (RCSJ) C 1.42 pF
Overlapping capacitance Cov 0.657 pF
Junction critical current (4.2 K) I 7T pA
Geometric Inductance Lgeo 255.2 pH
SQUID parameter Lgeo/Lyy Byt 5.483
Mutual inductance between the M, 8.56 pH
overlapping neighbors

Mutual inductance between the M, —17.4 pH

in-plane nearest neighbors

process concludes with a final passivation of the wafer by
depositing a layer of SiO;. In addition to its complexity, the
unit area capacitance from the dielectric SiO; in SNEP is very
low ~ 0.15 fF um~2, compared to that for the Nb,Os dielec-
tricin SNAP ~ 2.5 fF um_z. Therefore, to maintain a low self-
resonance for the rf SQUID, a larger capacitor pad is needed
for samples made by the SNEP process, which further con-
strains the design.

3.1.3. SQUID array design.  Since the fabrication processes
only allow for a single trilayer for the junction definition, one
cannot simply stack two independently-defined layers of 2D rf
SQUID arrays in the third dimension. One of the layers must
be shifted in-plane so that its junction avoids that of the other
layer of SQUIDs, and this constraint creates the peculiar over-
lapping geometry studied here. To achieve the most symmet-
ric configuration, the overlapping area between the SQUIDs
from the two layers is designed to be roughly a quarter of the
single-SQUID loop area. The shifted stack between the two
2D rf SQUID arrays results in the many overlapping capacitors
C,y between SQUID loops from different layers. The design
parameters for the overlapping SQUID metamaterial sample
SNAP 161A is summarized in table 2.

The mutual inductances in the last two rows of the table 2
represent the inductive coupling in the absence of the overlap-
ping capacitors. However, under the strong capacitive coup-
ling studied in this work, the rf currents can leave the SQUID
loop through the capacitor nodes, breaking the uniformity of
the current within one SQUID loop. The mutual inductance
alone is thus no longer sufficient to correctly treat the coup-
ling between SQUIDs.

3.2. Experimental setup

The rf SQUID metamaterial is embedded in the center of
a brass WR-42 waveguide, which has a cut-off frequency
of approximately 14.1 GHz, and provides good transmission
above 15 GHz. The sample is oriented along the direction of
the wave propagation and its planar surface is perpendicular
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Figure 12. Schematic of the rf SQUID metamaterial transmission
measurement, showing the waveguide which hosts the metamaterial,
the rf and dc field components, the microwave network analyzer, as
well as attenuators and amplifiers. Inset: optical image of the
overlapping 12 x 12 x 2 SQUID array sample made with the SNAP
process. The blue shaded links between SQUIDs are the remnants of
the anodization rails after wet etch. Variables that can be controlled
in the experiment include @, ®qc, the rf driving frequency f, and
the sample temperature 7.

to the rf magnetic field in the first propagating TE mode of the
waveguide. The dc magnetic flux is provided by a supercon-
ducting Helmbholtz coil mounted on the outside of the wave-
guide and oriented to apply a nominally uniform field perpen-
dicular to the SQUID array surface. The microwave transmis-
sion S»; through the sample-loaded waveguide is measured
by a microwave vector network analyzer (VNA), as shown in
figure 12. The amplitude of the incident signal is reduced by
input attenuators to carefully control the rf flux ¢s witnessed
by the sample. The transmitted signal is amplified by a cryo-
genic amplifier and by a room temperature amplifier, before
being measured by the VNA. The measurements are carried
out at a temperature of 4.6 K. Note that no wires are connected
to the rf SQUIDs, and there are no galvanic contacts between
different SQUIDs, hence all changes to the properties of the
metamaterial occur by strictly ‘wireless’ means.

3.3. Measurement results

The 1f SQUID response is typically very small in the transmis-
sion measurement due to its weak coupling to the waveguide
mode. To better resolve the SQUID resonances, a background
response obtained from averaging over the transmission spec-
tra Sy, at different dc fluxes is removed from the individual

-0.1

Figure 13. Measured change in transmission AS; (blue to yellow
color) of the 12 x 12 X 2 overlapping corner-coupled SQUID array
as a function of rf driving frequency f from 15 to 30 GHz

(€ =f/feeo =1.8 — 3.6), and as a function of dc flux swept from
—2to +2 ®g , at a temperature of 4.6 K. Results are presented at
eight different applied rf flux amplitudes: [0.033, 0.023, 0.013,
0.01, 0.007, 0.006, 0.005, 0.0006] ®¢ in panels (a) through (h).
The red dashed curves denote the single-SQUID eigenfrequency.

frequency spectrum. The resulting AS>; = S (f, @4c) — Sa1 as
a function of applied dc flux ®4. and microwave frequency f
is plotted in figure 13 for eight different values of the rf flux
amplitude ®.;.

The yellow color represents nearly complete transmission
of the microwaves (i.e. ASy; < 0dB), while the darker green
features show conditions where the metamaterial interacts
strongly with the passing electromagnetic fields and dissip-
ates power. The green features trace out the resonant response
as a function of applied dc magnetic flux with a typical 1P,
periodicity. The red dashed curves mark the single-SQUID
resonance and roughly corresponds to the expected bound-
ary between the low-frequency and highly-tunable SQUID
modes, and the high-frequency partial loop modes with lower-
tunability introduced in section 2.5.1. It should be noted that
the third kind of mode from the extra-SQUID loops, with fre-
quencies around 12f,., ~ 100GHz, are beyond the measure-
ment range of our apparatus.

Figure 14 shows the effects of increasing the driving rf flux
amplitude beyond linear response on the spectrum of modes
in the overlapping 12 x 12 x 2 sample. The measurement was
performed at zero current in the magnet but &4 = —0.39
on the SQUIDs, according to their dc flux tunability curves.
The result in figure 14 is obtained from two separate power
sweeps on the VNA due to its limited dynamic range. The first
power sweep was performed from —82 to —42 dBm, while the
second from —62 to —35 dBm. In the range where both power
sweeps overlap, the average response is shown in figure 14
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Figure 14. Measured change in transmission ASy; (green to yellow
color) of the 12 x 12 x 2 overlapping corner-coupled SQUID array

as a function of applied rf magnetic flux amplitude from

2 x 107#®q to 5 x 1072® (and the corresponding microwave
power incident on the sample in dBm), and rf driving frequency f
from 15 to 26.5 GHz (€2 = 1.8 to 3.2), at a temperature of 4.6 K.
The measurement was taken at 4. = —0.3®P( with two separate
power sweeps due to the limited 40 dB dynamic range in the VNA
power sweep function. The two vertical lines around —62 and —42
dBm are the artifacts from stitching the two sweeps together.

leading to the two vertical lines at the limits of the two power
sweeps.

One notes strong tuning of the modes below 2 =2.5
and relatively small tuning for the higher frequency modes.
This behavior is in qualitative agreement with that shown
in figure 6 for the two corner-coupled SQUIDs. The low-
frequency SQUID loop modes are strongly tuned, whereas the
partial-loop modes only show modest tuning with rf flux. The
experiment appears to just reach the high-power linear limit
that is clearly seen in the model results in figure 6. However,
these large rf flux amplitudes bring about the dangers of
sample heating and amplifier saturation.

The response from the overlapping SQUID array
SNAP161A is in clear contrast to the measurement on a
single layer 12 x 12 x 1 SQUID array (SNAP161D) shown in
figure 15. The single-layer sample shares the same design with
the bottom layer of the two-layer sample (SNAP161A). Unlike
the overlapping corner-coupled SQUID array, the single layer
SQUID array has only one resonance band tuned with the
applied dc flux @4, which is consistent with the coherent
response seen in earlier measurements of single-layer SQUID
metamaterials [11, 20, 46, 48]. The resonant frequency is
close to that of a single-SQUID resonance shown as the red
dashed curves. At low applied rf flux amplitude, the resonance
is above that of the single SQUID since the collective antifer-
romagnetic coupling reduces the induced flux on each SQUID
and thus the effective inductance. According to equation (16),
a low Legr < Lge, corresponds to a resonance higher than that

-0.1
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Figure 15. Measured change in transmission ASy; (blue to yellow
color) of the 12 x 12 x 1 single-layer SQUID array as a function of
rf driving frequency f from 15 to 30 GHz (2 =1.8 —3.6), and as a
function of dc flux swept from —2 to + 2 Py, at a temperature of
4.6 K. Results are presented at eight different applied rf flux
amplitudes: [0.042, 0.03, 0.026, 0.017, 0.015, 0.011,

0.009, 0.0003] @ in panels (a) through (h). The red dashed curves
denote the single-SQUID eigenfrequency.

of the single SQUID as observed experimentally in figure 15.
As expected for the SQUID modes, their tunability in @4, also
diminishes with increasing ¢, again observed in earlier work
on single-layer SQUID metamaterials [11, 20, 46, 48].

There are several other interesting features of figure 15
worth mentioning. First, note that green blobs appear around
the turning points where the resonance tuning curves in
applied dc flux from the two adjacent periods meet. These can
be attributed to the fact that the meta-atom SQUID is strongly
hysteretic (S > 1), resulting in multiple stable solutions. At
points where multiple solutions cross in the frequency-dc-
flux space, there can be enhanced resonant responses over
a range of frequencies, accounting for these blobs. We also
note that the tuning curves are noticeably asymmetric as a
function of dc flux at low rf flux amplitudes, and become
increasingly symmetric as the rf flux amplitude increases.
The asymmetry in the dc tuning curve is related to the hys-
teresis in dc flux sweep of the rf SQUID metamaterial. For
a measurement with decreasing dc flux, the asymmetric tilt
of the tuning curve points to the opposite direction. This
hysteresis is suppressed at higher applied rf flux amplitude
because the strong oscillatory drive can overcome the barriers
between local potential minima, preventing the system from
becoming stuck in metastable states that are responsible for
the hysteresis.
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Figure 16. The correspondence between a general system of
overlapping SQUIDs and its graph representation. The SQUID
loops are represented by the vertices, and the partial loops
connecting the neighboring SQUIDs by the edges. The simple
cycles in the graph correspond to extra-SQUID loops in the SQUID
array, as highlighted by green and blue arrows in the graph, and
corresponding closed loops in the SQUID array.

4. Discussion

Two driven side-by-side inductively-coupled rf SQUIDs have
two eigenmodes of oscillation in the linearized case. When
the two loops are partially overlapping with significant capa-
citive coupling, a third eigenmode of oscillation appears,
which arises from the partial loop created by the partial over-
lap between the SQUID loop wires. This new closed circuit
is completed by means of displacement currents. The same
loop-to-oscillation-mode correspondence has been verified in
the calculations for larger systems, i.e. four corner-coupled
SQUIDs and the two by two by two array of overlapping
SQUIDs.

More generally, for a system of many overlapping corner-
coupled SQUIDs, the total number of elementary loops can be
determined as follows. If we treat the SQUID loops as vertices
and partial loops as edges connecting the corresponding ver-
tices, we can represent the geometry of overlapping SQUIDs
as a planar graph, as illustrated in figure 16.

The most general system can be represented as a disconnec-
ted graph, as shown in figure 16 where a single SQUID in the
lower right corner does not overlap with any other SQUID.
Without loss of generality, we can examine each connected
sub-graph individually and sum up the number of element-
ary loops. For each connected planar sub-graph with n vertices
(SQUID loops) and m edges (partial loops), the simple cycles
of the graph correspond to the extra-SQUID loops, the number
of which is given by m —n + 1, bringing the total number of
elementary loops to m+n+m—n+1=2m+ 1 in the sub-
graph. The number of unknowns in the voltage formalism for
the sub-graph can be obtained as in section 2.5.3, where 2m —
n+ 1 unknown voltages and the n phase differences from n
junctions, give rise to 2m + 1 unknowns, equal to the number
of elementary loops. Tallying up all the sub-graphs, we have
shown that for any general system of overlapping SQUIDs,
the voltage formalism can result in an exactly determined sys-
tem that describes the dynamics of the SQUIDs. For example,
a single SQUID by itself is a planar connected graph with
1 vertex and O edges. The dynamics are described by 1
unknown, the phase difference, and 1 equation of motion, the
flux quantization condition for a single SQUID (equation (4)).

The N x N x2system in section 2.5.3 is another spe-
cial case of a system consisting of one planar connected
graph.

Although, the extra-SQUID loops studied in the examples
above are the smallest circuits corresponding to the very high
frequency modes 12fge, =~ 100GHz, they can take on larger
sizes in a more general geometry as shown in figure 16. In
fact, the extra-SQUID loop highlighted in blue in figure 7 is
the smallest realization permitted in our overlapping SQUID
design.

The frequency and the tunability in applied dc mag-
netic flux of the resonance modes can be obtained from
equation (16), where the effective inductance depends on the
current distribution in the corresponding resonance modes.
The modes with very small |Lef| < Lge, Will have a high
resonant frequency $es = /Lgeo/Lacff, and be largely inde-
pendent of dc flux applied to the metamaterial. On the other
hand, the modes with large effective inductance |Leg| > Lgeo
will have a low resonant frequency s = v/fifcosd, even
lower than the single SQUID resonance, and will be strongly
tunable with dc flux. The experimental data on dc-flux tun-
ing of the 12 x 12 x 2 metamaterial is consistent with these
expectations.

It should be noted that the only source of loss treated in this
work arises from quasiparticle tunneling, which appears as the
resistance R in the RCSJ model, and is incorporated into the
fully nonlinear equations of motion through the parameter ~.
An extension of this treatment would be inclusion of the loss
from dielectric in the JJ tunnel barrier, the coupling capacit-
ors between SQUIDs, as well as dielectrics surrounding the
superconducting wiring. These dielectrics are known hosts for
electric-dipole two-level systems [90, 91].

The treatment presented here assumes that all of the rf
SQUIDs making up the metamaterial are nominally identical,
having the same values of geometrical inductance, shunt capa-
citance, overlap capacitance, critical current, and junction res-
istance. We also assume that every SQUID experiences the
same values of the externally-applied dc and rf flux, and that
the driving rf flux is at a single frequency. It would be interest-
ing to see how the results of this work depend on variations in
these quantities due to either statistical or systematic variation
in space.

Although our model has mainly focused on the low rf flux
amplitude linear limit, we can explore the nonlinear proper-
ties of the system at higher rf flux amplitudes from the full
numerical solutions to the equations of motion. Thanks to
the plethora of resonance bands in the overlapping SQUID
metamaterial, one can employ them for broadband paramet-
ric amplification or intermodulation generation by harnessing
this nonlinearity from the JJs.

Now that capacitive coupling between flux-based supercon-
ducting meta-atoms has been established, one can ask whether
the capacitive coupling can be varied? For example, there exist
many nonlinear dielectric materials whose dielectric proper-
ties can be tuned with dc electric field, rf electric field, or
with temperature at cryogenic conditions [92, 93]. In addition,
charge qubits can enjoy variable capacitive coupling through a



Supercond. Sci. Technol. 37 (2024) 075023

J Caietal

small JJ [64]. Thus a certain degree of tunability of capacitive
coupling should be possible.

5. Conclusions

We consider three-dimensional rf SQUID metamaterials with
strong capacitive coupling between rf SQUID loops for the
first time. Strong displacement currents can flow through the
capacitors created by the overlap of the SQUID loops, creating
new closed paths for the rf current through the rf SQUID net-
work. The RCSJ model is extended to incorporate the capacit-
ive coupling and the new current paths, leading to the predic-
tion of a large range of resonances from frequency below the
single SQUID resonance to more than ten times of the single
SQUID resonance. The number of resonating loops in our
three-dimensional N x N x 2 rf SQUID metamaterial design
scales as 8N> — 8N + 3. A large N = 12 three-dimensional rf
SQUID metamaterial is measured, and is found to behave
in a qualitatively different manner from the corresponding
single-layer 12 x 12 x 1 metamaterial. The observed multipli-
city of resonances are in good agreement with our theory of
capacitively-coupled overlapping SQUIDs.

Data availability statement

The data that support the findings of this study are openly
available at the following URL/DOI: https://doi.org/10.13016/
dspace/rit2-egnl.

Acknowledgments

This work was supported by ONR under Grant

N000142312507, and NSF/DMR under Grant 2004386.

Appendix A. Parameters for the two corner-coupled
SQUIDs

To simplify the discussion in the main text, the definitions and

numerical values of the parameters used in section 2.2 are sum-
marized below.

K1 = M/Lgeo = 0.0335

#<(. )
K1 1

L(sa = La,al _Ma,bl = 3921pH

Lgb = Lb,bl — Mh,al = 20739pH

K§a = Lga/Lgeo =0.154
Kep = L(Sh/Lgeo =0.813
Lgeo

Kg = —|— — =06.55
Lsa  Lsp
M Lgeo

Kp = + =1.45
Lsa Loy

Loai Mg
CD =det| , ¢ &
<Mb,a1 Lb bl
M en pi 1
Fvg = det [ Micenbl  Leena /CD — 0714
v ( Ly p1 Mb al )
Ko = det ( Mapi Laa ) / CD = —0.0085
Mcen,bl cen al
Mcen a0 Lcen,al Mcen,bl
Lo=det| Liw Leai Map / CD = —134.4pH
My Mpa  Lpp
Lcen,bO Lcen,al Mcen,bl
Ly=det | Muyo Loai  Map / CD = 39.5pH
Lppo Mpar  Lppi
Rlg = LIa/Lgeo = —-0.527
KRip = le/Lgeo =0.155
= (fﬁa fﬁb>
Kla Kb
Aeov = Cov/ (2C) =0.23
(E) — Rva 1 + Rvb
0 Rva 1 + Rvb
PN —KRs§ 0
K loop = ( 0 ’ l%b)
L L
a = KkpPXP /PP 4 gk, — by Kpkvh — b 200
Lsa Lsp

The partial inductance matrix for the 2 corner-coupled
SQUIDs (as shown in figure 1(a)) has the following numer-
ical values

La,aO Ma,bO
My  Lypo Mpa
Mcen,aO Lcen,al Lcen,bO Mcen,bl

203.27 —4.12 51.89 12.68
12.68 51.89 —4.12 203.27 | pH

10.77 37 37 10.77

La,al Ma,bl

Ly p1

(AD

Appendix B. Numerical values for the parameters
in our SNAP SQUID design

Here we list the parameters of the basic rf SQUID unit
that makes up all of our studies, both numerical and exper-
imental. The geometric inductance L, = 255.16 pH, and
mutual inductance M = +8.56 pH are calculated analytically
and verified by Fast Henry numerical solution. The positive
mutual inductance is due to the partial overlap of the loops
in this geometry. The capacitance for the junction pads and
the overlapping capacitors are C = 1.42 pF, C,y = 0.657 pF,
respectively, determined from the geometrical area of the
capacitors and the known thickness and composition of the
Nb,Os dielectric material. All the calculations use the para-
meter Sy = Lgeo/Lyy = 5.483, determined from the junction
critical current /. = 7 A measured at 4.2 K, while the exper-
iments on the SQUID metamaterials were performed at 4.6 K.
We also estimated the sub-gap resistance as R = 500 €2, corres-
ponding to v = 0.0268. The geometrical resonance frequency
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for a single SQUID 1is feeo = - — 8.36 GHz. Other oy _ (8B it1) — Brssindy, — 16 (C2d)
numerical values for derived quantities in the 2 corner-coupled dr
SQUID case are given in appendix A and table 2. duy =iy (C2e)
dr
diy . /o &
Appendix C. Voltage formalism for two il (5a, 5;;7141) (C2)

corner-coupled SQUIDs

Due to its simple geometry, the model for two corner-coupled
SQUIDs can be completely expressed through the currents in
each wiring segment, as discussed in section 2.2. Here we
present the alternative method to set up and solve the equations
of motion using the more general voltage formalism. This
approach is convenient for modelling larger arrays of capa-
citively coupled rf SQUIDs.

The junction currents 1, ; can be expressed in terms of d,
and V, from the equation of motion, equation (13):

1, =y
=L

( CovLéaV.I - (I)Oaa/ (271—) + (I)app >
—CovLspVi — @o0p/ (27) + Papp

(LaO) _ (E)—l
2]
( 2)\covl<56a';¢1 - 5a + ¢app )

. Cl
*2>\cov’€5bul - 5!? + ¢app €D

where the second equation is the dimensionless form, with

— L M
uy =27 V1 /(Powgeo), and L' = Lyeo R = (22 . We
M Ly,
can then substitute the time derivative of equation (C1) into
the Faraday’s law, equation (6) and obtain the expression for

ii1 (0a, Op, 101 ):

i = [G488 = 6" (Moena + Mecn,p) / (L+M)
+ 8a (LMeena ~ MMeen,y) / (1 = M°)
+ ((LMcen,b ~ MMeen,a) / (L2 - MZ) - 1) + 2u1}
X (2>\cov/L[ (Mcenp1 — Leen,a1)

+ ( (LMcenﬁb — MMcen,a) (Mb,al - Lb7bl)
-1
+ (LMcen,a *MMcen,b) (Lu,al 7Ma,b1) )/ (L2 7M2) })

where Mcen,a = Lcen,al + Mcen,a(), Mcen,h = Lcen,bO + Mcen,bl’
and Lg, is abbreviated as L. Consequently, the equation of
motion can be fully expressed in terms of a new set of six vari-
ables, 64,5, 5,1,;,, uy, and it;. One can therefore set up the six
first-order initial value problems for the numerical solver in

the following manner:

dé, .

— 2
I, Oa (C2a)
dé, .
-t 5, (C2b)
dr
dd, . . ,
— =140 (04, 0p, 1t1) — BeeSindy — Y0, (C2c)

dr

Let’s now examine the linear limit approximation for this
problem. Consider the solutions in the following form ¢ =
Set(1) + Oacr Ort(t) = brrexp(iQ7), and uy (1) = ity exp(iQ7),
where S;f: (50,5;,). Substituting these expressions in the
equation of motion equation (11) and Faraday’s law,
equation (6), and rearranging the excitation to the left hand

side of the equations, one can obtain a linear system in
(0 0p, 1)

- o . =
Pde = Ode + Brt K sindge

¢rf 5(1
e 2
b0 | =% 5 (©3)
¢rf,cen ﬁ]
where
- . -y Meen,a0+Leen,at » r
1+ 2,0 K1tf,a0 lQ%m,w
- N -y [ Leen o+ Mecn 1 ~
X = K1t b0 I+iga0 i (Wh—fﬁo + 1)

~2idcovkioa  2ideovkiopQ  —2+ 2oy SmelHemil 02

‘geo

and f;f = Bicos gdc + iy — 2. The resonance condition for
the system is det(*Y” =0), which is a sixth-order equation
and can be solved for {2 to obtain the eigen solutions to
the two corner-coupled SQUIDs. Both the eigenfrequencies
and the nonlinear numerical solutions have been obtained
and agree with the results in sections 2.2.5 and 2.3 in the
main text.

Appendix D. A general model for a system of
overlapping SQUIDs

As discussed in section 2.5, the voltage formalism can be
applied to any size of corner-coupled overlapping SQUIDs
array. Here, we outline the procedure for setting up the
equations of motion for a system of corner-coupled SQUIDs
in any general geometry. The first step in studying the dynam-
ics is to identify the independent variables, which are § from
the junctions, V from the overlapping capacitors, and their
time derivatives. We can then express the induced fluxes in the

system as
o -
Plouw ) e, (M
Pind con ‘_/'
non-SQUID c

where L is the inductance matrix whose i,j th element
describes the flux on the loop i induced by the segment j, and

(D1)
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I con 1s the matrix that expresses the currents in each branch
in terms of junction currents Ij; and the displacement currents

through the capacitor nodes cV. N ext, the same flux relations
in the conventional RCSJ model (section 2.1) are invoked here
for each SQUID

Dy -

& 2o
2

SQUID (D2)

Find _
— ®squip =

which can be solved for junction currents Ij; (8, V). The non-
SQUID Iloops, on the other hand, are described by Faraday’s
law in the following form

- (I;L%i—SQUID = con (q)o/ (‘—/%ﬂ—) 6) (D3)

=

app
‘I)non—SQUID

where Vcon is the matrix that associates the junction voltages
®o/(27)d and voltages across the capacitor nodes V to each

Faraday loop. After substituting the expression for 711(5 , \7)
into equation (D3), the second time derivatives of the capa-

citor voltages, \7(5: \7) are obtained. Consequently, we can for-
mulate the final dimensionless equations of motion in terms

of (5' ,5;:2, fZ), with the dimensionless voltage defined as u =
2 V/(@owgeo).

ds

= 5 (D4a)
G i (5) - en(d) o o)
;LZ i (D4c)
jf _z (g ,;) (D4d)

Appendix E. High power nonlinear numerical
calculation

The nonlinear numerical solutions for the large systems of
SQUIDs studied in section 2.5. at different applied rf flux amp-
litudes are summarized below.

There exists a clear distinction between the modes above
2 =3 and the modes below in terms of their rf flux depend-
ence in figures 17 and 18. The higher frequency modes
are insensitive to the applied flux, corresponding to the
partial loop modes, while the lower frequency modes’ dc
flux tunabilities are suppressed at high power, typical for
SQUID modes. This behavior is also observed in the exper-
imental data on the 12 x 12 x 2 SQUID metamaterial in
figure 13.



Supercond. Sci. Technol. 37 (2024) 075023 J Caietal

[ T -

NOW A L oo

107

MW s o

[ -

=]
o
o
=3
S
o
=N
=]
S
o

0.8 04 06 038

2y ()
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of dc flux swept from O to +1 ®(. The solutions are obtained at different applied rf magnetic flux amplitudes:
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Figure 18. Calculated transmission of the 2 X 2 x 2 system of SQUIDs as a function of dimensionless frequency €2 = w/wgeo and as a
function of dc flux swept from 0 to +1 ®g. The solutions are obtained at different applied rf magnetic flux amplitudes:
[2.1, 0.66, 0.21, 0.066, 0.021, 0.0066, 0.0021, 0.00066] P, in panels (a) through (h).
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