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The Wigner-Smith time delay of flux conserving systems is a real quantity that measures how long an
excitation resides in an interaction region. The complex generalization of time delay to non-Hermitian
systems is still under development, in particular, its statistical properties in the short-wavelength limit of
complex chaotic scattering systems has not been investigated. From the experimentally measured multiport
scattering (S) matrices of one-dimensional graphs, a two-dimensional billiard, and a three-dimensional
cavity, we calculate the complex Wigner-Smith (τWS), as well as each individual reflection (τxx) and
transmission (τxy) time delay. The complex reflection time-delay differences (τδR) between each port are
calculated, and the transmission time-delay differences (τδT) are introduced for systems exhibiting
nonreciprocal scattering. Large time delays are associated with scattering singularities such as coherent
perfect absorption, reflectionless scattering, slow light, and unidirectional invisibility. We demonstrate that
the large-delay tails of the distributions of the real and imaginary parts of each time-delay quantity are
superuniversal, independent of experimental parameters: wave propagation dimension D, number of
scattering channels M, Dyson symmetry class β, and uniform attenuation η. The tails determine the
abundance of the singularities in generic scattering systems, and the superuniversality is in direct contrast
with the well-established time-delay statistics of unitary scattering systems, where the tail of the τWS

distribution depends explicitly on the values of M and β. We relate the distribution statistics to the
topological properties of the corresponding singularities. Although the results presented here are based on
classical microwave experiments, they are applicable to any non-Hermitian wave-chaotic scattering system
in the short-wavelength limit, such as optical or acoustic resonators.
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Introduction—In this Letter, we consider the wave-scat-
tering properties of generic complex systems with a finite
number of asymptotic scattering channels coupled to the
outside world. The systems of interest have dimensions
much larger than the wavelength of the waves, making the
scattering properties extremely sensitive to details, such as
boundary shapes and interior scattering centers. Such
systems could be three-dimensional spaces such as rooms,
two-dimensional billiards, or one-dimensional graphs, and
thewaves could be electromagnetic, acoustic, or quantum in
nature. The complexity of wave propagation and interfer-
ence is captured by the scattering Smatrix which transforms
a vector of input excitations jψ ini onM channels to a vector
of outputs jψouti as jψouti ¼ Sjψ ini. The scattering diversity
gives rise to strong dependence of the complex S-matrix

elements as a function of excitation energy E. We focus in
particular on the time these waves spend in the scattering
region as they propagate from one scattering channel to
another. An average dwell time was introduced by Wigner
[1] in the context of nuclear scattering. Smith [2] later
generalized this idea by inventing a lifetime matrix
Q ¼ iℏSðdS†=dEÞ, the normalized trace of which is defined
as the Wigner-Smith time delay τ̃WS ¼ ð1=MÞTr½Q�, which
is strictly real for unitary (flux-conserving) systems.
For a quantum mechanical wave, τ̃WS can be directly

related to the phase evolution of a wave packet and its group
delay [3,4]. For classical waves, the Wigner-Smith time
delay is simply the energy-dependent shift in arrival time
caused by the scattering interaction [5]. Some examples of
the physical uses of time delay are in nuclear physics [6,7],
photoionization [8–12], tunneling time [13,14], group delay
of modes in waveguides and optical fibers [15–19], wave
front shaping and creation of particlelike scattering states
[20–24], radio frequency pulse propagation [25,26], radia-
tion intensity statistics [27,28], identifying zeros and poles
of the scattering matrix [29–34], characterization of disor-
dered and biological media [35–40], and acoustics [41].
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When studying scattering of short-wavelength excita-
tions in complex systems, such as nuclei or irregular
electromagnetic structures, it is appropriate to examine
the statistical properties of time delays, due to the sensitive
energy and parametric variations of the scattering process.
Random matrix theory (RMT) has been very successful at
describing universal fluctuations of time delays in unitary
scattering systems [29,42–55]. This body of work discov-
ered that the probability distribution Pðτ̃WSÞ has certain
consistent properties. One of particular interest is the shape
of Pðτ̃WSÞ at extreme values, which correspond to modes
with long scattering times. It was found independently
by several groups that the distribution of the Wigner-Smith
time delay of a perfectly coupled system has an algebraic
power-law decay for large values of the time delay

described by Pðτ̃WSÞ ∝ τ̃−ðMβÞ=2−2
WS [56–63], where β is the

Dyson symmetry class of the system [64]. A more complete
review of Wigner-Smith time-delay results and analysis in
unitary scattering systems can be found in Ref. [65].
Physical systems have loss and/or gain, and non-

Hermitian effects cannot be ignored in experimental scatter-
ing data [38,66–75]. For weak attenuation, an expansion
about the unitary scattering matrix is possible [76–79], but
the most general way to account for dissipation leads to a
complex τ̃WS [5,24,33,80]. Even when the scattering matrix
is unitary, the reflection and transmission submatrices are
subunitary, leading to complex time delays (CTDs) describ-
ing reflection and transmission processes [5,81]. The
reflection time-delay difference between channels has been
proposed as a quantity that depends only on the reflection
zeros of the system [31,32,34]. We introduce here the
complex transmission time-delay difference in nonrecipro-
cal scattering systems, which depends solely on the system’s
transmission zeros.
The presence of absorption introduces qualitatively

new phenomena not seen in unitary systems, such as
coherent perfect absorption (CPA), in which all the energy
injected into a system is completely absorbed, with no
reflection or transmission on any of the scattering channels
[23,24,30,82–86]. Also known as antilasing, this phenome-
non has drawn interest in optics [87–89], acoustics [90,91],
heat transfer [92], and quantum single photon systems
[93–95]. CPA has been associated with diverging Wigner-
Smith time delay [24,96], justifying attention to the large
values of time delay. While τ̃WS features most prominently
in the literature, the other time delays should not be
forgotten, as, for example, divergences of the reflection
time delay correspond to reflectionless scattering modes
(RSM) [86,97,98], and the divergences of the transmission
time-delay difference could identify points of unidirec-
tional invisibility [99–101]. In Fig. 1, we show the real parts
of the Wigner Smith, reflection, and transmission time
delay from an experimental microwave graph (discussed
below) over a range of frequency and phase shift along one
bond. The purple symbols mark the divergences of the time

delays and their corresponding singularities. When looking
at a probability distribution of delay from a statistical
ensemble, the tail of the distribution gives a measure of the
abundance of these extreme phenomena, which show rich
potential for applications.
Recently, Chen et al. showed that PðRe½τ̃WS�Þ and

PðIm½τ̃WS�Þ of perfectly coupled M ¼ 2 channel, nonre-
ciprocal (β ¼ 2) graphs (D ¼ 1) with finite uniform
absorption strength η have algebriac −3 power-law tails.
They predicted that this should be true of Pðτ̃WSÞ for any
perfectly coupled non-Hermitian system [102]. In this
Letter, we examine the statistics of each CTD with a focus
on the asymptotic behavior of their distributions. We
consider four global parameters which could dictate the
distribution tails: (i) dimension for wave propagation D,
(ii) number of channels M, (iii) Dyson class β, and
(iv) uniform dissipation η.
We first provide the theory and definitions of CTD in non-

Hermitian systems, then present the systems experimentally
investigated, and finally we discuss the superuniversal −3
power-law tail of the CTD probability distributions.
Theory—In the Heidelberg approach to wave scattering

[29,103–107], the non-Hermitian effective Hamiltonian of
a scattering environment Heff ¼ H − iΓW is constructed
from the N × N Hamiltonian H describing the closed
system and the N ×M matrix W of coupling coefficients
between the N modes of H and the M scattering channels,
where ΓW ¼ πWW†. The energy-dependent scattering
matrix SðEÞ takes the form [29,104,106]

SðEÞ¼1M×M−2πiW† 1

E−Heff
W¼

0
BB@

S11 … S1M

..

. . .
. ..

.

SM1 … SMM

1
CCA:

FIG. 1. (a) Schematic of an experimental M ¼ 2 tetrahedral
graph (D ¼ 1). Four of the six bonds of the graph are comprised
of phase shifters. Each node can be an SMA T-junction or
microwave circulator. Two-parameter heatmap of (b) Re½τ̃WS�,
(c) Re½τ̃xx�, and (d) Re½τ̃xy� from a reciprocal (β ¼ 1) tetrahedral
microwave graph with Δ ¼ 46 MHz and τH ¼ 21 ns. Purple
symbols indicate locations of diverging CTD at (b) CPAs, (c) zero
reflection, and (d) zero transmission points.
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One can account for a spatially uniform attenuation
of the waves with rate η̃ by making the substitution
E → Eþ iη̃ and evaluating the resulting subunitary S
matrix at complex energies. Experimentally, such a sub-
unitary scattering matrix for an M-channel system is
measured as SðEÞ in terms of M2 energy-dependent
complex reflection (Sxx) and transmission (Sxy) submatrices
where x ≠ y (x; y∈ ½1;…;M�) [96,108–110]. It should be
noted here that η̃ is the uniformly imposed mode band-
width, and describing uniform loss in this manner is
phenomenological, making no special assumptions about
the S matrix [106,111,112].
The Wigner-Smith time delay extended to non-

Hermitian systems has a natural definition as a complex
quantity [33]:

τ̃WS ≔
−i
M

∂

∂E
log½det SðEþ iη̃Þ�: ð1Þ

τ̃WS can also be written as a sum of Lorentzian functions of
energy in terms of the S-matrix poles and zeros, which are
the complex eigenvalues of Heff and H†

eff , respec-
tively [34,113].
While τ̃WS takes into account the entire scattering matrix,

it is also important to consider the time delays of individual
reflection and transmission processes [5,80,81,114–118].
The CTDs for reflection at channel x and transmission to
channel x from channel y are given by [34]

τ̃xx ≔ −i
∂

∂E
log½Sxx� ð2aÞ

τ̃xy ≔ −i
∂

∂E
log½Sxy� ð2bÞ

in direct analogy with τ̃WS, and can also be written as sums
of Lorentzian functions of energy [34,119].
Since the Lorentzian terms arising from the poles are

identical for each reflection and transmission time delay,
we can define new quantities, the reflection and trans-
mission time-delay differences, which are expected to be
independent of the S-matrix poles [31,32,34]:

τ̃δR ≔ τ̃xx − τ̃yy ¼ −i
∂

∂E
log

�
Sxx
Syy

�
ð3aÞ

τ̃δT ≔ τ̃xy − τ̃yx ¼ −i
∂

∂E
log

�
Sxy
Syx

�
: ð3bÞ

In an arbitrary system, usually Sxx ≠ Syy so τ̃δR is
almost always nonzero. In contrast, to have a nontrivial
τ̃δT , the system must have nonreciprocal transmission. This
can be accomplished, for example, with electromagnetic
waves propagating through magnetized ferrite materials
[120–129]. The transmission time-delay difference written

as sums of Lorenztian functions of energy is given for the first
time in Eqs. (S2) and (S3) in Supplemental Material
(SM) [130].
In highly overmoded structures, CTDs fluctuate strongly

in energy (or equivalently frequency f), with both the real
and imaginary parts taking on positive and negative values
[5,24,33,34] [see Fig. S4(a) for a representative example].
Since CTD is very sensitive to perturbations of an over-
moded scattering system, we examine the distribution of
time delays from a statistical ensemble of many similar
systems to make general statements.
Experiment—Microwave experiments have proven to be

ideal platforms for investigating fluctuations in wave
scattering properties of complex systems [106,132–138].
The experimental data presented in this Letter comes from
M ×M scattering matrices S collected through the use of
calibrated Keysight PNA-X N5242A and PNA-X N5242B
microwave vector network analyzers. The measured scat-
tering parameters from the PNA contain information about
the coupling of the system, as well as direct processes
(which include short orbits between ports). These nonuni-
versal effects are removed from an ensemble through
application of the random coupling model (RCM) nor-
malization process, which results in an S matrix with
perfect coupling, and reduces the effects of short orbits
on the statistics [69–71,75,137,139–147]. To make a
statistical ensemble, tunable perturbers that can change
local conditions between realizations are embedded in the
scattering systems. High quality determinations of η are
extracted from the statistical ensembles; details can be
found in SM [130] Sec. S1C.
Because physical systems have system-specific shape

and size, the value in seconds of any time-delay τ̃ is
dependent to some extent on irrelevant details. To isolate
the universally fluctuating properties, it is necessary to
normalize τ̃ by the Heisenberg time τH ¼ ð2π=ΔÞ, where Δ
is the mean mode spacing of the closed system
[102,148,149]. The scaled time delays τ ≔ τ̃=τH discussed
in this Letter are dimensionless quantities independent of
the specific system measured. We also normalize the
absorption rate of the system to a dimensionless quantity
in units of the Heisenberg time η ≔ τH η̃.
Our D ¼ 1 system is an irregular tetrahedral

graph, a well-studied graph topology [83,150–156], with
tunable phase shifters on the bonds to manipulate the
wave interference conditions [146,157–160], depicted
schematically in Fig. 1(a). For D ¼ 2 and D ¼ 3 we
used a two-dimensional ray-chaotic 1=4-bow-tie billiard
[121,133,138,161,162] and a three-dimensional ray-
chaotic cavity [23,163–169], each containing voltage
controlled, varactor-loaded metasurfaces which can signifi-
cantly alter the boundary conditions of the systems
[85,169–172]. A schematic of the billiard used in the
experiment is shown in Fig. 1 of Ref. [85], and a photo-
graph of the cavity and metasurface is given in Fig. S2 of
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the SM [130]. The systems were measured with M ¼ 1, 2,
3 scattering channels. The Dyson symmetry class β of a
system can be changed from 1 to 2 through inclusion of a
magnetized ferrite in the microwave propagation path, such
as including a circulator at one of the nodes in a graph
[125–127,173–176]. We also consider a graph that has a
circulator on every node connected to a scattering channel,
but nowhere else (see Fig. S1 in SM [130]), which we term
“nonreciprocal coupling” (NRC), as a special case of
β ¼ 2. Each system has its own intrinsic uniform absorp-
tion strength η which is frequency dependent [34]; there-
fore, by measuring in different frequency bands we can
systematically vary the value of η. The uniform attenuation
can also be increased by uniformly distributing absorbers in
a cavity [72,74,139,177] or attenuators on the bonds of a
graph [128,160,178]. The absorption rate of the systems
considered here varied from η ¼ 1.8 to η ¼ 50, creating
data in what are considered the low, moderate, and high
absorption strength regimes [66,67,128,139,151,179,180].
More details on the specific experimental systems as

well as the creation of statistical ensembles can be found in
SM [130] Sec. S1.
Discussion—We present the probability distribution

functions (PDFs) of the CTDs calculated using Eqs. (1)–
(3b) from the measured ensembles of S-matrix data that
have been RCM normalized to establish perfect coupling at
all frequencies.
Figure 2(a) shows the distributions of Re½τWS� for five

systems with different values for the four experimental

parameters, D, M, β, η, and Fig. 2(b) shows the PDFs of
j Im½τWS�j. The black lines are not fits, but −3 power laws
placed nearby to characterize the large-delay tail behavior.
For large values of τWS, all distributions have parallel tails
with the same slope as the black reference line. The dashed
red line in Fig. 2 depicts a −4 power-law, which a
Hermitian β ¼ 2, M ¼ 2 system would have, but clearly
deviates from the data.
Individual complex reflection and transmission time-

delay distributions calculated from Eqs. (2a) and (2b) are
presented in Supplemental Material Sec. S3 [130]. The tails
of these distributions, both real and imaginary, have a −3
power-law. We also look at the distributions of the CTD
differences, as defined in Eqs. (3a) and (3b). Figure S7 in
SM [130] shows PðτδRÞ of five systems with varying
parameters. Figure 3 shows the distributions of the new
quantity τδT for six systems withD ¼ 1 and β ¼ 2. For this
work all measured broken-reciprocity systems were graphs
(D ¼ 1). More detail on τδT is available in SM [130]
Sec. S2.
Across Figs. 2 and 3, and Figs. S5–S7, we show

empirical evidence for a superuniversal −3 power-law tail
behavior (see Table I for numerical values) for every CTD
(τWS; τxx; τxy; τδR; τδT) distribution of perfectly coupled non-
Hermitian systems. The tail on all these distributions implies
that no CTD quantity has a finite variance. Compare this to
the established variance of τWS for Hermitian systems, which
diverges only for Mβ ¼ 2 [51,62,181].
According to these results, extreme time-delay

phenomena and their associated scattering singularities
(such as CPAs, RSMs, etc.) are not events that require
careful engineering. A complex scattering system with

FIG. 2. PDFs of (a) Re½τWS� and (b) j Im½τWS�j Wigner-Smith
CTD from ensembles of experimental scattering systems with
different values for the four parameters D, M, β, η. Black
reference line characterizes asymptotic behavior as τ−3WS power
law for all distributions. Dashed red line depicts −4 power law
showing deviation from distributions. Insets depict representative
distributions of a β ¼ 1, β ¼ 2, and NRC system on a linear scale,
all with D ¼ 1;M ¼ 2, and approximately equal η.

FIG. 3. PDFs of (a) Re½τδT � and (b) j Im½τδT �j transmission time-
delay difference from ensembles of experimental scattering
systems with different values for M and η, and two different
nonreciprocal (β ¼ 2, NRC) graphs. All distributions come from
graphs (D ¼ 1). Insets and reference lines serve the same purpose
as in Fig. 2.
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tunable local parameters, such as metamaterials
[23,85,86,169–172], should host many such singularities,
as was seen to be the case for S-matrix exceptional point
degeneracies in [182]. Such controlled perturbations can be
accomplished not only with microwave photonics, but also
in acoustics [183–185] and optics [82,88,186].
While all the results discussed in this Letter are for

electromagnetic waves, the results apply generally to all
classical wave scattering systems. It has also been noted
that there is a direct analogy between quantum weak
measurements and CTD [5,187–189], suggesting that the
statistical results presented here extend also to the realm of
quantum measurements.
In Supplemental Material [130] Sec. S4 we demonstrate

that the −3 power-law tail is also displayed in the
distributions of CTD calculated from RMT numerical data,
using the same set of parameters used in the experiment.
The statistics of time delays derived from S-matrix data
with (imperfect) frequency dependent coupling are shown
in Supplemental Material [130] Sec. S5B.
Concerning theory, the −3 power-law tails were pre-

dicted for PðRe½τWS�Þ, PðIm½τWS�Þ [102], and PðRe½τδR�Þ
[31,32] through considerations of the S-matrix poles and
zeros for the first two, and reflection zeros for the latter. We
detail nonrigorous plausibility extensions of these predic-
tions to PðτxxÞ and PðτδTÞ in SM [130] Sec. S6. However,
there is no way known to us to do something similar for
PðτxyÞ [96,190]. Since there is a–3 power-law tail observed
for all time-delay quantities, it can be inferred that there
should be an underlying reason, independent of the various
poles and zeros of the scattering matrix.
We suggest a possible explanation for the observed,

unpredicted superuniversality. The tails of the time-delay
distributions essentially describe the relative likelihood of
time-delay divergences, which occur at scattering singu-
larities. These singularities are zeros of complex scalar
functions, which are topologically stable [191], meaning
they do not appear or disappear spontaneously, but only
through pairwise creation or annihilation with a partner of
opposite winding number [182,192]. In a 2-parameter

space [see Figs. 1(b)–1(d)], the time-delay divergences
occur at singular points. We propose that the −3 power-law
tail is generic to the distributions of any such quantity with
these topological defects, including CTD. Another example
is the quantum weak measurement value calculated by Solli
et al. [188], which diverges at topologically stable singu-
larities of the response function.
Conclusion—In this Letter, we have experimentally

demonstrated that the ensemble distribution of every
CTD quantity (τWS; τxx; τxy; τδR; τδT) of non-Hermitian
complex scattering systems have simple asymptotic behav-
ior with a −3 power-law tail, and that this feature is
superuniversal regardless of (i) wave propagation dimen-
sion D, (ii) number of scattering channels M, (iii) Dyson
symmetry class β, and (iv) uniform absorption strength η, at
least in the range that we have studied experimentally and
through RMT numerics. This result is unexpected on the
basis of theory for Hermitian scattering systems. Further,
we have introduced the transmission time-delay difference
τδT , appropriate for nonreciprocal systems. The simple
asymptotic form the distributions take implies an abun-
dance of singular events in arbitrary non-Hermitian scatter-
ing systems, such as acoustic, optical, or photonic
resonators. We suggest that the origin of the observed
superuniversality is tied to the topological properties of the
singularities associated with the extreme ends of the
distribution.
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