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The control of wave scattering in complex non-Hermitian settings is an exciting subject—often challeng-
ing the creativity of researchers and stimulating the imagination of the public. Successful outcomes include
invisibility cloaks, wavefront shaping protocols, active metasurface development, and more. At their core,
these achievements rely on our ability to engineer the resonant spectrum of the underlying physical structures,
which is conventionally accomplished by carefully imposing geometrical and/or dynamical symmetries. In
contrast, by taking active control over the boundary conditions in complex scattering environments that lack
artificially imposed geometric symmetries, we demonstrate via microwave experiments the ability to manipulate
the spectrum of the scattering operator. This active control empowers the creation, destruction, and repositioning
of exceptional point degeneracies (EPDs) in a two-dimensional parameter space. The presence of EPDs signifies
a coalescence of the scattering eigenmodes, which dramatically affects transport. The scattering EPDs are
partitioned in domains characterized by a binary charge, as well as an integer winding number, they are
topologically stable in the two-dimensional parameter space, and they obey winding number-conservation laws
upon interactions with each other, even in cases in which Lorentz reciprocity is violated; in this case, the
topological domains are destroyed. The ramifications of this understanding are the proposition for a unique
input-magnitude and phase-insensitive 50:50 in-phase/quadrature (I/Q) power splitter. Our study establishes an

important step towards complete control of scattering processes in complex non-Hermitian settings.

DOLI: 10.1103/PhysRevResearch.7.023090

I. INTRODUCTION

Much of modern physics is based on the study of Hermitian
quantum and classical systems in which the effects of loss
or gain are either excluded or ignored. This ensures that the
eigenvalues of the Hamiltonian that describes such systems
are real and the eigenvectors are orthogonal. However, by
including interactions of the system with the environment, the
resulting effective Hamiltonian is no longer Hermitian. This
non-Hermiticity generally renders the eigenvalues complex,
and the eigenvectors are no longer orthogonal [1]. Never-
theless, it has been realized that non-Hermitian Hamiltonian
systems offer qualitatively new phenomena and features that
are not found in the Hermitian case. These include the pos-
sibility of coherent perfect absorption (CPA), exceptional
point degeneracies (EPDs) of the frequency eigenmodes, and
others [2-8].
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Undoubtedly, among the various non-Hermitian peculiari-
ties, resonant EPDs and the physical phenomena emanating
from their presence is at the forefront of many of the
new developments, from the fields of optics [9-12], mi-
crowave cavities [13—15], exciton-polaritons [16], acoustics
[17], waveguides [18], electrical circuits [19,20], etc. An
EPD of order P (EPD-P) occurs when P > 2 eigenvalues
and the associated eigenvectors of a non-Hermitian opera-
tor coalesce at a specific point in the parameter space of
the system [21,22]. A topological characterization of these
singularities has been intensively studied in the framework
of non-Hermitian operators [14,22]. The eigenbasis collapse
has dramatic consequences, the most prominent being the
enhancement of wave-matter interaction in the vicinity of
EPDs. In their proximity, the eigenfrequency Riemann sur-
faces (RSs) self-intersect, exhibiting a complex nontrivial
topology that is typically characterized by a fractional per-
turbation expansion of the eigenvalue detuning i = A —
Agpp ~ 3, cke*/P, where ¢ is a small variation of one of the
control parameters of the system from its EPD value. The
extreme sensitivity to small parameter variations has recently
attracted a lot of interest in using EPDs as sensors [10-12,23].
Another manifestation of the anomalous topological features
of the RS near an EPD emerges when they are encircled
by means of a variation of the parameters of the system. If
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the parametric variation of the Hamiltonian around an EPD
occurs quasistatically, the instantaneous eigenstates transform
into each other at the end of the cycle with only one of
them acquiring a geometric phase [13,14]. If, however, the
evolution around the EPD is dynamical (but still slow), then
only one state dominates the output and what determines this
preferred eigenstate is the sense of rotation in the parameter
space [18,24-27]. These two examples are representative of
the novel transport features demonstrated by non-Hermitian
systems when their resonances (associated with the spectrum
of an effective Hamiltonian) are parametrically varied in the
vicinity of an EPD.

In contrast with the mainstream literature on non-
Hermitian singularities, which discusses degeneracies in the
resonance spectrum, here we analyze a new type of EPD
associated with the spectrum of subunitary (or superuni-
tary) operators (SU-EPDs), meaning that their eigenvalues
are inside (outside) the unit circle. The most typical physical
example of such an operator is the scattering matrix S. In this
paper, we specifically consider EPDs in the spectrum of such
a class of super-/subunitary operators, and we unveil several
new features that are not present in resonant EPDs occurring
at the frequency spectrum of non-Hermitian Hamiltonians.

The motivation for investigating the spectral singularities
of scattering matrices is twofold: (a) the S-matrix is widely ac-
cessible in many experimental contexts, including acoustics,
particle physics, quantum transport, nondestructive testing,
and electromagnetic waves, while (b) it contains a tremen-
dous wealth of information, much of which has heretofore
been considered inaccessible or uninterpretable, and therefore
widely underappreciated.

The (M x M)-dimensional scattering matrix S maps an
incoming set of waves injected to the scattering target via
M channels onto a set of outgoing waves |You) = S |¥in),
where the complex components of the M-dimensional vectors
|Vinout) denote the incoming/outgoing wave amplitudes of a
monochromatic field in the channel representation. Since the
scattering matrix is related to the resolvent of the effective
Hamiltonian that describes the underlying system, it is ex-
pected to encode its spectral peculiarities—and particularly
the intriguing topological features of the EPDs. In this frame-
work, the EPDs are associated with the eigenvalues of the
subunitary (superunitary) operator, while the (injected) fre-
quency acts like a new control parameter. As such, it enables
strong (global) perturbations to the system, resulting in the
creation, manipulation, and annihilation of many scattering
singularities.

By utilizing, as additional parameters, strong electronically
tunable boundary perturbations, we find that the super-
/subunitary operators can be readily manipulated to show an
abundance of EPDs, rather than individual examples normally
obtained under highly symmetric conditions. These SU-EPDs
evolve systematically as we perturb the system, they have
robust topological properties, and they are pairwise created
and annihilated in great abundance. We topologically charac-
terize (through their binary charge and winding number) these
SU-EPDs, and we identify rules that govern their creation and
annihilation.

Based on the topological characterization of SU-EPDs,
we can partition the parameter space with domains that host

SU-EPDs of specific charge. These topological domains are
separated from one another by orthogonality “walls” where
the scattering eigenvectors form a complete orthogonal basis.
We analyze the resilience of these topological invariants in
case of symmetry violations, and we show that a nonzero mag-
netic field can destroy the topological compartmentalization
of the parameter space. Nevertheless, a new set of topological
constraints is established on the evolution of the EPDs in this
case.

The use of controllable metasurfaces embedded inside a
scattering electromagnetic environment to “predistort” a sig-
nal to achieve a certain goal (e.g., focusing light beyond or
inside a strongly scattering medium, etc.) provides a realistic
framework for the implementation of the above rules. An
immediate application that emerges from the capability to
manipulate the SU-EPDs using the above rules is an input-
magnitude/phase-insensitive 50:50 I/Q-output power splitter,
occurring for a special class of EPDs that are zeros of the
scattering matrix. The results are general in the sense that they
apply to all types of waves (scalar: quantum, acoustic, flexu-
ral; and vector: electromagnetic, etc.), span waves propagating
in different dimensions (see examples in Fig. 1), and media
with or without Lorentz reciprocal properties.

This paper is structured as follows. Section II describes the
mathematical properties of scattering matrix exceptional point
degeneracies. Section III presents the data and models that
reveal the ubiquity, general properties, and dynamical evolu-
tion of EPDs. Section IV presents data for a novel scattering
singularity application enabled by our understanding of EPDs,
while Sec. V discusses the results and concludes the paper.
Appendixes A-N document the details and additional data
supporting the claims made in the text.

II. SCATTERING MATRIX AND EXCEPTIONAL POINT
DEGENERACIES

We consider complex multimodal physical settings con-
sisting of a scattering domain that is interrogated by M = 2
channels; see Fig. 1. The scattering properties of these systems
are described by a 2 x 2 scattering matrix § whose com-
plex matrix elements are, in general, irregular functions of
excitation frequency. The scattering matrix elements are also
sensitive to boundary perturbations and changes in uniform
and lumped attenuation as well as the coupling of the sys-
tem with the channels. For a general 2 x 2 scattering matrix

S=@G" %) the eigenvalues and eigenvectors take the form
S S»

Sii48n 1
A2 = % + 5,/4512&1(1 +M3), (1)

1 1,2
IRi2) = (E(AS - S”)), @

where
St —S»
M= ——
2/812821

is a complex scalar function of the system parameters and
of incident frequency (some limitations of these expressions
are discussed in Appendix A). When the S-matrix is sub-
/superunitary, the eigenvectors form a biorthogonal basis with
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FIG. 1. Schematics of three experimental systems of different wave-propagation dimensions (1-3) used in this work. The tunable phase
shifters and metasurfaces of each system are labeled by TMZD, where p labels each device within a system, and ¢ indicates the dimension
of the device. The ports connecting the vector network analyzer to each system are indicated with the light blue cylinders. (a) Schematic
view of a quasi-one-dimensional microwave graph. Along four of the bonds of the graph are tunable phase shifters (TM(,),D) that serve to
vary the electrical length of the bonds. (b) Schematic view of a quasi-two-dimensional rectangular billiard with three tunable metasurfaces
(T MII,D) along the walls of the billiard, with the top lid removed. (c) Schematic view of a three-dimensional microwave cavity with two tunable

metasurfaces (TM?,D) along the interior walls of the cavity, along with a mode-stirrer and irregular scatterers, with the front wall removed.

the right eigenvectors {|R;)} being defined by the relation
S |R;) = A; |R;). Similarly, the left eigenvectors are evaluated
by the relation (L;| S = X; (L;|. In this case, we will be using
the following orthonormality conventions:

(Ri|lR)) = (LiL)) = 1, (Li|R)) 0, 4)

i#]
where the first equation is the normalization condition for the
eigenvectors, and the second equation is the biorthogonality
condition of the left and right eigenvectors [8].

In fact, there are points in the parameter space of the system
where the eigenbasis collapses and the spectrum develops
SU-EPDs. At these points, both eigenvalues and their asso-
ciated eigenvectors coalesce, resulting in a catastrophic event
in which the eigenbasis collapses. A measure of the proximity
to these SU-EPDs is the eigenvector coalescence |C|, which is
defined as

M
e (RiIR;)|
(M) S IRTTIRS
i<j
M
1 LL;)|
= 2 2Dk ®)
( )i:l,j:Z ' J
i<j

where (u|v) = u'v is the inner product of the two eigenvec-
tors, ||u|| = +/(ulu) is the norm of the eigenvector, and M is
the number of channels. With these conventions, the coales-
cence |C| is a real number between O and 1, with |[C| =1
corresponding to full coalescence (degeneracy of the eigen-
vectors) and |C| = O representing full orthogonality of the
eigenvectors, the latter being significant for the topological
characterization of the partitioning of the parameter space.

A. Scattering EPDs and their topological characterization

From Egs. (1)-(3) we find that both the eigenvectors and
eigenvalues become degenerate when Mg = +i. The degener-

ate eigenvectors take the form

1 +i/SSo
Rij) = —— S (6)
14|32 !

indicating a collapse of the eigenbasis. The collapsed eigenba-
sis can be completed by introducing a Jordan vector |J). The
construction utilizes the Jordan chain scheme leading to the
following expression for the Jordan vector [28,29]:

S\Jei) = A5 T + IRwi) 7

where |R.;) is the degenerate vector [see Eq. (6)], and Xsii =
W [see Eq. (1)]. For more information on the Jordan
vector, see Appendix B.

The orthogonality of the eigenvectors is restored when
the following two conditions are satisfied simultaneously:
Im(Ms) = 0 and |§f| = 1 (see Appendix C). The violation of
the second constraint enforces the violation of the reciprocity
condition, thus guaranteeing the existence of the biorthogonal
basis. Furthermore, the simultaneous satisfaction of the two
constraints implies that the eigenvector orthogonality occurs
in general at discrete points in a two-dimensional parameter
space.

One can further distinguish the SU-EPDs Mg = +i of op-
posite charge by realizing that they are independent because
they correspond to phase-singularities (zeros) of different
complex scalar functions. To this end, we rewrite the EPD

condition for positive (Mg = +i) and negative (Mg = —i)
charge as a vortex-condition for the functions S4;:
Sy =S — S — 2SS = Syl ®)
S_i =811 — San + 2i/S12821 = |S_ile” . &)

The topological characterization of the associated vortices that
occur at points of the parameter space where the scattering
EPD condition is satisfied is done by determining the winding
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number n:

Vo ds, (10)

n= —

2 C
where C is a counterclockwise loop enclosing the singular-
ity of the phase field 6 of the complex scalar function of
interest. A winding number n = %1 is topologically stable,
while winding numbers of |n| > 2 are topologically unstable
and generally split into |n| vortices of winding number sgn(n)
[30]. The winding number of each scattering singularity found
in our numerical and experimental data is only 1. We also
find that when scattering singularities are created or annihi-
lated, they always do so as pairs, and the elements of these
pairs have opposite winding numbers. Therefore, the overall
winding number of the system is conserved.

Finally, we point out that every EPD in a two-dimensional
parameter space is generically connected to exactly one other
EPD by a finite curve. There is a family of finite curves
that connect EPDs as long as their end points are Mg = =i,
but without loss of generality we choose the simplest fi-
nite curve defined by the conditions Re(Mg) =0 and —1 <
Im(Ms) < 1. EPDs connected this way have a fixed rela-
tive charge/winding number relation. The paired EPDs either
have the same charge and different winding number or they
have opposite charge and the same winding number (see Ap-
pendix D for further details).

B. Special case of reciprocal-scattering processes

The non-Hermitian systems we consider here break time-
reversal invariance due to the existence of gain and/or loss.
An additional symmetry is that of Lorentz reciprocity in trans-
port through the system. The case of reciprocal scattering is of
particular interest since many of the above complex functions
used for the topological characterization of EPDs take a sim-
ple form. For a 2 x 2 reciprocal scattering matrix (S, = S1),
the equations for the eigenvalues and eigenvectors simplify
(see Appendix E) while Mg becomes

St —S»

MR="""_""°" 11
s 25 (11

The degenerate eigenvectors at the EPDs are |Ry;) =

%(:%i). There are two types of exceptional point degenera-

cies labeled by MY = =i, and they are constrained to live on
curves of constant Re(Mg) = 0. Note that the eigenvectors are
now orthogonal to each other only if Im(M§ ) = 0. Because
there is now only one constraint on eigenvector orthogonality,
the topology of the eigenvector orthogonality becomes curves
(for two-dimensional parameter spaces) which partition the
space in domains. In particular, the curves of eigenvector
orthogonality delineate domains that separate the two types
of EPDs. Here we identify a direct physical manifestation of
this EPD charge through the CPA+EPD application discussed
below. We also note that the scattering EPDs identified in this
manner are shared by several closely related matrix quantities,
namely the impedance matrix Z, the Wigner reaction matrix
K, the admittance Y, etc.

The complex functions Sy; from Eqs. (8) and (9) take the
simple form SR, = Sj; — S5 F 2iSy, allowing one to con-
clude that there are four types of scattering EPDs in generic

reciprocal-scattering systems, labeled by M¥ = =i and by the
winding number n = £1. Every EPD is generically connected
to exactly one other EPD by a finite curve defined by the
conditions Re(M%) = 0 and —1 < Im(ME) < 1 (see the dis-
cussion above).

III. EXPERIMENTAL RESULTS
AND THEORETICAL MODELING

We start the analysis by characterizing the SU-EPDs of
three classes of open resonant microwave cavities (see Ap-
pendix F): (a) quasi-one-dimensional quantum/microwave
graphs/networks [Fig. 1(a)]; (b) quasi-two-dimensional mi-
crowave billiards [Fig. 1(b)]; and (c) three-dimensional
microwave resonators with complex metallic boundaries
[Fig. 1(c)]. All these systems have large dimensions compared
to the electromagnetic wavelength, making them complex
multimodal scattering systems that are quite sensitive to
small (subwavelength) perturbations. They contain multi-
ple electronically controlled phase-shifters (for graphs) and
metasurfaces that modify the amplitude and phase of either
propagating and/or reflecting waves. These are labeled as
TM‘I’,D, where p labels each device within a system, and ¢
indicates the dimension of the device. For phase shifters,
g = 0, and for one- and two-dimensional metasurfaces, g =
1, 2, respectively. In the case of metasurfaces, the reflection
phases and amplitudes of an impinging wave are modu-
lated by a global voltage variation of the varactor diodes
of the metasurface [31,32]. These tunable devices allow us
to parametrically vary the geometric features of the iso-
lated system, and therefore also the scattering matrix. In
particular, the electronic control of the devices allows us
to quickly and repeatably explore large regions of the pa-
rameter space without the need to mechanically modify the
systems. Importantly, the metasurfaces and phase-shifters pro-
vide non-Hermitian perturbations to the scattering systems,
making them particularly effective at uncovering and manip-
ulating scattering EPDs and other types of non-Hermitian
spectral singularities.

In all cases below, we attach two interrogating channels in
the scattering setups, resulting in a 2 x 2 scattering matrix.
The scattering parameters have been measured for various
frequencies f and perturbation parameters using a Keysight
model N5242B microwave vector network analyzer (VNA)
which is connected to the two ports of the scattering system
through coaxial cables that support a single propagating mode.
The VNA and cables leading to the system ports are calibrated
by means of a Keysight model N4691D ECal Module, and
the complex scattering matrix S is measured over a chosen
frequency and parameter range.

A. Reciprocal-scattering processes

First, we analyze the formation of the scattering EPDs in
the two-parameter space of frequencies and global voltage
variation of TM1P for the two-dimensional cavity of Fig. 1(b).
In Fig. 2(a) we consider the reciprocal-scattering scenario and
report, as a heat map, the measured coalescence |C|, which has
been evaluated after diagonalizing the experimental scattering
matrix. The same parametric analysis has been performed
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FIG. 2. Exceptional point degeneracies, orthogonality curves, EPD domains, and EPD pair connections in a two-dimensional parameter
space. (a) Experimental eigenvector coalescence |C| vs frequency and TM,® applied bias voltage in the rectangular billiard. (b) arg(i Im(M%))
vs frequency and TM.P applied bias voltage for the same data as in (a). (c) Eigenvector coalescence |C| vs x and w from the RMT cavity
model. (d) arg(i Im(M%)) vs x and w for the simulation shown in (c). The red/white and black dots correspond to the M§ = +i and —i EPDs,
respectively. The extended white linear regions are points of near zero eigenvector coalescence (|C| < 0.002). The purple triangles correspond
to points where det(S) = 0 + i0, which enable coherent perfect absorption. The different domains hosting the two types of EPDs (i) are
clearly shown in this plot. The green regions have a phase of —z /2 (—i EPDs can live here) and the purple regions have a phase of + /2
(41 EPDs can live here). The zeros of Im(M§ ) form the interface between the two different domains, and they also correspond to the curves
of orthogonality in the eigenvector coalescence |C|. The curves of Re(M¥) = 0 and —1 < Im(MF) < 1 connecting EPDs are highlighted in
red. Each EPD type can have a +1 winding number, and EPDs connected by Re(M¥) = 0 and —1 < Im(M¥%) < 1 have a particular relative
winding number depending on their relative charge. The black and white circles and arrows indicate the winding number of the —i, +i EPDs,

respectively, for a subset of the EPDs.

for the three-dimensional cavity of Fig. 1(c) and for the net-
work system of Fig. 1(a) where the interference variations are
performed by phase-shifters placed along the coaxial cables
(bonds) of the network. We see that the parameter space is par-
titioned in domains that are separated by orthogonality curves
(see the white curves) characterized by |C| = 0. Surprisingly,
there is a complete orthogonal set of eigenvectors along this
continuous locus of points in parameter space, despite the
non-Hermitian nature of this system. In each of the domains
delineated by the |C| = O curves, we have identified a num-
ber of EPDs corresponding to |C| = 1 (red and black filled
circles). In practice, the orthogonality and EPD conditions
incorporate a tolerance for purposes of visualization.

A further distinction of positive-charged ME = +i (red-
filled circles) and negative-charged M¥ = —i (black-filled
circles) EPDs is made by analyzing the complex zeros of the
functions Sii [Eqgs. (8) and (9) evaluated for the special case
of reciprocal transport]. In Fig. 2(b) we report the same data of
Fig. 2(a) by referring to the variable arg(i Im(M §)). The latter
takes values s /2, thus highlighting in a better manner the
partition of the parameter space in positive-charged (4 /2;
purple areas) and negative-charged (—m/2; green areas)
domains. The boundaries between the domains are the curves
of eigenvector orthogonality [Im(M¥) = 0]. In this figure, we

indicate for some example cases the winding number eval-
vated after the calculation of the path integral in Eq. (10).
Furthermore, we have plotted with red the finite curves that
connect pairs of EPDs with opposite charges (winding num-
ber) and the same winding number (charge). These curves,
as discussed above, are characterized by the constraints
Re(ME)=0and —1 < Im(M%) < 1.

The rectangular billiard of Fig. 1(b) is a pseudointegrable
billiard [33], but all the results discussed above are also
present for the fully ray-chaotic quarter bow-tie billiard [32]
(see Appendix G). Let us point out that the same picture
emerges also in the case of reciprocal quasi-one-dimensional
networks [see Fig. 1(a)] and complex three-dimensional cav-
ities with underlying chaotic ray dynamics [see Fig. 1(c)],
shown in Appendix G.

The applicability of the topological rules that characterize
the EPDs can be further confirmed theoretically, using random
matrix theory (RMT) modeling. The latter is established as
an appropriate model for the statistical description of the
universal scattering properties of complex cavities such as
reverberant chambers, relevant to realistic wireless commu-
nication applications [34,35]. To this end, we have devised an
appropriate RMT model (see Appendix H) whose scattering
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matrix takes the form

S(w) = —1, + iWG()WT,
1
w— (Hy— iWTW)’

G(w) = (12)

where W is the 2 x N coupling matrix that connects the
two interrogating channels with two resonant modes of an
N-dimensional effective Hamiltonian H that models a cavity
with additional degrees of freedom, such as metasurfaces. The
Hamiltonian H, that describes the isolated cavity (with the
metasurfaces) takes the form

Hy(x, y) = Hy + | cos(x)|| cos(y)|Hz + | sin(x)|| sin(y)|H3.
(13)
The Hamiltonian H; belongs to the Gaussian orthogonal en-
semble (GOE) with matrix elements given by a Gaussian

distribution of mean zero and standard deviation \/g . Simi-
larly, the off-diagonal elements of H, and H; are taken from
a GOE of the same family as H;, while the diagonal ele-
ments are taken from the uniform distribution [0, —i]. The
trigonometric functions present in Eq. (13) serve to perturb
the system such that the norm of the Hamiltonian is conserved.
The added degrees of freedom of Hy make the Green’s func-
tion and scattering matrix functions of x, y, and w, with x
and y acting as surrogates for the tunable metasurfaces in the
networks and cavities, allowing us to better understand the
scattering properties of such systems.

In Figs. 2(c) and 2(d) we report the heat map for the
variables |C| and arg(i Im(Mg)), respectively, for the RMT
model. The emergence of a similar picture to the one found
in the experimental analysis is evident. Since the RMT model
has no geometrical or hidden symmetries, and it represents a
fully generic resonant system, this reconfirms the validity of
our theoretical description of scattering EPDs.

B. Nonreciprocal-scattering processes

We have argued above that a constraint for the existence
of orthogonality curves is the presence of reciprocity. When
the latter is violated, we expect the disintegration of the or-
thogonality curves, which must turn to discrete points in the
two-dimensional parameter space. To verify this prediction,
we have modified the RMT model of Egs. (12) and (13) in
a way that incorporates the effects of a magnetic field [36].
Specifically, we have substituted the Hamiltonian H, of the
isolated cavity by

Hmag = Hy + iaB, (14)

where B = —B” is an antisymmetric matrix with matrix
elements given by a normal Gaussian distribution. The param-
eter ¢ models the relative strength of the magnetic field. In
Fig. 3(a), we report the heat map for the coalescence |C| for a
nonzero magnetic field corresponding to &« = 1 (fully broken
time-reversal symmetry). Indeed, we find that the orthog-
onality boundaries that separate the different EPD charges
have been destroyed and replaced with discrete orthogonality
points (white dots). Nevertheless, the topological features of
Mg = +i and n = £1 of each EPD are maintained separately.

10.4 10.5 10.6 10.7 10.8 10.9 11
Frequency (GHz)

w
o

10.4 10.5 10.6 10.7 10.8 10.9 11
Frequency (GHz)

Phase Shift TM" (Deg/GHz)

FIG. 3. Exceptional point degeneracies and orthogonality points
in two-dimensional parameter spaces in nonreciprocal-scattering
systems. The white dots correspond to orthogonality points (OPs)
and the red dots correspond to EPDs. (a) Eigenvector coalescence |C]|
vs w and x for the RMT cavity model. (b) Eigenvector coalescence
|C| vs frequency and bond length L, for the analytic model of a
tetrahedral graph. (c) Eigenvector coalescence |C| vs frequency and
phase shift of TM’ of the experimental tetrahedral graph.

We have further validated the destructive effect of nonre-
ciprocal behavior by analyzing the parametric response of the
EPDs for the complex network of coaxial cables, see Fig. 1(a),
which emanate from N microwave T-junctions (vertices). The
cables connecting the vertices v and p have irrational lengths
L,,,. The two varied parameters of this physical system are the
frequency f = (co/2mn"”)k (k is the wave number, cy is the
speed of light, and n”) is the complex-valued relative index of
refraction that models the losses of the coaxial cables L,,,) of
the injected wave, and the length of one bond. The theoretical
analysis of this system follows along the lines indicated in
Refs. [37-39]. The corresponding scattering matrix takes a
form similar to the one describing the RMT model (see Ap-
pendix I for the theoretical modeling of the scattering matrix).
Specifically,

A . 1 T
S = 1+21Wh+iWTWW , (15)
where W is the 2 x N coupling matrix that describes the
coupling between the interrogating channels and two vertices
of the networks. The matrix elements are Wg , = g ,,, where
B = 1,2 is the channel-index and v = 1, ..., N is the vertex
index of the network. The matrix % incorporates information
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about the connectivity and metric characteristics of the graph,
and it takes the form

- Z[;ev A,icot(kL,;), v = M,

hw(k)z{ AT o ae)

where A is the adjacency matrix having elements A,, =1 if
the vertices v, u are connected via a bond and 0 otherwise, and
@ = —P,0 is an effective magnetic flux. For simplicity, we
assume that the magnitude of ¢,,, = ¢y is uniform throughout
all bonds of the graph. The modeling of Lorentz reciprocity
symmetry violation via the magnetic flux in Eq. (16) does not
exactly reproduce the effects of microwave circulators that
have been used in our experiments. Nevertheless, the effect
of reciprocity violation, i.e., the destruction of topological do-
mains, is generically present [see also the results of the RMT
modeling, Fig. 3(a)]. For one of the simplest analytic models
that exhibits EPDs and their dynamics, see Appendix J.

In Fig. 3(b) we report the coalescence |C| versus fre-
quency f and bond length L1, for an analytic tetrahedral graph
in the presence of a magnetic field ¢y # 0. In the scanned
parameter domain, we find numerous EPDs. However, the
orthogonality curves have now turned into discrete points
in complete analogy with the RMT results. We remind the
reader that the eigenvector orthogonality requires that the
two conditions Im(Mg) = 0 and |‘;—;| =1 have to be satis-
fied simultaneously. These two constraints define two sets of
curves (in a two-dimensional parameter space). They are si-
multaneously satisfied at discrete points which correspond to
their intersections.

The corresponding experimental results for |C| are shown
in Fig. 3(c) for a tetrahedral microwave graph. Experimen-
tally, the variations of the bond-lengths are controlled using
a tunable phase shifter (TM)°). In this platform, reciprocity
is violated by replacing a reciprocal SMA T-junction with
a three-port nonreciprocal microwave circulator. These data
confirm again that when reciprocity is violated, the orthog-
onality curves turn into points, and thus the topological
domains of EPD charges are destroyed.

C. Parametric dynamics and creation/annihilation
of EPDs and OPs

Let us finally comment on the possibility of manipulat-
ing (creating/annihilating) the scattering singularities. The
process requires the expansion of the dimensionality of the
parametric space by employing variations of a third parameter
of the scattering system. For our systems, the third variational
parameter is chosen to be another tunable phase shifter (1D)
or the applied bias voltage of another metasurface (2D/3D).

Based on the theoretical analysis, we expect that the cre-
ation and annihilation of the EPDs via their collisions will
involve singularities of the same charge. Therefore, the dy-
namics will be bounded by the orthogonality curves, i.e.,
EPDs belonging to different domains (separated by an or-
thogonality boundary) will not interact with one another.
Furthermore, these collisions and creation processes will con-
serve the total winding number of the pair involved in the
process. In other words, only a pair of EPDs of the same
charge and opposite winding number can be annihilated (via
parametrically induced collisions) or created.

5.59 V TM;°
$55 1
o4y 5 0.8
= 45 065
o @ 04—
()]
s 4 > @ 0.2
= L
> 355 O — D 0
5.76 V TM1
35.5 °’ =1
o ~ 5 0.8
= 0.6_
=45 @ 04g
[ K
g 4 oL 02
G
> 35— 0
895 896 897 898 899895 896 897 898 899

Frequency (GHz) Frequency (GHz)

FIG. 4. Tllustration of exceptional point degeneracy creation and
annihilation events. Eigenvector coalescence |C| vs frequency and
TM.P applied bias voltage in the reciprocal rectangular billiard. Each
of the four plots (a)—(d) is at a different fixed applied bias voltage
of TM|P. Plots (a) and (b) show a creation event of two M¥ = +i
EPDs of opposite winding number, while (c¢) and (d) show the an-
nihilation of two M¥ = +i EPDs of opposite winding number. The
white linear regions are points of near zero eigenvector coalescence
(]C| < 0.005), and the red and black dots correspond to the M § = +i
and —i EPDs, respectively. The red and black circular arrows indicate
the winding numbers of the exceptional point degeneracies.

This theoretical expectation is confirmed nicely from ex-
perimental data of the two-dimensional cavity [Fig. 1(b)]; see
Fig. 4 (for a video of variation of the third control parameter,
see Supplemental Material Video 1 [40]). In this figure, we
report two specific scenarios: Figs. 4(a) and 4(b) show the
creation of a pair of EPDs with opposite winding numbers
occurring in the positive charge (MZ = +i) domain as we vary
the third parameter. Similarly, Figs. 4(c) and 4(d) indicate
the collision (and consequent annihilation) of two positive-
charged EPDs with opposite winding numbers. This event
occurs via the motion of the two EPDs in the positive-charged
domain. The creation and annihilation rules of EPDs as de-
tailed above have also been confirmed via the RMT model of
the previous section.

In the Supplemental Material videos [40], the parametric
dynamics of the various singularities discussed in this work
are directly illustrated. As shown above, the results for recip-
rocal and nonreciprocal systems are generic and independent
of specific system details. In Fig. 5, we show the first frame
of Supplemental Material Video 1 [40] demonstrating the
dynamics of |C| in the rectangular billiard [Fig. 1(b)] as a
third parameter of the system is varied. The EPDs are marked
with red (M® = +i) and black (ME = —i) dots, and the or-
thogonality curves are marked in white. In the video, there are
numerous creation and annihilation events of EPD pairs of the
same charge, but otherwise each individual EPD is topologi-
cally stable in the parameter space. Each EPD charge stays
within its EPD domain formed by the curves of orthogonality,
and it can never interact with an EPD of the opposite charge.
However, EPDs within one domain can travel into a different
domain of the same charge, as seen by the orthogonality
curves which can connect or disconnect different domains of
the same EPD charge.
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Voltage TM}® (V)

9.1 9.2 9.3
Frequency (GHz)

FIG. 5. Exceptional point degeneracies and orthogonality curves.
The image above shows the eigenvector coalescence |C| vs fre-
quency and TM® applied bias voltage in the reciprocal experimental
rectangular billiard for the first frame of Supplemental Material
Video 1 [40]. The +i EPDs are highlighted by the red and black
points, where |Re(M¥)| < 0.0085 and |Im(M¥) F 1| < 0.0085, and
the white eigenvector orthogonality curves are marked by |C| <
0.003.

In Fig. 6, the same underlying data as in Fig. 5 are shown,
but now plotted in a way to highlight the EPD domains and
the EPD connection curves. The EPDs are marked with white
(ME = +i) and black (M® = —i) dots, the EPD domains are
the purple and green regions, and the EPD connection curves
are marked by the red curves. In Supplemental Material Video
2 [40], the dynamics of the boundaries of the EPD domains,
and how different domain regions can combine or separate,
is particularly clear. The EPD connection curves are also ma-
nipulated as the third parameter is varied and the connections
between two EPD pairs can exchange partners, but all EPD
pair connection curves still follow the winding number-charge
relation specified in Sec. II. A closed loop of orthogonality

4.5V TM)P
> 5 '

o_ 1o
= =
=4 0E
S 5
e 1<
23
> -2

-3
Frequency (GHz)

FIG. 6. EPD domains and EPD connection curves. The data
shown in this figure are exactly the same as shown in Fig. 5, but
plotted in a different way. The image above shows arg(i Im(M5))
vs frequency and TM;P applied bias voltage in the reciprocal ex-
perimental rectangular billiard for the first frame of Supplemental
Material Video 2 [40]. The £i EPDs are highlighted by the white
and black points where [Re(M¥)| < 0.01 and [Im(M£) 1] < 0.01,
and the red EPD connection curves are marked by |Re(M § )| < 0.003
and —1 < Im(Mf) < 1. The domains that the two types of EPDs are
allowed to live in are indicated by the green (—i) and purple (+i)
regions.
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FIG. 7. Exceptional point degeneracies and orthogonality points.
The image above shows the eigenvector coalescence |C| vs frequency
and TMY phase shift for the experimental tetrahedral graph with
nonreciprocity for the first frame of Supplemental Material Video 3
[40]. The EPDs are highlighted by the red points where |C| > 0.985,
and the white eigenvector orthogonality points are marked by |C| <
0.002.

(i.e., an EPD domain) can also shrink down into nothing and
disappear, or be created and grow inside an opposite-charge
domain. For a more detailed view of a portion of the video,
see Appendix L.

In Fig. 7, the first frame of Supplemental Material Video 3
[40] demonstrating the dynamics of |C| for the nonreciprocal
experimental tetrahedral graph [Fig. 1(a)] is shown. The EPDs
are marked with red dots and the orthogonality points are
marked with white dots. Distinctly different from Fig. 5, the
curves of orthogonality are now points in this nonreciprocal
system. These points show dynamics that are qualitatively
similar to that of the EPDs, including continuous evolution
in parameter space, and pair-creation and annihilation events
conserving winding number. In Supplemental Material Video
3 [40], one sees an abundance of creation and annihilation
events of both the EPDs and orthogonality points. As in the
reciprocal case, the curves connecting pairs of EPDs can con-
nect or disconnect different pairs of EPDs (see Appendix M
for more details).

IV. APPLICATION: ROBUST 50:50 I/Q SPLITTER

The possibility to parametrically control the formation of
EPDs by manipulating the geometric and dynamical (e.g.,
reciprocity) symmetries of a cavity offers new opportunities
for the control of wave scattering processes. An example case
is the realization of a robust 50:50 power splitter that outputs
equal intensity waves between the two ports of the system
regardless of the magnitudes and phases of the input waves. In
fact, the outgoing signal from the proposed splitter maintains
a fixed /2 relative phase between the two monochromatic
waves that propagate along the two interrogating channels,
making it a valuable source of in-phase/quadrature (I/Q)
signals.

The starting point for the implementation of such a splitter
is the observation that under the reciprocal condition Si, =
S»1, the degenerate eigenvectors at the scattering EPD condi-

tions take the form |Ry;) = \%(ili) [see Eq. (6) and below
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FIG. 8. Experimental demonstration of the robust 50:50 I/Q splitting of CPA+EPD in a reciprocal tetrahedral microwave network. The
frequency for the measurement of the +i EPD+CPA was fixed at approximately 9.36 GHz. (a) Output power ratio vs input power ratio (lower
axis, blue) and input phase difference (upper axis, red). The blue curves correspond to the input signals power ratio being swept, and the red
curves correspond to the input signals relative phase being swept. The inset shows a vertical zoom-in to illustrate the details of the curves.
(b) Output phase difference vs input power ratio (lower axis, blue) and input phase difference (upper axis, red). The blue and red curves have
the same interpretation as in (a). The left inset shows a vertical zoom-in to magnify the details of the curves. The right inset depicts the input

and output signals to/from the graph.

Eq. (11)]. The corresponding degenerate eigenvalue can be
evaluated from Eq. (1) by substituting S, = S,;, while the
Jordan vector |Jy;) is given in Eq. (B6).

We consider a generic monochromatic wave |ay,) being
injected in the scattering domain which has been tuned to
be at EPD conditions. In this case, the incoming wave can
be expressed as |oin) = c1 |Ryi) + ¢2 |J+i). The correspond-
ing outgoing signal is then |agy) = S |ain) = )»Sii[cl |Ry;) +
¢y [Jxi)] + ¢2 |R4;). From this last expression, it is clear that if
the degenerate eigenvalue )Lfi happens to be zero, the outgo-
ing wave will take the simple form |oou) = 2 |R4;). In other
words, under the combined requirements of EPD condition
and null scattering eigenvalue, we come up with an output
signal that has equally split channel amplitudes and a relative
phase of /2 between the two outgoing propagating waves at
each of the two channels. The combined conditions for such a
case are

S
St

—S»,
+iS5,;.

a7

The requirement of a degenerate zero eigenvalue corre-
sponds to the coherent perfect absorption (CPA) exceptional
point singularity [41-43]. CPA is the scenario in which
a specific injected wavefront—associated with the corre-
sponding eigenvector of the scattering matrix—is trapped
via destructive interferences inside the cavity and com-
pletely absorbed. The paradoxical situation is resolved by
realizing that this is a zero-measure injected wavefront,

while the 50:50 output split occurs for any other generic
incident wave.

Naively, one would expect that a system with degenerate
zero scattering eigenvalues would absorb all input energy.
However, this is not the case because the Jordan vector |Jy;)
provides a route by which energy can emerge from the system
despite being at a CPA4EPD condition. The total magnitude
of the outgoing signal directly depends on the weight ¢, of
|atin ), allowing us to control the total output power of the 50:50
beam splitter.

We have experimentally tested the above proposal using
a reciprocal one-dimensional tetrahedral microwave network.
The parametric variations of four lengths of the network
have been performed using four phase-shifters. The addi-
tional varying parameter was the frequency of the injected
wave. All these parameters were changed until a condition
was found where the system nearly satisfied the CPA and
EPD conditions simultaneously. The measured outgoing sig-
nals at each channel have been collected and analyzed for
a range of injected waves with different channel amplitudes
and relative phases. The results shown in Fig. 8 demon-
strate a robust 50:50 outgoing signal with (rigid) ~ 7 /2
relative phases. The results show small deviations from the
ideal amplitude ratio and phase difference because the scat-
tering eigenvalues showed [A§|+ |A3| = 0.054 # 0. For a
further description of the measurement and injection proce-
dure, and some representative examples of arbitrary signals
(not at a CPA or EPD condition) sent into the system,
see Appendix N.
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V. DISCUSSION

With the ability to find and manipulate numerous scat-
tering singularities in generic systems by utilizing tunable
parameters, a much more thorough exploration of their ex-
otic behavior and topological properties is possible. Having
tunable parameters embedded in the system removes the need
to do any special design or engineering of a system to have
particular scattering singularities at certain frequencies, which
greatly increases their accessibility and ubiquity. Their topo-
logical protection in a two-dimensional parameter space (as
long as they are not annihilated with a singularity of the oppo-
site winding number) makes applications of these singularities
much more feasible.

We have demonstrated that pairs of singularities can be
created or annihilated, conserving winding number. We are
also able to explore the topological properties of the scattering
singularities and understand their interactions based on the
zeros of complex scalar functions [30,44-46]. [We note in
passing that prior work has examined topological defects in
superpositions of vector waves in real space, revealing a num-
ber of complex features [47-50]. We also note that prior work
with scattering matrix elements has identified EPD-like colli-
sions of transmission submatrix zeros [51,52] and coalescence
of reflection submatrix zeros [53] with system parametric
modification (e.g., displacements of scatterers or changes in
loss), which obey winding number conservation laws.] By
converting components of the scattering matrix into various
complex scalar functions, we are able to describe many of the
singularities and features of the experimental data as the zeros
of these functions. This approach reveals the underlying math-
ematical structure of scattering singularities and establishes
general organizing principles for understanding the scattering
processes occurring in complex systems.

We introduce a random matrix theory—based and analytic
model with tunable parameters that exhibit the same scat-
tering singularities and their dynamics and interactions that
are present in our experimental data. From these models, it
is clear that an abundance of scattering singularities can be
found in any complex wave propagation system with tun-
able parameters. We expect that these models will motivate
a greater focus on the study of the sub-/superunitary scat-
tering matrix in addition to non-Hermitian Hamiltonians, as
there are a variety of rich physical phenomena and topolog-
ical properties that can be more easily explored using the
scattering matrix.

The Mg, M § complex scalar functions we introduce, easily
constructed from raw data, contain a wealth of information
about the scattering singularities and features seen in the
experimental data. We are able to show that there are two
distinct charges of exceptional point degeneracies, each with
an associated winding number, and that they are confined to
distinct domains of parameter space for reciprocal systems.
We identify for the first time the curves of eigenvector
orthogonality in reciprocal systems, the orthogonality points
in nonreciprocal systems, and restricted domains where
the exceptional point degeneracies are permitted to exist
in parameter space. We also show how pairs of EPDs are
connected with one another and how this connection dictates
their relative winding number.

We have created a new application of scattering singu-
larities by combining two of them in a novel manner. This
combination creates a useful means of generating stable I/Q
signals with enhanced tolerance for the properties of the input
signals.

Generalizing this work to higher dimensional scattering
matrices (M > 2), all scattering singularities seen in the 2 x 2
scattering matrix are still topologically protected points that
are abundant and manipulatable. In this work, we show that
EPDs and CPAs, which are zeros of the complex scalar func-
tions Egs. (8), (9), and det(S), respectively, are topologically
protected points. More broadly, all singularities corresponding
to zeros of a complex scalar function are generic to scat-
tering matrices of any dimension. Previous work has shown
individual scattering parameter zeros (Sy,, x,y € 1,..., M)
to be topologically protected points that can be manipulated
and created or annihilated in pairs [51-53]. For exceptional
point degeneracies, in all dimensions M > 2, EPDs of order
2 (two eigenvalues/eigenvectors are degenerate) are topolog-
ically protected points, but EPDs of order greater than 2 are
not, as they do not correspond to the zero of a single complex
scalar function. A thorough exploration of scattering singular-
ities in higher dimensions and their possible new applications
is an exciting topic of future research.
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APPENDIX A: LIMITATIONS OF THE 2 x 2 SCATTERING
MATRIX MODEL

For a2 x 2 scattering matrix, the most general way to write
the eigenvalues and eigenvectors is

S+ S 1
% + 5\/(511 — 822)? + 4512501, (A1)

IRi2) = (SIT(Aéz N Szz)).

1

12 _
AS =

(A2)

Note that in the limit in which S,; goes to 0, the eigenvectors
1 . ..
should be of the form |R; ;) = (%(AL’Z _s,,))> and in the limit
12 »

in which S,; and S}, go to 0, the system is trivially diagonal-
ized and has an orthonormal basis. A practical limitation of the
model of Egs. (1)—(3) is that My is not generally continuous
due to the complex square root function in its denominator.
Approaching Re(+/S125,1) = 0 from the left yields Im(Ms) =
X, but approaching Re(4/S125,1) = 0 from the right yields
Im(Ms) = —X. As parameters of the system vary, the curves
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of Re(4/S12521) = 0 move in parameter space, which makes
some of the model’s predictions difficult to verify, specifically
the determination of the winding number and/or the charge of
the singularities.

There is an ambiguity in determining the charges of EPDs,
but not the winding numbers, in the nonreciprocal case. The
winding number of the orthogonality points can be deter-
mined by looking at the zeros of iIm(Ms) + |§—ﬁ| — 1, but
this quantity suffers from discontinuities due to the square
root in Mg. There are two charges of EPDs which are the
zeros of the complex scalar functions Sy; — S22 F 2i4/S12521,
and only EPDs of the same charge and opposite winding
number should be able to pair-create or pair-annihilate. Un-
fortunately due to the square root discontinuities, information
is mixed between the two equations, which makes it diffi-
cult to uniquely identify the EPDs. Instead of My, we can

instead examine M? = % Here the EPDs correspond to

M§ = —1, but with this function there are only two different
EPDs, which are determined by their winding number around
zeros of (Sy; — $22)? + 451252 For the reciprocal case (MX)
the winding numbers of all EPDs determined from the zeros
of Si, SR ; are the same as those determined from the zeros
of (S11 — S22)* + 4S2,. Therefore, while using (M¥)? we lose
information about the two charges of EPDs (%), but we still
retain all of their winding numbers and information about how
pairs of EPDs are connected [Re(M%) = 0, —1 < Im(M¥) <
1]. If two connected EPDs have the same winding number,
then we know that they must be EPDs of different charge.
We believe that this still holds in a nonreciprocal system for
(S11 — $22)* + 481282 and Re(Ms) =0, —1 < Im(Ms) < 1.
With a nonreciprocal system, we find that some of the EPDs
connected have the same winding number and some have the
opposite using (S1; — S27)? + 4851,S,;. This implies that there
are two charges of EPDs (&), but we cannot unambiguously
determine their values from My due to the square root discon-
tinuities.

APPENDIX B: JORDAN VECTOR DERIVATION

At an Mg = =i exceptional point degeneracy, the eigenba-
sis is collapsed and there is only a single eigenvector. To span
the eigenbasis, we introduce the Jordan vector |J4;) which for
the 2 x 2 scattering matrix is a rank 2 generalized eigenvector.
To compute the Jordan vector, we solve

(S — A3 lJwi) = |Rw) (B1)

where S is the scattering matrix, )@Ei is the degenerate eigen-
value at the EPD [see Eq. (1) with Mg = =£i], I is the identity
matrix, and |Ry;) is the degenerate elgenvector [see Eq. (6)].
To simplify the problem, we rewrite AL 5 in different forms,
utilizing the fact that at an exceptional point degeneracy Mg =

S-Sy
2«/1512;221 = +i,
L Su+S» . )
Ay = - = Soo £ia/S128521 = St1 F i/ S12521.
(B2)

Letting |Jy;) =
to

(Z) and using Eq. (B2), Eq. (B1) simplifies

Fi/S12S
+iy/ S12521a + Slzb = #

So1,/1+ ‘%|
) 1
S$r1a F in/S1281b = ——. (B3)
1432
So1
Multiplying the bottom equation by =i~=2=2 S‘ZS" , we see that

both equations are the same. Solving the equatlon for a, we
find that the Jordan vector has the form
L+ ip—L
5128
i) = SZI\/1+‘% uSa |
b

/ S12 1 1
[Jei) =b |1+ | —||Rx) + —( >, (B4)
/ 0
S21 So1./1+ |§ﬁ|

where b is an arbitrary coefficient (which can be determined,
for example, by normalization). In general, for the degenerate
eigenvector with arbitrary normalization, the Jordan vector
will have the form

IR)) = co|R),

Iy =colJ) +c1IR), (BS)

where cg # 0, c| are arbitrary [28,29].

Similar to the limitations of the 2 x 2 scattering matrix
model explained in Appendix A, the form of the Jordan vector
above only works if Sp; # 0. If S5; = 0, then we can use the
alternate eigenvector formula from Appendix A and follow
the same derivation above to get the correct Jordan vector. If
both S, S12 = 0, the eigenvectors are orthonormal and EPDs
are not possible.

For a reciprocal system (S, = S21) following the same
derivation as above but replacing AS’ and |Ry;) with their
reciprocal versions [Eqgs. (E1) and (E2) with M® = +i] in
Eq. (B4), we find the form of the Jordan vector to be

1 .
i) = (Sz‘ﬁbi lb),

1 /1
|si) = bV/2 |Rus) + —( ) (B6)

Sx /2 0

APPENDIX C: PROOF OF EIGENVECTOR
ORTHOGONALITY CONDITIONS
For a general system,
A —SH\ /A2 —§
(R|Ry) = ( S 22) ( S 22) +1, (Cl
So1 AYS

Sii—8» 1 *
R(|R)) = | ——— 45,8 M?
(R1|R2) ( 51 -|-2521 128 (1 + S))
S —8»
— = 451,85 (1 + M? 1,
X( 25, 2521 12 21( + S)>+

(C2)
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NN 1 *
(Ri|Ry) = (Msﬁ + /451282 (1 +M2)>
So1 285
VS8 1
X (Msﬁ 4512521( +M§)> +1,
Sa1 28,1
(C3)
(R1|R>)
S12 S12
=1+ 222 1+ M
Sy S SZI( S)
1 * VS128
+2iIm| (o /4SS (1 4+ M2) ) (M2 ) .
2855 So1
(C4)
If Im(My) = 0, then
(R1|R2)
S12, 5 Si2 )
=14 |—M 1+M
T 521( 5)
S S
+2iIm|:< «/312521,/1+M2> ( 12 21)},
(C5)
S S
(RiRy) = 1+ | <=M3| — | 2 (1 + M3)
So1 So1
. * Siz
+21Im|:<,/1+M2> <M )] (C6)
§ S8y
S S
(RiIRy) = 1+ |=2M2| — |22 (1+M2)|, (D)
So1 So1
S
(Ri|Ry) =1+ Sf (M- (1+M3)),  (C8)
S12
(RilRy) = 14 |=2|(=1). (C9)
So1
If|5‘2| =1, then
(Ri|Ry) = 0. (C10)

Therefore, the points of eigenvector orthogonality must be
the same as the points where Im(Mg) = 0 and |§—§| =1.

APPENDIX D: EPD PAIR WINDING
NUMBER-CHARGE RELATION

Every singularity of a complex scalar function in a
two-dimensional parameter space can be defined by the in-
tersection of two curves. For EPDs (#4i), two such curves are
Re(Ms) = 0 and Im(Mg) = 1 = 0. The intersection of these
two curves at each =i EPD defines four quadrants determined
by the signs of Re(Ms) and Im(My) F 1, respectively. By
convention, the phase winds counterclockwise around a singu-
larity in the plane, and with this we can determine the relative
winding number of each EPD connected by the finite curve
Re(Mg) =0and —1 < Im(My) < 1.

An illustration of winding number determination for the
cases of two equally charged and two oppositely charged
EPDs is shown in Fig. 9. In this figure, we show that EPD

i\ (b)

:Im(MS)+1 =0 mM) —1=0

YR N
Re(Mg) >0
\

Im(Mg) —1=0

Re(Mg) = 0

FIG. 9. Schematic illustration of phase windings of connected
exceptional point degeneracies in an arbitrary two-dimensional pa-
rameter space. The yellow dashed curves correspond to Re(Mg) = 0
and —1 < Im(Mjs) < 1, which connects the pairs of EPDs, and the
orange curved arrows indicate the direction of the phase winding
of each EPD. The red and black dots correspond to the Mg = +i
and —i EPDs, respectively, and the colored equations describe the
same-colored curves. The green inequalities denote the arbitrary sign
choice of Re(My). (a) Two +i EPD’s connected by Re(Ms) = 0 and
—1 < Im(Mjs) < 1 that have opposite phase winding. (b) A +i and
—i EPD connected by Re(Mg) = 0 and —1 < Im(Ms) < 1 that have
the same phase winding. Note that the two other charge/winding
number cases are obtained by reversing the arbitrary sign of Re(Ms),
which results in reversal of the winding around each EPD.

pairs of the same charge connected by Re(Mg) =0 and
—1 < Im(My) < 1 have opposite winding numbers, and EPD
pairs of opposite charge connected by Re(Ms) = 0and —1 <
Im(My) < 1 have the same winding number.

APPENDIX E: SIMPLIFICATION OF THE 2 x 2
SCATTERING MATRIX MODEL WITH RECIPROCITY

For a 2 x 2 reciprocal-scattering matrix (S;2 = S3;1), the
equations for the eigenvalues, eigenvectors, and Mg simplify
to

S+ S 2
=SSy L s o] @
1 (412
—(As" =S
|R1,2>=(S2‘( ) 22)), (E2)
where
St —S»
ME="_"=° E3
S 350 (E3)

is a complex scalar function of system parameters, in general.
Note that in the limit in which Sy; goes to 0, the system is
trivially diagonalized and has an orthonormal basis.

There are many ways to quantify eigenvector overlap in
the literature, but generally the Petermann factor or phase
rigidity /coalescence parameter is used [54-56]. For a 2 x 2
matrix, both the Petermann factor K and phase rigidity r can
be written in terms of |C|:

1

K=——, E4
= [CP (E4)

=J1—-|CP. (ES)
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From these equations, we see that the simplest quantity to
measure eigenvector overlap is |C] itself, as K and r are much
more nonlinear.

APPENDIX F: EXPERIMENTAL IMPLEMENTATIONS
OF SCATTERING

1. Networks of coaxial cables

Networks of coaxial cables (graphs) are made up of nodes
and bonds, along which the wave propagation is described
by a one-dimensional (1D) Helmholtz equation. Graphs are
a convenient setting for studying wave chaos [37,57,58]. Such
systems allow the use of simple experimental methods to
break reciprocity, e.g., by means of microwave circulators
on a subset of the nodes of the graph. The graphs have two
ports, where the cables leading to the vector network analyzer
(VNA) are attached [see Fig. 1(a)].

We employ a quasi-one-dimensional tetrahedral mi-
crowave graph with adjustable phase-shifters incorporated
into four of the six bonds making up the graph. The phase-
shifters allow us to parametrically change the lengths of the
bonds of the graph. The total electrical length of the reciprocal
graph is approximately 3.2 m, and the total electrical length of
the nonreciprocal graph is approximately 3.3 m. Each Narda-
MITEQ P1507D-SM24 phase-shifter can change the phase of
the transmitted electromagnetic wave from 0°-60°/GHz over
the 0-18.6 GHz frequency range, which is an effective length
change of the bond by approximately 5 cm. The phase-shifters
can be independently controlled with a DAQ card to electron-
ically change the phase shift by a set amount. For the graph
with nonreciprocity, we replace one of the internal nodes of
the graph with a Narda-MITEQ Model 4925 Circulator, which
operates in the frequency band of 7-12.4 GHz.

2. Two-dimensional cavities

A quasi-two-dimensional rectangular billiard made of
brass has two coupling ports on the lid [59] [see Fig. 1(b)].
The billiard has a height of 7.9 mm and an area of
0.077 m?. When the cavity is excited at frequencies below
approximately 19 GHz, only one propagating mode is sup-
ported, with the electric field polarized in the vertical (thin)
direction [34,60].

The billiard is loaded with three tunable metasurfaces that
were fabricated by the Johns Hopkins University Applied
Physics Laboratory [31] and designed to vary reflection am-
plitude between 11 and 18 GHz and reflection phase between
14 and 16 GHz. The metasurfaces consist of a linear array of
18 mushroom-shaped resonant elements, where each element
is loaded with varactor diodes and is subwavelength in size
[61]. The metasurfaces were fabricated with Rogers 5880
PCB material and MACOM MAVR-011020-1411 varactor
diodes. Each metasurface is 7.9 mm high, 185 mm long,
and 1.8 mm thick, and has enough flexibility to conformally
attach to a curved interior wall. All diodes on a given meta-
surface are tuned simultaneously by applying a global dc
voltage bias to the metasurface through thin insulated wires
that exit the billiard beneath the lid. The capacitance of the
varactor diodes decreases from 0.24 to 0.03 pF as the applied
voltage bias increases from 0 to 15 V, thus increasing the

resonant frequency of the patches. Both the reflection mag-
nitude and phase of the metasurface change as the voltage
is varied, in general. Thus the tuned perturbation is a non-
Hermitian change to the closed-system Hamiltonian { and the
spectrum of the operator (modes of the cavity). The metasur-
faces are connected to a Keithley 2230G-30-1 triple channel
programmable dc power supply, and they are positioned
along three different walls of the billiard. Each metasurface
covers approximately 16% of the perimeter length of the
billiard. Through the variation of the reflection coefficient
of the metasurfaces, we can manipulate the Hamiltonian,
and therefore the scattering matrix, to create conditions for
exceptional point degeneracies, coherent perfect absorption
[32], and other types of scattering singularities. Note that
the total length of the metasurface is greater than the mi-
crowave wavelength, making them intermediate in character
between a purely local perturbation and a global perturbation
(such as the driving frequency).

3. Three-dimensional cavities

A nearly cubic rectangular three-dimensional cavity is con-
nected to the outside world through two ports [see Fig. 1(c)].
The cavity has side lengths of approximately 0.92 m and
a volume of ~0.76 m? [62]. Inside the cavity are two
two-dimensional metasurfaces and various irregularly shaped
scatterers to increase the system’s complexity. The two-
dimensional metasurfaces used in this cavity were fabricated
by the Johns Hopkins University Applied Physics Labora-
tory [31] and were designed to vary reflection amplitude
between 2 and 3.6 GHz and reflection phase between 3 and
3.5 GHz. The metasurfaces are made up of a 2D square array
of 14 x 14 mushroom-shaped resonant elements, where each
element is loaded with varactor diodes and is subwavelength
in size [61]. The metasurfaces were fabricated with Rogers
4003c PCB material and Skyworks SMV1405-079LF varactor
diodes. Each metasurface is 26 cm by 26 cm in size, and
takes up approximately 1.3% of the interior surface area of
the enclosure. The varactor diodes on a given metasurface can
be tuned simultaneously with a globally applied dc voltage
bias to the metasurface through shielded cables that exit the
cavity through the top wall. As the applied voltage bias is
increased from 0 to 30 V, the capacitance of the varactor
diodes varies, thus increasing the resonant frequency of the
patches. Both the reflection magnitude and phase of the meta-
surface change as the voltage is varied, in general. Thus the
tuned metasurface presents a non-Hermitian modification to
the closed-system Hamiltonian, changing its spectrum (i.e.,
the modes of the cavity). The metasurfaces are placed along
two different walls of the cavity and are connected to a
Keithley 2230G-30-1 triple channel programmable dc power
supply. Note that the area of the metasurface is greater than
the square of the microwave wavelength, making them inter-
mediate in character between a purely local perturbation and a
global perturbation.

Despite the presence of varactor diodes on the one-
dimensional and two-dimensional metasurfaces, we operate
the cavities in the low-power linear-response limit. Under
these conditions, the scattering properties of the system are
fully captured by the linear scattering matrix.
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FIG. 10. Experimental exceptional point degeneracies and or-
thogonality curves in two-dimensional parameter space. The red and
black dots correspond to the M¥ = +i and —i EPDs, respectively.
The white linear regions are points of near-zero eigenvector coales-
cence (|C| < 0.002). Eigenvector coalescence |C| vs frequency and
TM|P applied bias voltage for the ray-chaotic quarter bow-tie billiard
[32,59,60].

APPENDIX G: EIGENVECTOR COALESCENCE OF
RECIPROCAL-SCATTERING SYSTEMS

All reciprocal systems measured in this work have a
structurally similar eigenvector coalescence |C| in two-
dimensional parameter spaces. There are curves of eigen-
vector orthogonality that separate the two different types of
exceptional point degeneracies. In the main text, we showed
examples of |C| versus two tunable parameters for an exper-
imental rectangular billiard and for a random matrix theory
model [Figs. 2(a)-2(c)]. Here we show that the same eigen-
vector coalescence structure applies for a ray-chaotic quarter
bow-tie billiard (Fig. 10), an experimental tetrahedral graph
and the analytic model of a tetrahedral graph (Fig. 11), and a
chaotic three-dimensional microwave cavity (Fig. 12).

APPENDIX H: RANDOM MATRIX THEORY MODELING

A typical theoretical modeling of wave scattering invokes
a temporal coupled mode theory formulation [63]. In the fre-
quency domain, this modeling is separated into two parts:

oY) = Hete [Y) +iW |atin) (HI)

loou) = W7 %) — |atin)

where the first equation describes the steady-state field |y)
in the scattering domain, while the second equation describes
the input-output relation between the injected monochromatic
field |oi,) and the outgoing field |ooy). The frequency w is the
frequency of the injected monochromatic wave, and Heg is
the effective Hamiltonian given by Heir = Hy — %WTW that
describes the scattering domain—including its coupling to
the interrogating channels. This coupling is described by the
2 x N coupling matrix W while Hy is the effective Hamilto-
nian that describes the isolated system (decoupled from the
interrogating channels). The scattering matrix S that connects
incoming with outgoing waves |aoy) = S|oin) takes the form
S(w) = =1, + iWG()WT, where G(w) = pr

When the scattering domain is a cavity that supports under-
lying chaotic ray dynamics, the Hamiltonian Hj is modeled by
a random matrix ensemble of specific symmetry class. In the

(H2)
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FIG. 11. Exceptional point degeneracies and orthogonality
curves in two-dimensional parameter spaces. The red and black dots
correspond to the M¥ = +i and —i EPDs, respectively. The white
linear regions are points of near-zero eigenvector coalescence (|C| <
0.002). (a) Eigenvector coalescence |C| vs frequency and bond length
Ly, for the analytic model of a tetrahedral graph. (b) Eigenvector
coalescence |C| vs frequency and phase shift of TMP for the exper-
imental tetrahedral graph.

case of time-reversal symmetric (TRS) systems, this ensemble
is the Gaussian orthogonal ensemble (GOE), while when TRS
is violated, the appropriate ensemble is the Gaussian unitary
ensemble (GUE) [34,35]. To model a system with additional
degrees of freedom, such as metasurfaces, we have introduced
an ensemble of random matrices Hy that depends on two
parameters x, y and takes the form

Ho(x, y) = Hy + | cos(x)[| cos(y)|Hz + | sin(x)|| sin(y)|H3.

(H3)
1
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FIG. 12. Experimental exceptional point degeneracies and or-
thogonality curves in two-dimensional parameter space. The red and
black dots correspond to the M¥ = +i and —i EPDs, respectively.
The white linear regions are points of near-zero eigenvector coa-
lescence (|C| < 0.004). Eigenvector coalescence |C| vs frequency
and TM3P applied bias voltage for the three-dimensional microwave
cavity.
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The elements of H; are taken from a GOE of mean zero and

standard deviation \/g . Similarly, the off-diagonal elements

of H, and Hj are taken from a GOE of the same family as
H,, while the diagonal elements are taken from the uniform
distribution [0, —i]. In the framework of our experimental se-
tups (see above), the Hamiltonian H; models the unperturbed
chaotic cavities while the non-Hermitian Hamiltonians H, 3
model the metasurfaces that are used to perturb the cavities.
The trigonometric functions present in Eq. (H3) serve to
perturb the system such that the norm of the Hamiltonian is
conserved. The added degrees of freedom of H, make the
scattering matrix a function of x, y, and w, which allow us
to better understand the scattering properties of such systems.

To explore the impact of nonreciprocity on the system, we
introduce a strength-controlled magnetic field:

Hunag = Ho + iaB, (H4)

where B is an antisymmetric GOE matrix from the same
family as Hy, and « is the parameter that controls the relative
strength of the magnetic field. With the parameters of Hy, w,
and the inclusion of the magnetic field, we can thoroughly
explore the dynamics and parametric dependence of the scat-
tering matrix and its singularities for any arbitrary system with
or without reciprocity.

APPENDIX I: THEORETICAL MODELING
OF COAXIAL NETWORKS

The theoretical modeling of the coaxial network follows
Refs. [38,39]. We consider a microwave network with v =
1, ..., N vertices, two of which are connected to transmission
lines (TLs) B = 1, 2. Two vertices v, 4 may be connected by
an edge (bond) of length L,,. We define the position along
a bond as x,,, = x with x,, = 0 and x,, = L,, on vertices v
and p, respectively. The wave v, (x) on the (v, u)—bond is
a solution of the Helmholtz equation:

2
%mm + () =0, Y
where k = n{)27 f /cy is the wave number, f is the linear
frequency of the injected monochromatic wave, ¢y is the speed
of light, and ”1()2 is the complex-valued relative index of re-
fraction that includes the losses of the (v, u)-coaxial cable.
Since all coaxial cables used in our network systems are made
from the same materials, n(u’lz =n,

The wave function on the bonds of the network can be writ-
tenas ¥, (x) = §, Smsil,i(i"L"U:x) +&, Sislinkffu , where ¥r,,,,(0) = &,
and v, (L,,) = &, are the values of the field at the vertices
E = (&,...,&)". At the B-TL (attached to the vth vertex),
the field takes the form (%) (x) = Ige=* + Oge™ for x > 0,
where x = 0 is the position of the vth vertex, and the co-
efficients /g, Og indicate the amplitude of the incoming and
outgoing waves on the B-TL, respectively. On each vertex v,
the continuity of the field and the current conservation have
to be satisfied. These conditions allow us to express the field
amplitudes E at the vertices as

o
T iwWTW

=2=2 wTl, 12)

where the two-dimensional vector I contains the amplitudes
Ig of the incident field, and W is the 2 x N matrix describing
the coupling between the TL and the vertices. The matrix
elements of W take the values 1 if the B-TL is attached to
the vertex v, and O otherwise. The N x N matrix h takes the
form

=21z Avicot(kLyy), v = p,

oy () = {Auﬂ csc(kLy,, e, V£ W, 13)

where A is the adjacency matrix having elements A,,, = 1 if
the vertices v, i are connected via a bond, and 0 otherwise.

Finally, by invoking the continuity condition at the vertices
where the TLs are attached, together with the expression for
the field E [see Eq. (I2)], the scattering matrix S can be
derived. The latter takes the form

. 1 T
S = 12+2lWh+iWTWW . 14
Finally, a magnetic field can be effectively introduced via
a vector potential along the bonds of the network [38], and it
can be incorporated into the modeling by a phase factor e
(with ¢,,, = —¢,,,) which multiplies the off-diagonal terms of
h; see Eq. (13).

APPENDIX J: DEMONSTRATION OF SINGULARITIES
USING A SIMPLE NETWORK

For analytical purposes, we consider a very simple graph
consisting of only two vertices and two bonds, one between
the two vertices and a loop bond of length L;; attached to
the first vertex [see Fig. 13(a)]. In general, one can assume
that the loop is threaded by a flux ¢. In the case in which
loops are attached to a vertex v, the general expression for
the matrix & in Eq. (16) needs to be modified by adding
an additional term h,, — h,, + Bth,]f,’Op), where h{%P) —
_2[COS(kLw) - COS(¢U)]/ Sin(kva)-

The corresponding scattering matrix associated with the
graph of Fig. 13(a) where the loop is coupled to the vertex
v = 1 takes the form

i

[1+icot(kLi2)](2 — ihﬁmp))

P+ 2csc(kLyn)
X <2csc(kL12) —p_ >’ b

Stk) =

where ps = A"P[1 £ i cot(kL;,)]. Finally, with Eq. (J1) we

can evaluate the complex scalar function Mg = zsy% as
1 (loop) -
Mg = Eh“ sin(kL2). J2)

Due to the simplicity of this graph, S1» = S,; always, even
in the presence of a magnetic field. Therefore, there are al-
ways curves of eigenvector orthogonality that will partition
the parameter space. In Fig. 13(b), we report the coalescence
|C| versus frequency and bond length L; in the absence of a
magnetic field (¢ = 0). In Fig. 13(c), we plot the same data
from Fig. 13(b), but now in the presence of a magnetic field

(¢ #0).
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FIG. 13. Simple graph schematic, exceptional point degeneracies, and orthogonality curves in two-dimensional parameter spaces. The red
and black dots in (b) and (c) correspond to the Mg = +i and —i EPDs, respectively. The white linear regions are points of near-zero eigenvector
coalescence (|C| < 0.002). (a) Schematic view of the simple graph. (b) Eigenvector coalescence |C| vs frequency and bond length L, for the
analytic model of the simple graph with no magnetic field present (¢ = 0). (c) Eigenvector coalescence |C| vs frequency and bond length L,;
for the analytic model of the simple graph with a magnetic field present (¢ # 0).

APPENDIX K: EPD PAIR CREATION AND ANNIHILATION

In Fig. 4, we showed a detailed view of the creation and an-
nihilation of two pairs of exceptional point degeneracies over
four settings of the third parameter of the system. In Fig. 14,
we show the first frame of Supplemental Material Video 4 [40]
demonstrating a much broader view of the evolution of the
EPDs over a large sweep of the third parameter. In the video,
the winding number of each EPD is not shown, but they are
the same as indicated in Fig. 4.

APPENDIX L: EPD DOMAINS
AND CONNECTION CURVES

Figure 15 shows a detailed view of a section of four frames
from Supplemental Material Video 2 [40] to highlight the
winding numbers of EPDs, the switching of partners of two
connected EPD pairs, and the creation of an EPD domain
in Fig. 15(d). In this figure, the pairs of EPDs connected by

525V TM}D
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FIG. 14. Exceptional point degeneracies and orthogonality
curves. The image above shows the first frame of Supplemental
Material Video 4 [40], which explores a larger parameter space than
shown in Fig. 4. The —i EPDs are highlighted by the black points
where |[Re(M¥)| < 0.01 and [Im(ME) + 1] < 0.01, and the white
eigenvector orthogonality curves are marked by |C| < 0.005.

Re(ME) = 0and —1 < Im(M¥) < 1 (red curves) fully within
view are all of the same charge, but each EPD in a pair has
opposite winding number. As the third parameter of the sys-
tem varies, two EPD connection curves intersect and exchange
partners. This can be seen near the center of the panel between
Figs. 15(b) and 15(c). Even though partners were exchanged,
the connected EPDs still follow the charge/winding number
relation specified in Sec. II/Appendix D.

APPENDIX M: EPD CONNECTION CURVES AND THEIR
EVOLUTION IN NONRECIPROCAL SYSTEMS

For nonreciprocal systems, all EPDs are connected in pairs
by curves of Re(Ms) =0 and —1 < Im(My) < 1, although
we are unable to resolve their charges (see Appendix A). In
Fig. 16, we show the exact same results as in Fig. 7, but
now we have added the EPD connection curves in red. To
view their evolution as the third parameter of the system is
varied, see Supplemental Material Video 5 [40]. Similar to
the reciprocal case, the EPD connection curves can switch
partners as the system evolves. When an EPD pair is created
(annihilated), the connection curve between two EPDs can be
split (connected), as seen around 10.65 GHz near the frame
where TMSP = 36.45 (TMP = 36.05).

APPENDIX N: CPA+EPD EXPERIMENTAL
VERIFICATION PROCEDURE

To first find a location in parameter space roughly near
a CPA+4EPD condition, we measure the scattering matrix
versus frequency for many settings of the other tunable param-
eters. During these measurements and the subsequent ones,
the system is uncalibrated. Next we analyze the scattering
eigenvalues of the entire parameter space measured, and we
choose the particular parameter settings that had the smallest
value of |A§| + |A§|. To verify that this is a good candidate,
we also check if the minimum of |det(S)| (CPA condition) and
the maximum of |C| (EPD condition) are roughly aligned at
the candidate frequency. From there, we perform fine sweeps
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FIG. 15. Illustration of a reconnection event between curves connecting two pairs of EPDs in a reciprocal system. Plot of arg(i Im(M{)) vs
frequency and TM|P applied bias voltage in the experimental rectangular billiard. Each of the four plots (a)~(d) is at a different fixed applied
bias voltage of TM%D. A reconnection event occurs near the center of the panel between (b) and (c). In (d), the black arrow indicates the
creation of a +i EPD domain inside a —i EPD domain. The domains that the two types of EPDs are allowed to live in are indicated by the
green and purple regions. The green regions have a phase of —m /2 (—i EPDs can live here) and the purple regions have a phase of + /2 (4-i

EPDs can live here). The black dots mark the M§ =
and —1 < ImM¥) < 1.

of each tunable parameter until we find the optimal overall
settings such that at a particular point both scattering eigenval-
ues are very near s = 0 + 0. Then we switch the microwave
VNA to the two-port dual-source mode, so that we can inject
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FIG. 16. Exceptional point degeneracies, orthogonality points,
and EPD connection curves. The data shown in this figure are exactly
the same as shown in Fig. 7, but with the EPD connection curves
included. The image above shows the eigenvector coalescence |C|
vs frequency and TM® phase shift for the experimental tetrahedral
graph with nonreciprocity for the first frame of Supplemental Mate-
rial Video 5 [40]. The EPDs are highlighted by the black points where
|C] = 0.985, the white eigenvector orthogonality points are marked
by |C| < 0.002, and the red EPD connection curves are marked by
[Re(M¥)| < 0.003 and [Im(MF)| < 1.

—i exceptional point degeneracies, and the red curves correspond to points of Re(M¥) = 0

an arbitrary signal into the system using both ports simulta-
neously. To verify the robustness of the CPA+EPD, we inject
the arbitrary signals at the CPA4EPD condition over a wide
range of relative amplitudes and phases to demonstrate that
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FIG. 17. Experimental demonstration of arbitrary signals in-
jected into a reciprocal microwave network far away from the
CPA+EPD condition. (a) Output power ratio vs input power ratio
(lower axis, blue) and input phase difference (upper axis, red). The
blue curves correspond to the input signals power ratio being swept,
and the red curves correspond to the input signals relative phase
being swept. The solid and dashed curves for each color denote
two different arbitrary settings of the system parameters. (b) Output
phase difference vs input power ratio (lower axis, blue) and input
phase difference (upper axis, red). The blue and red curves (solid and
dashed) have the same interpretation as in (a). These results contrast
dramatically with those shown in Fig. 8.
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the output signal power ratio and relative phase between both
ports are roughly constant.

When using the two-port dual-source mode of the VNA,
the input and output signals are

Vlin el Vlout Pl
letin) = Vzineigz s l@out) = Vzouteiqu .

When injecting the arbitrary signals into the system, we
measure the input and output power ratios between both ports
and their phase difference. The input (output) phase differ-
ence is ) — 6, (¢ — ¢»). The input and output power ratios

(N1)

between both ports are
. L2 2
le | V]m | Plout | Vlout |

PR vl BT v

(N2)

In Fig. 17, we show several representative examples of
arbitrary signals injected into a complex graph not at a CPA
or EPD condition to contrast with the phenomenon seen in
Fig. 8. For these arbitrary signals, we chose the settings of the
phase shifters and frequency to be a random value, and then
we did the same injection procedure specified above. As the
system is not at any special condition, the output power ratio
and phase difference between the two ports vary dramatically
as the input signals change.
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