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Microwave microscope studies of trapped vortex dynamics in superconductors
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Trapped vortices in superconductors introduce residual resistance in superconducting radio-frequency (SRF)
cavities and disrupt the operation of superconducting quantum and digital electronic circuits. Understanding
the detailed dynamics of trapped vortices under oscillating magnetic fields is essential for advancing these
technologies. We have developed a near-field magnetic microwave microscope to study the dynamics of a limited
number of trapped vortices under the probe when stimulated by a localized rf magnetic field. By measuring the
local second-harmonic response (P2f ) at subfemto-Watt levels, we isolate signals exclusively arising from trapped
vortices, excluding contributions from surface defects and Meissner screening currents. Toy models of niobium
superconductor hosting vortex pinning sites are introduced and studied with time-dependent Ginzburg-Landau
(TDGL) simulations of probe/sample interaction to better understand the measured second-harmonic response.
The simulation results demonstrate that the second-harmonic response of trapped vortex motion under a localized
rf magnetic field shares key features with the experimental data. This measurement technique provides access to
vortex dynamics at the micrometer scale, such as depinning events and spatially resolved pinning properties, as
demonstrated in measurements on a niobium film with an antidot flux pinning array.

DOI: 10.1103/x1d1-2k68

I. INTRODUCTION

Stray magnetic vortices that become pinned in supercon-
ductors contribute to enhanced losses in superconducting
radio-frequency (SRF) cavities and corrupt the operation of
superconducting electronics. In SRF cavities, trapped vortices
introduce residual resistance, limiting the achievable quality
factor [1–15]. For superconducting quantum circuits, trapped
vortices add loss [16–18], which serve to limit the coher-
ence time of superconducting qubits operating at microwave
frequencies. On the other hand, trapped vortices at current
nodes of a superconducting resonator can also be used to
capture nonequilibrium quasiparticles and relax them [19].
For superconducting digital circuits, pinned vortices not only
degrade performance but, in extreme cases, can compromise
circuit functionality entirely [20–29]. The effects of trapped
vortices in superconducting digital circuits are usually thought
of in terms of DC bias currents that the vortices add to the
circuits. However, in this work, we investigate an effect that
has largely been overlooked in the context of superconducting
digital circuits, namely, the microwave frequency response of
trapped vortices in superconductors.

The behavior of trapped vortices under stimulation by an
oscillating magnetic field [30] is often studied macroscop-
ically, focusing on the average properties of many trapped
vortices, such as loss, critical current density, and pinning
energy [31–38]. These measurements are generally inter-
preted in terms of collective single-coordinate models (e.g.,
Gittleman-Rosenblum type models) [39–44], which subsumes
the response of individual vortices to the rf currents. While
these models provide insights into the average properties of
all trapped vortices in a sample, direct high-frequency mi-
croscopic measurements at the level of individual trapped
vortices remain challenging. Furthermore, beyond measuring

loss, it is essential to understand the detailed dynamics of
trapped vortices under oscillating magnetic fields. To achieve
this, we need to study small numbers of vortices pinned in su-
perconductors to understand their full dynamics and pinning
properties.

Here we introduce a near-field magnetic microwave micro-
scope approach [45–58] to study the dynamics of a limited
number of trapped vortices under the probe (at micrometer
length scales) by stimulating them with a localized and intense
rf magnetic field and analyzing the second-harmonic response
(P2f ) generated by their resulting motion.

Various microscopic techniques have been employed
to study individual vortices in superconductors, including
magnetic force microscopy (MFM) [59], scanning super-
conducting quantum interference device (SQUID) [60,61],
single-vortex confinement structures [62], scanning Hall
probe microscopy [63], and scanning tunneling microscopy
(STM) [64]. These methods have provided invaluable in-
sights into vortex behavior. However, they do not directly
probe the microwave response of vortices. In contrast, our
approach employs a near-field magnetic microwave micro-
scope to investigate the high-frequency response of trapped
vortices, enabling the study of their dynamics under localized
microwave excitation.

The response of a superconductor to an oscillating mag-
netic field can be classified by symmetry into odd harmonic
responses (linear response, third-harmonic response, etc.) and
even harmonic responses (second-harmonic response, fourth-
harmonic response, etc.), which probe fundamentally different
aspects of superconducting dynamics [65–74]. Odd harmonic
responses [45,47–55,75–77] capture contributions from a va-
riety of mechanisms, including Meissner screening currents
[78,79], nonlinearities from current-dependent superfluid den-
sity variation, and rf vortex nucleation [56,57]. In contrast,
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even harmonic responses [37,47–49] are known to vanish in
the absence of time reversal invariance breaking [65,67–69],
such as when no DC magnetic field is applied and no vortices
are trapped in the superconductor. Notably, in the absence
of an external offset (field or current), the second-harmonic
response collects signals from trapped vortices exclusively,
effectively filtering out contributions from other mechanisms.
This exclusivity makes P2f a powerful tool for studying
trapped vortices [37].

In previous research, we demonstrated that our microwave
microscope can study surface defects that nucleate semiloop
rf vortices by measuring the third-harmonic response P3f [57].
These semiloop rf vortices are transient Abrikosov vortices
that are nucleated and destroyed twice in each rf cycle and
begin and end on free surfaces of the superconductor [3,80]. In
this work, we show that the same microwave microscope can
be used to instead study trapped DC vortices by measuring the
second-harmonic response, P2f .

However, the second-harmonic response has some sub-
tleties associated with its interpretation. We show that the
magnitude of the second-harmonic response is not directly
proportional to the density of trapped vortices, or the sur-
face impedance of the sample. Note that it is not our goal
to measure the critical current density or the vortex depin-
ning frequency (which is an effective macroscopic property
of many vortices) associated with trapped DC vortices. In-
stead, P2f is sensitive to a limited number of vortices and
their detailed configuration and dynamics beneath the probe of
our microwave microscope and, hence, can be used to detect
changes in trapped vortex configuration.

In this work, we experimentally study a Nb film with an
antidot vortex pinning array. Our results suggest that this mea-
surement technique is useful for detecting depinning events of
trapped vortices at the micrometer scale and studying spatially
resolved pinning properties.

The structure of this paper is as follows. Section II
describes the experimental setup. In Sec. III, we discuss
the mechanism underlying the second-harmonic response
observed in our measurements and use time-dependent
Ginzburg-Landau (TDGL) simulations to highlight three key
features of the second-harmonic response associated with
trapped vortex dynamics. Section IV presents the experimen-
tal results obtained from the Nb film. Finally, in Sec. V, we
summarize our findings and discuss the capabilities of this
measurement technique.

II. EXPERIMENTAL SETUP

Near-field microwave microscopy of materials properties
[81–97] has also proven to be very helpful in the study of
superconducting microwave devices [98–101]. The setup of
our near-field magnetic microwave microscope is identical
to that described in Refs. [57,58]. A brief overview of the
microscope is provided in this section.

The core component of our microwave microscope is a
magnetic writer head (provided by Seagate Technology), com-
monly used in conventional hard-disk drives. This magnetic
writer head can generate a localized rf magnetic field. In
our setup, a Seagate magnetic writer head is mounted on a

cryogenic XYZ positioner and operated in a scanning probe
microscope configuration.

The microwave source (HP 83620B) signal Prf sin2(ωt )
is sent to the probe (magnetic writer head) via its built-in
transmission line. The probe then produces a localized rf mag-
netic field Brf sin(ωt ) acting on the sample surface. Trapped
vortices in the sample then wiggle and generate a response
magnetic field that is coupled back to the same probe, creat-
ing a propagating signal whose second-harmonic component
P2f sin2(2ωt ) is then extracted and measured by a spectrum
analyzer (Aaronia RSA250X) at room temperature. In prac-
tice, a complicated multi-harmonic signal comes back to
room temperature, but we filter out just the second-harmonic
response.

With magnetic shielding in place, the residual DC mag-
netic field near the sample at low temperatures is found to be
approximately 2.1 µT, as measured with an in-situ cryogenic
three-axis magnetometer (Bartington Cryomag-100).

The spatial resolution of the microscope ranges from
submicrometeter to micrometer scale, depending on the
probe-sample separation, and the signal being analyzed. The
spatial resolution for measurements of second-harmonic re-
sponse is estimated to be approximately 1.1 µm for this
specific setup (see Appendix A).

III. NUMERICAL SIMULATIONS

The dynamics of trapped vortices under stimulation by a
localized rf magnetic field is a complex topic. A compre-
hensive numerical investigation is beyond the scope of this
work. Instead, this section aims to illustrate key features of
P2f associated with trapped vortex dynamics using numerical
simulations of simplified toy models (niobium superconductor
hosting vortex pinning sites). These insights will later be used
to analyze the experimental results (Sec. IV).

In the following, we first introduce our simulation frame-
work (Sec. III A), then discuss the mechanism underlying
the second-harmonic response observed in our measurements
(Sec. III B), and finally present three core features using vari-
ous toy models (Secs. III C–III E).

A. Introduction to numerical simulations

The time-dependent Ginzburg-Landau (TDGL) model is
a widely used framework for studying vortex dynamics in
superconductors [14,36,102–109]. In previous work, we em-
ployed TDGL simulations to investigate rf vortex nucleation
and P3f [56,57,80]. In this work, we use the same simulation
framework to study trapped vortex dynamics and P2f . In the
following, we provide a brief overview of the key settings
used in the TDGL simulations, as the detailed descriptions
are provided in Ref. [57]. The equations, boundary conditions,
material parameters, and the setting of toy models of the
TDGL simulations can be found in Appendix B.

Figure 1 provides a schematic representation of the
TDGL simulations and toy models. In our measurements,
the applied field generated by the microwave microscope
probe is a localized rf magnetic field with a configuration
similar to that produced by a point dipole aligned paral-
lel to the sample surface. In the simulations, the probe
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FIG. 1. A schematic representation of the TDGL simulations and
toy models. The blue double arrow represents the rf dipole, the red
dots represent the pinning sites, and the red dashed line represents
the trapped vortex.

is approximated as a pointlike magnetic dipole located at
(xdp, ydp, hdp) = (0, 0, 400 nm), oriented in the x direction,
and having a sinusoidal time-dependent magnetic moment
(Mdpsin(ωt ), 0, 0) with a frequency of ω/2π = 1.7 GHz. To
quantify the strength of the rf magnetic field, the peak rf
magnetic field amplitude experienced by the superconductor
is specified and is denoted as Bpk.

Note that the TDGL simulations are fully three-
dimensional, hence quite demanding in terms of memory
usage and processing time. The model is inhomogeneous in
the sense that it consists of both a vacuum region, which
hosts the rf dipole acting as a source of high frequency mag-
netic field, and a superconducting region which hosts the DC
vortex (see Fig. 1). Maxwell’s equations are solved in the
vacuum region, while the coupled TDGL equations, along
with Maxwell’s equations are solved inside the superconduc-
tor, and appropriate boundary conditions are enforced at the
surfaces.

The simulation domain is of finite size, and no periodic
boundary conditions are imposed. Since the primary vortex
dynamics occur near the origin, the influence of finite-size
effects is mitigated by selecting a sufficiently large simula-
tion domain and applying appropriate boundary conditions.
Further details are provided in Appendix B.

The primary addition to the setup described in Ref. [57]
is the inclusion of single-flux-quantum trapped magnetic vor-
tices. To generate trapped vortices, spherical pinning sites
composed of a low-Tc impurity phase are introduced into the
Nb domain, and a uniform DC magnetic field is applied along
the z direction. DC vortices aligned in the z direction then
nucleate at the boundary of the superconducting domain and
propagate inward, spreading throughout the superconducting
region. While most of these vortices remain unpinned and
free to move, some become pinned at the pinning sites. Once
these vortices are pinned, the external DC magnetic field is
subsequently removed. The unpinned vortices repel each other

and eventually exit the simulation domain, leaving only the
pinned vortices localized at the pinning sites.

After the unpinned vortices have left the simulation do-
main, the rf magnetic field is applied for five rf cycles, and P2f

at the location of the dipole is calculated based on the vortex
dynamics observed during the fifth rf cycle.

B. Origin of second-harmonic response

Consider a system driven by a sinusoidal driving force with
angular frequency ω. Let the response function be denoted as
f (t ). The even components of the Fourier transform of f (t )
vanish if f (t ) = − f (t + π/ω), meaning the response func-
tion exhibits perfect symmetry between the two half-cycles.
In other words, even harmonic responses quantify the asym-
metric component between the two half-cycles of f (t ). As the
leading-order term of even harmonic responses, the second-
harmonic response is frequently analyzed in such studies.

In the context of this work, the system consists of trapped
vortices in superconductors, and the driving force is an os-
cillating magnetic field created by a scanned dipole over the
surface of the superconductor. When trapped vortices are
stimulated by an oscillating magnetic field, they wiggle in
response, and the asymmetric component of this motion gen-
erates even harmonic responses.

The asymmetry in time of trapped vortex dynamics can
arise from various mechanisms. One such mechanism in-
volves an asymmetric potential experienced by vortices,
which may originate intrinsically in noncentrosymmetric su-
perconductors [110,111], be introduced through artificially
engineered asymmetric potentials [112–115], or be created by
the combination of a symmetric pinning potential and a DC
current acting as a bias [37,113]. In our case, the asymmetry
originates from the localized and inhomogeneous nature of
the rf magnetic field generated by the microwave microscope.
This rf magnetic field induces a screening current, which
in turn generates a Lorentz force acting on trapped vortices
[39,40,43,44]. Due to the strong spatial gradient of the rf
magnetic field, both the screening current and the resulting
Lorentz force exhibit significant spatial gradients. During an
rf cycle, a trapped vortex experiences a stronger Lorentz force
when moving toward regions of higher magnetic field strength
and a weaker force when moving away, resulting in asymmet-
ric vortex dynamics between the two half-cycles.

It is informative to ask: for a vortex pinned at (x, y) =
(0, 0), how does its dynamics vary as a function of the dipole
location (xdp, ydp) with fixed height hdp? Figure 2(a) shows
the TDGL simulation results for P2f (recovered at the location
of the dipole) as a function of (xdp, ydp), for a vortex pinned
at (x, y) = (0, 0) (toy model 1). It essentially represents the
second-harmonic point-spread function of a single trapped
DC vortex, as imaged by our near-field magnetic microwave
microscope.

The dynamics of the trapped vortex are inherently three-
dimensional and exhibit nontrivial z dependence, all of which
are captured in our TDGL simulations. However, because the
rf magnetic field decays with depth inside the superconductor,
the dominant contributions to the second-harmonic response
originate from vortex dynamics near the surface (z = 0). As
a result, to first-order approximation, the qualitative features
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FIG. 2. Asymmetry in time of the dynamics of a trapped vortex [at (x, y) = (0, 0)] as a function of dipole location (xdp, ydp), for hdp =
400 nm. (a) TDGL simulation results of P2f as a function of dipole location (xdp, ydp) for toy model 1 [a vortex pinned at (x, y) = (0, 0)], at
T = 7.44 K and Bpk = 28.3 mT. (b) The plot of |Bdp,x∇xBdp,x|2 at (x, y) = (0, 0) as a function of dipole location (xdp, ydp), where Bdp,x is the x
component of the magnetic field at the surface of a superconductor created by a magnetic dipole.

of the simulated P2f can be understood by analyzing vortex
behavior in the vicinity of the surface. In particular, the spatial
pattern of P2f (x, y) in Fig. 2(a) can be interpreted through this
surface-dominated perspective as follows.

The Lorentz force FLorentz acting on a trapped vortex is
proportional to the local current density J , which, to first-
order approximation, is proportional to the magnitude of the
magnetic field Btotal. At the superconductor surface (z = 0),
Btotal = 2Bexternal by considering the image method and the
boundary condition that the perpendicular component of the
magnetic field must vanish at z = 0. In other words, at z = 0,
we have

FLorentz ∝ J ∝ Btotal = 2Bexternal. (1)

In our case, Bexternal is the external magnetic field at z = 0
created by the rf dipole.

Since the rf dipole is oriented in the x direction, the induced
current is primarily in the y direction, creating a Lorentz force
on the vortex in the x direction, and the motion of the trapped
vortex is predominantly along the x axis. Roughly speaking,
the asymmetry in the vortex motion is proportional to both the
strength of the Lorentz force exerted on the vortex by Jy and
its spatial gradient at z = 0. Consequently, an estimate of P2f

is given by

P2f (xdp, ydp) ∝ |Jy∇xJy|2 ∝ |Bdp,x∇xBdp,x|2, (2)

where Bdp,x is the x component of the dipole magnetic field
(Bexternal in this case) at z = 0. The analytic expressions for
Bdp,x and Bdp,x∇xBdp,x due to a magnetic dipole above the
surface of a superconductor are provided in Appendix C.

Figure 2(b) presents |Bdp,x∇xBdp,x|2 experienced at (x, y) =
(0, 0) as a function of scanned dipole location (xdp, ydp). The
strong similarity between Figs. 2(a) and 2(b) supports the
qualitative validity of Eq. (2). A key feature shared by both
figures is that the asymmetry vanishes along the entire y
axis (xdp = 0). In Fig. 2(b), this occurs because ∇xBdp,x = 0.
In Fig. 2(a), the system exhibits symmetry between the −x
and +x directions, leading to symmetric vortex dynamics
between the two half-cycles, which results in P2f = 0. Note
that P2f = 0 when the dipole is positioned directly above
the trapped vortex [(xdp, ydp) = (0, 0)] even though there is

a significant Lorentz force acting on the vortex. Figure 2(a)
clearly demonstrates that P2f reflects the asymmetry of the
vortex dynamics rather than simply indicating the presence of
a trapped vortex right beneath the dipole. In the case of multi-
ple trapped vortices, P2f remains a measure of the asymmetry
in their collective dynamics rather than being proportional to
their number.

It is worth pointing out that the pinning potential in toy
model 1 enjoys rotational symmetry about the z axis. The
asymmetry in the wiggling motion of the trapped vortex (ex-
cept along the y axis) originates from the strong gradient of
the localized rf magnetic field itself at the vortex location
rather than from any intrinsic asymmetry in the pinning po-
tential. Consequently, this technique, measuring P2f with our
microwave microscope, remains effective even for trapped
vortices in symmetric pinning potentials.

For the rest of the simulations (toy models 2 to 6), the
dipole is fixed at (xdp, ydp, hdp) = (0, 0, 400 nm).

C. Trapped vortices and P2f

Core feature 1: P2f arises exclusively in the presence of
trapped vortices and is absent when no trapped vortices are
present.

Figure 3 shows P2f (T ) for toy model 2 under two scenarios.
In case 1 (red curve), a single pinned vortex is present, while
in case 2 (blue curve), no pinned vortex is present. Both cases
use identical conditions and pinning potentials, with the only
difference being the presence or absence of a trapped vortex at
the pinning sites. In case 1, the wiggling of the trapped vortex
generates P2f . In case 2, there is no trapped vortex, and hence
P2f = 0. The slight bump observed in the blue curve around
8.8 K is attributed to numerical errors (slight asymmetries in
the computed response between the two half-cycles).

D. Trapped vortex configuration and P2f

Core feature 2: P2f is highly sensitive to the specific con-
figuration of trapped vortices.

Figure 4 shows P2f for toy models 3 and 4, both of which
contain two trapped vortices. Despite this similarity, the val-
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FIG. 3. TDGL simulation results of P2f (T ) (Bpk = 28.3 mT) for
toy model 2 under two scenarios. There is one pinned vortex for the
red curve (case 1) and there is no pinned vortex for the blue curve
(case 2). The inset shows the top-view setup of toy model 2: the blue
double arrows represent the rf dipole, and the red dot represents the
vortex (case 1) pinned by pinning sites.

ues of P2f differ dramatically. In fact, P2f is expected to be
zero for toy model 3, as the vortex dynamics is perfectly
symmetric by design; the small nonzero value observed in
simulations (noted on the figure) arises from numerical errors.
This comparison between toy models 3 and 4 highlights that
P2f can vary significantly with changes in the trapped vortex
configuration. Since P2f reflects the time asymmetry in vortex
dynamics, it is inherently sensitive to the detailed arrangement
of trapped vortices.

E. Changes in trapped vortex configuration

Core feature 3: changes in the trapped vortex configuration
can cause abrupt jumps in P2f (T ).

One manifestation of core feature 2 is that vortex configu-
ration changes as the temperature increases, which can result
in a jump (up or down) in P2f (T ). Figure 5 shows P2f (T ) for
toy model 5. At low temperatures (T < 8.6 K), two vortices
remain pinned. As the temperature increases beyond 8.6 K,
one of the pinned vortices becomes depinned and escapes
from the simulation due to the vortex-vortex repulsive force
exceeding the pinning force provided by the pinning sites.
This depinning event causes a dramatic jump in P2f (T ) around
8.6 K, as shown in Fig. 5.

FIG. 4. TDGL simulation results of P2f for toy models 3 and 4, at
T = 7.44 K and Bpk = 28.3 mT. The top view shows a projection of
the rf dipole (blue arrows) and the red dots represent vortices pinned
by pinning sites.

FIG. 5. TDGL simulation results for P2f (T ) for toy model 5 at
Bpk = 28.3 mT. The two insets display the normalized order parame-
ter (ψ/ψ∞) at T = 8.56 and 8.65 K, providing a visualization of the
trapped vortices and pinning sites (red spheres).

Since P2f reflects the time-asymmetry in vortex dynamics
rather than being proportional to the number of trapped vor-
tices, its value can either increase or decrease when a pinned
vortex is removed. An example of P2f (T ) exhibiting a down-
ward jump upon vortex depinning is provided in Appendix D.

IV. EXPERIMENTAL RESULTS

A. Sample information

Antidot arrays in superconducting films serve as engi-
neered traps for vortices [32–35,63,113–117]. In this work,
we study a 170-nm-thick Nb film with an antidot flux pinning
array on a SiOx substrate. The antidot array has a period of
1.6 µm and an antidot diameter of 1.2 µm. Figure 6 shows an
atomic force microscopy (AFM) image of a 5 × 5 µm2 surface
area of the sample. Note that the substrate is exposed in the
antidot regions of the film.

B. Measurement protocol

A representative measurement protocol is as follows. Ini-
tially, the probe (magnetic writer head) is positioned away
from the sample. To create trapped vortices, the sample is
first warmed to 10 K, well above the transition temperature.
A DC magnetic field (Bcooldown) is then applied, and then the
sample is gradually cooled from 10 K (above Tc) to 6.5 K
(below Tc) at a rate of 0.55 mK/s. The sample is subsequently
cooled rapidly from 6.5 K to 3.8 K (base temperature). Once

FIG. 6. An atomic force microscopy (AFM) image of a 5 ×
5 µm2 surface area of the Nb antidot film sample.
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FIG. 7. Representative data for P2f as a function of temperature
during a warmup measurement for two different cooldown fields. The
red dots are the data for Bcooldown = 1.7 mT and the blue dots are the
data for Bcooldown = 2.1 µT . The input frequency is 1.81 GHz, and the
input power is 6.8 dBm.

the temperature stabilizes at 3.8 K, the DC magnetic field
is removed. The probe is then brought into contact with the
sample by adjusting the piezo stages. The microwave source
is then activated with a fixed input frequency f and power,
and P2f is measured as the sample is gradually warmed from
3.8 to 10 K. During this warmup process, the surface of the
sample is exposed to a fixed rf magnetic field, BRFsin(ωt ),
over a micrometer-scale area. Notably, no DC magnetic field
is applied during the microwave measurements, ensuring that
the measured P2f originates solely from trapped vortices in the
sample.

The magnetic writer head itself exhibits temperature-
independent nonlinearity. Since the measured P2f is a combi-
nation of the probe background and the sample contribution,
the probe background, determined by averaging the magni-
tude of P2f (T ) between 9.5 and 10 K, is subtracted from the
total signal to isolate the sample response. See Appendix E for
further details about the background subtraction process.

C. Representative data of P2f (T )

Figure 7 shows the representative data for the linear power
scale P2f (T ) during a warmup measurement at a fixed location
on the sample, for two different cooldown fields. The input
frequency is f = ω/2π = 1.81 GHz, and the input power is
+6.8 dBm (at the room temperature microwave source).

The red dots are the data for Bcooldown = 1.7 mT. This
cooldown magnetic field corresponds to an average flux
quanta separation (

√
�0/Bcooldown) of 1.11 µm, a filling frac-

tion of the antidot lattice of 1.70, and an average of 8.3 flux
quanta in the field of view of the microwave microscope
probe (see Appendix A). The P2f (T ) shows a clear transition
around 8.6 K, which is the Tc of the sample. For T < 8.6 K,
vortices are trapped in the sample, and their wiggling under
stimulation by the rf magnetic field generates P2f . For T > 8.6
K, the sample loses superconductivity and the trapped vortices
are released, and hence P2f vanishes.

The blue dots are the data for Bcooldown = 2.1 µT, which is
the measured residual DC magnetic field when no external
field is applied. This cooldown magnetic field corresponds
to an average flux quanta separation of 31.40 µm, a filling
fraction of the antidot lattice of 0.0021, and an average of 0.01

FIG. 8. Two repeated measurements of P2f (T ) at nominally the
same location of the Nb film sample for Bcooldown = 1.7 mT. The input
frequency is 1.819 GHz, and the input power is −5 dBm.

flux quanta in the field of view of the microwave microscope
probe. Because the density of trapped vortices is very low,
with high probability, there are no trapped vortices in the field
of view of the probe, and thus there is no P2f .

The contrast between the two data sets (red and blue) in
Fig. 7 clearly demonstrates that P2f originates from vortices
trapped in the sample that are in the field of view of the probe,
which agrees with core feature 1 (see Sec. III C).

For simplicity, in the following text, the term “trapped
vortices” will refer specifically to those within the field of
view of the microwave microscope probe.

A distinct discrete jump in P2f (T ) is observed around
5.75 K for Bcooldown = 1.7 mT in Fig. 7. In the following, the
temperature of such a discrete jump is denoted as TP2f (T )jump.
One possible explanation for this P2f (T ) jump is as follows:
for temperatures slightly below 5.75 K, the trapped vortices
are arranged in a specific configuration. As the temperature
increases to approximately 5.75 K, the configuration of the
trapped vortices changes. This change in configuration leads
to the discrete jump in P2f (T ) (see Sec. III E), since the mea-
sured P2f comes from the superposition of the contributions of
all the trapped vortices under the probe. The interpretation of
P2f (T ) jumps as indicators of vortex configuration changes is
supported by the observation of P2f hysteresis in temperature
sweeps (see Appendix F).

D. Statistics of P2f (T ) jumps

The measured value of P2f is highly sensitive to the de-
tails of trapped vortex configurations (see Sec. III D), which
are complex and inherently stochastic. For example, Fig. 8
presents two repeated measurements of P2f (T ) performed at
the same location under nominally identical conditions, where
the contrast between trial 1 (red) and trial 2 (blue) highlights
this stochastic behavior. (A discussion on the negative P2f (T )
observed in trial 2 is provided in Appendix E.) Given this sen-
sitivity, rather than focusing on the absolute value of P2f , we
analyze P2f (T ) jumps, which serve as indicators of changes in
trapped vortex configurations and are therefore closely related
to pinning properties.

To further investigate P2f (T ) jumps, we perform repeated
measurements of P2f (T ) from 3.8 K to above Tc at nominally
the same location of the Nb film sample and analyze the
statistical properties of TP2f (T )jump.
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FIG. 9. Histogram of the temperatures at which P2f (T ) jumps
occur (TP2f (T )jump). The data are obtained from 10 repeated mea-
surements of P2f (T ) from 3.8 K to above Tc at Location 1. (a) and
(b) correspond to cooldown fields of Bcooldown = 0.64 and 0.84 mT,
respectively. The input frequency is 1.708 GHz, and the input power
is −3 dBm. The red curve in (a) is the fitting result using Eqs. (3)
and (4).

Figure 9(a) presents the statistical distribution of TP2f (T )jump

as a function of temperature. The data are obtained from 10
repeated measurements of P2f (T ) during a temperature sweep
from 3.8 K to above Tc, conducted nominally at the same
location on the sample surface, with Bcooldown = 0.64 mT.
This cooldown magnetic field corresponds to an average flux
quanta separation of 1.80 µm, a filling fraction of the antidot
lattice of 0.65, and an average of 3.2 flux quanta in the field of
view of the microwave microscope probe.

The distribution in Fig. 9(a) reveals three distinct clus-
ters: one above TP2f (T )jump/Tc = 0.8, another peaked around
TP2f (T )jump/Tc = 0.72, and a third below TP2f (T )jump/Tc = 0.6.

The rearrangement of trapped vortices as the tempera-
ture increases is inherently complex, potentially resulting in
a multi-component TP2f (T )jump distribution. For example, an
Abrikosov vortex might jump from one pinning site to a
nearby pinning site [64,118], be attracted to and captured by
an antidot, or flux trapped by antidots could rearrange into
other antidots near Tc.

The three distinct clusters in Fig. 9(a) suggest the presence
of three different types of trapped vortex rearrangement events
in the sample. The profiles and temperatures of these clusters
provide insight into the pinning properties of the sample. No-
tably, the cluster above TP2f (T )jump/Tc = 0.8 accounts for more
than half of the total P2f (T ) jumps. Specifically, the high-

TABLE I. Summary of the vortex pinning parameters (U0 and γ )
extracted from P2f (T ) measurements using Eqs. (3) and (4). Data are
presented for two distinct locations on the sample surface (locations
1 and 2), separated by 50 µm.

Location U0 (meV) γ U (T ) (meV) for 0.30 < T/Tc < 0.48

1 10.97 1.43 between 4.26 and 6.57
2 9.86 1.76 between 3.08 and 5.25

temperature jump ratio, defined as NT >0.8Tc
jump /N total

jump, is 0.74 for
Fig. 9(a).

One possible mechanism for trapped vortex rearrangement
events is thermal activation [40,43,44,118–121]. Under this
mechanism, trapped vortices are expected to rearrange more
frequently at higher temperatures, consistent with the trend
observed in the cluster above TP2f (T )jump/Tc = 0.8 in Fig. 9(a).
To analyze the data further, assume a temperature-dependent
activation energy U (T ) as [121–128]

U (T ) = U0

(
1 − T

Tc

)γ

, (3)

where γ is a scaling exponent. Assume the likelihood of
trapped vortex rearrangement events P(T ) due to thermal
activation at temperature T is given by

P(T ) ∝ e− U (T )
kBT . (4)

Assuming that trapped vortex rearrangement events for T >

0.8 Tc in Fig. 9(a) are primarily driven by thermal activation,
with vortex-vortex interactions playing a minor role, we fit
the probability distribution above T = 0.8 Tc using Eqs. (3)
and (4). The resulting fit yields a pinning potential of U0 =
14.8 kBTc = 127.3 K = 10.97 meV and a scaling exponent
of γ = 1.43.

Building on this analysis, we investigate the spatially re-
solved vortex pinning properties (U0 and γ ) of the sample.
We perform measurements following the same procedure as
described in Fig. 9(a) (Location 1) but at a different location
on the sample surface (Location 2). Locations 1 and 2 are
separated by 50 µm. The extracted pinning parameters for
these two locations are summarized in Table I.

Several previous studies have described the temperature
dependence of the activation energy U (T ) using the form
given by Eq. (3). Typically, the exponent γ falls within the
range 0.5 < γ < 2 [125–127]. In our analysis, we obtained
γ = 1.43 and 1.76 at locations 1 and 2, respectively, which
are consistent with values commonly reported in the literature.

Vortex pinning properties in Nb films have previously been
studied in Ref. [121], where a temperature-independent acti-
vation energy of 1.9 meV was obtained by fitting experimental
data in the temperature range 0.3 < T/Tc < 0.48. In contrast,
we use a temperature-dependent activation energy U (T ) de-
scribed by Eq. (3); our fitted values in the same temperature
range, summarized in the last column of Table I, are compa-
rable to that reported in Ref. [121]. Furthermore, our results
also agree in magnitude with the activation energies of Pb-Tl
alloy, reported to be between 3 and 14 meV in Ref. [119].

Taken together, these comparisons confirm that the pinning
parameters (U0 and γ ) obtained from our analysis are consis-
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TABLE II. Summary of the measurement details at four distinct
locations on the sample surface. locations 1 and 2 are separated by
50 µm, as are locations 3 and 4. Measurements at locations 1 and 2
were performed during the same cooldown from room temperature
to 3.8 K, while measurements at locations 3 and 4 were obtained in
a separate cooldown from room temperature to 3.8 K.

Cooldown from room Location input input
temperature to 3.8 K frequency (GHz) power (dBm)

First 1 1.708 −3
2

Second 3 1.819 −5
4

tent with values reported in the literature, thus validating the
physical reasonability of our results.

Figure 9(b) shows the statistical distribution of TP2f (T )jump

as a function of temperature for Bcooldown = 0.84 mT. The
measurement procedure is identical to that of Fig. 9(a), except
with a higher Bcooldown, resulting in an increased trapped vor-
tex density. Compared to Fig. 9(a) (NT >0.8Tc

jump /N total
jump = 0.74),

the distribution of TP2f (T )jump in Fig. 9(b) is more spread
out, with a lower high-temperature jump ratio of NT >0.8Tc

jump /

N total
jump = 0.60.

Building on the results from Fig. 9, we extend the measure-
ments to multiple Bcooldown values, corresponding to different
trapped vortex densities, at four distinct locations on the sam-
ple surface (locations 1 to 4). The measurement details at the
four locations are summarized in Table II. Figure 10 presents
the high-temperature jump ratio NT >0.8Tc

jump /N total
jump as a function

of Bcooldown.
As shown in Fig. 10, NT >0.8Tc

jump /N total
jump decreases with in-

creasing Bcooldown across all four measurement locations. One
possible explanation for this trend is as follows. In the low
trapped vortex density regime (small Bcooldown), vortex-vortex
interactions are weak, and trapped vortex rearrangement
events are primarily driven by thermal activation, which is
most significant near Tc. In contrast, in the high trapped vortex
density regime (large Bcooldown), the trapped vortex configura-
tion becomes more complex, as both the pinning potential of

FIG. 10. High-temperature jump ratio NT >0.8Tc
jump /N total

jump for differ-
ent Bcooldown values, measured at four distinct locations on the sample
surface. The measurement details at the four locations are summa-
rized in Table II. The data in Fig. 9 are obtained at location 1.

the antidot array and vortex-vortex interactions play a signif-
icant role. In this regime, trapped vortices can rearrange even
at lower temperatures.

Understanding trapped vortex rearrangement mechanisms
beyond thermal activation near Tc requires more sophisticated
theoretical analysis and numerical simulations, which are be-
yond the scope of this work.

V. CONCLUSION

In this work, we present a proof-of-principle study demon-
strating the use of local P2f measurements with our near-field
magnetic microwave microscope to investigate the dynamics
of trapped vortices at the micrometer scale. This microscopic
approach complements traditional methods that average the
behavior of many vortices. Specifically, we show that this
technique can reveal depinning events and provide insights
into spatially resolved pinning properties. Furthermore, our
results highlight how vortex pinning behavior varies across
different trapped vortex density regimes, offering a new per-
spective on the interplay between pinning potentials and
vortex-vortex interactions. It is particularly relevant for ap-
plications such as SRF cavities, superconducting quantum
circuits, and superconducting digital electronics. Future work
includes developing more sophisticated models beyond the
thermal activation mechanism to further extract quantitative
information about pinning properties from P2f measurements.
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APPENDIX A: FIELD OF VIEW OF THE NEAR-FIELD
MICROWAVE PROBE

The field of view of the probe can be estimated using a
Monte Carlo approach. For instance, if the average number
of trapped vortices within the field of view of the probe for
a given Bcooldown value is 0.4, the probability of the probe
interacting with a trapped vortex and detecting the P2f signal
is 40%. In practice, we perform six repeated measurements of
P2f (T ) (with an input frequency of 1.824 GHz and input power
of 6 dBm) and record how many trials exhibit a transition
near the Tc of the sample in the low trapped vortex density
regime (small Bcooldown values). For Bcooldown = 0.061, 0.124,
and 0.188 mT, the number of trials showing a sample signal
out of 6 are 2, 4, and 5, respectively. Based on these results,
the interaction range between the probe and trapped vortices
is estimated to be approximately 1.1 µm.
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APPENDIX B: EQUATIONS AND PARAMETERS
FOR TDGL SIMULATIONS

The two TDGL equations solved in this work are [130,131]

γ
∂ψ

∂t
= −1

2m∗
(−ih̄∇ − e∗A)2ψ − αψ − β|ψ |2ψ (B1)

and

σ
∂A

∂t
= −ih̄e∗

2m∗
(ψ∗∇ψ − ψ∇ψ∗) − e2

∗
m∗

|ψ |2A

− 1

μ0
∇ × ∇ × A. (B2)

Here e∗ = 2e is the charge of the Cooper pair, m∗ = 2me is
the mass of the Cooper pair, γ = π h̄|α|

8kB (Tc−T ) plays the role of
a friction coefficient, ψ is the order parameter, A is the total
vector potential (arising from both external and self-generated
sources), σ is the electric conductivity of the normal state,
and both α and β are material-specific phenomenological
parameters. Note that α and β can be related to the penetration
depth λ and the thermodynamic critical field Bc by

λ =
√

m∗β
μ0e2∗|α| (B3)

and

Bc =
√

μ0|α|√
β

. (B4)

The total current is the combination of the supercurrent Js

and the normal current Jn. The supercurrent Js is given by

Js = −ih̄e∗
2m∗

(ψ∗∇ψ − ψ∇ψ∗) − e2
∗

m∗
|ψ |2A (B5)

and the normal current Jn is given by

Jn = σE = −σ
∂A

∂t
. (B6)

For boundary conditions, any current passing through the
boundary between a superconductor and a vacuum is un-
physical. Therefore the boundary conditions must be enforced
along the entire enclosing boundary ∂� of the supercon-
ducting simulation domain, including the sides and bottom
surfaces. Specifically, we expect

∇ψ · n̂ = 0 on ∂�, (B7)

A · n̂ = 0 on ∂�. (B8)

Here n̂ is the unit vector normal to the boundary.
In the toy models studied in this work (niobium supercon-

ductor hosting vortex pinning sites), a pinning site is modeled
as a spherical region of radius rpin composed of a low-Tc

impurity phase. Pinning sites are incorporated by introducing
spatial variations in five material-specific parameters: Tc, α, β,
γ , and σ . The values of α and β are determined for a given
choice of λ and Bc using Eqs. (B3) and (B4). For simplicity,
the normal state conductivity σ of the low-Tc impurity phase
is set to be the same as that of Nb. The critical temperature,
penetration depth, and critical field of Nb are 9.3 K, 40 nm,
and 200 mT, respectively. For the low-Tc impurity phase, these
values are 3.0 K, 90 nm, and 120 mT, respectively.

TABLE III. Summary of the pinning site configurations for toy
models 1 to 6. All toy models include either one or two sets of
pinning sites, with each set consisting of three identical pinning
sites sharing the same (xpin, ypin ) coordinates. The zpin values for the
three sites are −200, −360, and −520 nm. See Appendix D for the
discussion of toy model 6.

toy model xpin (nm) ypin (nm) rpin (nm)

1 0 0 40
2 120 80 40
3 80 80 40

−80 −80 40
4 80 80 40

80 −80 40
5 120 80 40

40 −120 16
6 120 80 40

120 −80 18

The location of a pinning site is represented by
(xpin, ypin, zpin ), where zpin < 0 since the sample occupies the
z < 0 region. All toy models include either one or two sets
of pinning sites, with each set consisting of three identical
pinning sites sharing the same (xpin, ypin ) coordinates. The
zpin values for the three sites are −200, −360, and −520
nm. Each set of pinning sites can then be labeled by its xpin,
ypin, and rpin. The pinning site configurations are summarized
in Table III.

APPENDIX C: MAGNETIC FIELD OF A POINT DIPOLE

Here we present the magnetic field generated by a point
dipole in free space at the xy plane (z = 0). Consider a point-
like magnetic dipole located at (xdp, ydp, hdp), oriented in the
x direction, with a magnetic moment M. The x component of
the dipole magnetic field at (x, y, z = 0) is given by

Bdp,x(x, y) = μ0M

4π

3(x − xdp)2 − r2

r5
, (C1)

FIG. 11. TDGL simulation results for P2f (T ) for toy model 6 at
Bpk = 5.7 mT. The blue double arrow represents the rf dipole, and
the red dots represent vortices pinned by pinning sites.
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FIG. 12. A three-stage zigzag temperature sweep measurement
of P2f at a fixed location on the sample surface. The input frequency
is 1.818 GHz, and the input power is 2 dBm.

where r =
√

(x − xdp)2 + (y − ydp)2 + h2
dp. For Bdp,x∇xBdp,x,

we have

Bdp,x∇xBdp,x =
(

μ0M

4π

)2 3(x − xdp)2 − r2

r12

× 3(x − xdp)[3r2 − 5(x − xdp)2]. (C2)

APPENDIX D: ANOTHER SIMULATED P2f (T )
FOR TWO PINNED VORTICES

Here we provide another example of simulated P2f (T ). Fig-
ure 11 shows P2f (T ) for toy model 6. The setting of pinning
sites configuration of toy model 6 is described in Table III. At
low temperatures (T < 8.32 K), two vortices remain pinned.
As the temperature increases beyond 8.32 K, one of the pinned
vortices becomes depinned and escapes from the simulation
due to the vortex-vortex repulsive force exceeding the pinning
force provided by the pinning sites. This depinning event
causes a noticeable downward jump in P2f (T ) around 8.32 K,
as shown in Fig. 11.

APPENDIX E: SUBTRACTION OF PROBE BACKGROUND

Since the measured P2f is the superposition of the probe
background and the sample signal, the total measured sig-
nal may be weaker than the probe background if these two

components are out of phase [50]. In the absence of phase
information, we perform a simple scalar subtraction of the
probe background from the total signal. This naive back-
ground subtraction can result in negative P2f values.

APPENDIX F: HYSTERESIS IN P2f

IN TEMPERATURE SWEEPS

Figure 12 shows a three-stage zigzag temperature sweep
measurement of P2f . The sample is first cooled from 10 K to
6.5 K with Bcooldown = 1.7 mT. The DC magnetic field is then
removed, and three successive microwave measurements are
performed: stage 1 involves warming from 6.5 to 8.3 K (red),
stage 2 involves cooling back from 8.3 to 6.5 K (green), and
stage 3 involves a second warming from 6.5 to 8.3 K (blue).
Note that the sample remains below Tc in this entire P2f mea-
surement process. In stage 1, three discrete jumps in P2f (T )
are observed, whereas P2f (T ) remains nearly temperature-
independent during stages 2 and 3. This three-stage zigzag
temperature sweep clearly demonstrates the hysteresis of P2f

when P2f (T ) jumps are present.
One possible interpretation is as follows: At the beginning

of stage 1, the vortex configuration is metastable. As the tem-
perature increases, the trapped vortices rearrange themselves
into progressively more stable configurations (from configu-
ration 1 to configuration 4), which is reflected in the P2f (T )
jumps. Configuration 4 is the most stable among the four
configurations, and thus the vortices tend to remain in this
configuration during stages 2 and 3. This hysteresis behavior
of P2f (T ) jumps aligns with the hypothesis that these jumps
correspond to transitions of trapped vortices from less stable
to more stable configurations.

As additional evidence of the hysteresis behavior of P2f ,
Fig. 13 presents spatially scanned images of P2f at multiple
temperatures. The sample is first cooled from 10 K to 7 K with
Bcooldown = 1.7 mT. The DC magnetic field is then removed,
and three successive microwave measurements are performed:
the first image at 7 K (left), the second image after warming
from 7 K to 8.2 K < Tc (center), and the third image after
cooling back from 8.2 to 7 K (right). The contrast between
the left and right images clearly demonstrates the hysteresis
behavior of P2f .

FIG. 13. Three two-dimensional images of P2f (x, y) measured on the Nb film, plotted with a common color-bar (right). The step size is
1.5 µm. From left to right, the images are obtained successively at 7 K, 8.2 K, and then back to 7 K. The input frequency is 1.81 GHz, and the
input power is 6.8 dBm.
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