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Quantum graphs provide a setting to test the hypothesis that all ray-chaotic systems show universal wave
chaotic properties. Here, an experimental setup consisting of a microwave coaxial cable network is used to simulate
quantum graphs. The networks which are large compared to the wavelength, are constructed from coaxial cables
connected by T junctions. The distributions of impedance statistics are obtained from experiments on an ensemble
of tetrahedral networks. The random coupling model (RCM) is applied in an attempt to uncover the universal
statistical properties of the system. Deviations from RCM predictions have been observed in that the statistics
of diagonal and off-diagonal impedance elements are different. It is argued that because of the small finite-size
quantum graphs utilized here there will be non-universal results.
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1. Introduction

A graph or network is a set of elements which are con-
nected in a certain topology Graphs have applications in
many different branches of engineering, science, sociology
and biology [1]. A quantum graph, introduced by Pauling
in the 1930s, is a linear network structure of vertices con-
nected by bonds with a differential or pseudo-differential
operator acting on functions defined on the bonds [2].
In physics, quantum graphs have been used to model
many phenomena, such as acoustic and electromagnetic
waveguide networks, quantum Hall systems and meso-
scopic quantum systems [1]. Researchers have studied
quantum graphs experimentally and numerically [3-6].
Quantum graphs have been realized as microwave net-
works with different topologies such as tetrahedral, ir-
regular hexagon fully connected networks, and fully con-
nected five vertex networks [3-6]. Spectral statistics of
graph systems [3, 5], the statistics of the reaction ma-
trix K [4, 5] and the reflection statistics for one-port
graphs [4, 5], and the impedance statistics of networks
of complex enclosures [7], have been studied and results
from both numerical calculation and experimental mea-
surement show good agreement with theory.

In this paper, investigations and study are mainly fo-
cused on the impedance statistics of a two-port tetrahe-
dral microwave graph. The microwave networks, with
bonds that are large compared with the wavelength, are
constructed from coaxial cables connected by T junc-
tions [3-6]. The graph is open with two coupled ports.
Scattering matrices which describe the electromagnetic
wave scattering properties of the networks are measured
by a microwave vector network analyzer.

The random coupling model (RCM) [8] has been in-
troduced to describe the impedance statistics of single-
and multi-port wave chaotic systems. In this work we
compare the predictions of the RCM with our measure-

ments of an ensemble of tetrahedral graphs. The RCM
posits that the measured impedance of the complex wave-
chaotic system is made up of a universally-fluctuating
part, dressed by a system-specific radiation impedance
matrix. The radiation impedance captures the radiating
properties of the ports (through the real part), and the
energy stored in the near-field of the ports (through the
imaginary part). Losses in the system are assumed to be
homogeneous, giving rise to a single finite quality factor
for all the modes of the closed system. The key parameter
in the RCM is the loss parameter «, which determines the
probability density of the universally-fluctuating complex
impedance [9, 10].

In our experiments, an ensemble of graphs is cre-
ated and the complex impedance of each realization is
measured as a function of excitation frequency through
the two ports. Next, the average of the measured
impedance over all these realizations is compiled. This
averaged impedance quantity captures both the radia-
tion impedance of the ports and the contributions of
short orbits between the ports [11, 12]. We then take
the measured impedance and normalize it (i.e. remove
the effects of the port radiation impedances and short
orbits) to examine a fluctuating impedance. In the case
of wave chaotic systems it is expected that the normalized
impedance has a probability density function (PDF) that
is described by Random Matrix Theory (RMT), and this
PDF is governed by a single parameter, namely the loss
parameter « [11-14]. In principle, one can then fit the
normalized impedance (real and imaginary) data PDFs
to RMT and determine « as a fitting parameter. To
independently determine the loss parameter «, two tech-
niques are employed. The first is to take the measured
scattering parameter data as a function of frequency and
Fourier transform it into the time domain [15]. One can
estimate the quality factor of the graph from the decay
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of energy in the graph, and from this the loss parameter
can be estimated. In addition, the microwave networks
are simulated numerically to estimate the loss parameter
« of the network.

In the remainder of the paper we first review the key
properties of the Random Coupling Model as applied to
understanding the statistical properties of wave chaotic
systems through the electrical impedance. Next we dis-
cuss the experimental realization of an ensemble of tetra-
hedral graphs and the measurements performed. We
also introduce a numerical simulation that closely mim-
ics the properties of the experimental system. Next we
go through representative experimental results and dis-
cuss the degree to which the fluctuations in normalized
impedance show universal behavior. Finally we discuss
the results and conclude

2. Random Coupling Model (RCM)

The random coupling model (RCM) describes the cou-

pling of radiation into and out of electrically large enclo-
sures with chaotic ray dynamics [§8]. The RCM gives
a prescription for determining both the universal and
non-universal features of the experiment. The RCM
has successfully analyzed the statistical properties of the
impedance (Z) and scattering (S) matrices of open elec-
tromagnetic cavities where the waves are coupled through
transmission lines or waveguide [13]. In [11, 14], a 2D
ray-chaotic quarter-bowtie cavity and in [16] a 3D com-
plex “GigaBox” cavity have been studied and impedance
statistics have been analyzed from experimental measure-
ment. In this paper, the RCM is applied for the analy-
sis of electromagnetic propagation in quasi-1D microwave
networks.
R In the RCM, the statistics of the impedance matrix,
Zcqy Of a ray-chaotic cavity in the semi-classical limit
can be obtained from the universal and system-specific
properties of the cavity as [8,-10, 14]

~

Zooww = ilm [<2m>} + Re[(Zoao)]V/22 Re[(Zoaw)]H/2.(1)

The matrix (26,“,) is the ensemble-averaged cavity
impedance matrix, which describes the system-specific
features, including the radiation impedance of the ports
and short-orbits that exist in the ensemble [12]. Short
orbits are trajectories that go from a port and bounce
a few times before the energy leaves the graph through
the same port or another port. This should be con-
trasted with longer orbits, which contribute to the uni-
versal impedance fluctuations.

The matrix z in Eq.(1) is the normalized impedance,
the statistical properties of which can be predicted by
random matrix theory, and the Z matrix describes the
universal fluctuation properties of the system.

In [8], the normalized impedance Z can be modelled as,

~ i T
Sh) == 3 o 2)

n Ak2 + 1o

where ¢, is a vector of length M for an M-port sys-
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tem. The elements of ¢, are the variables describing
the coupling of each mode n to the ports. If we assume
that the Berry hypothesis [17] applies then on average
the statistical properties of the fields at any point inside
the system are described by a random superposition of
plane waves of all possible directions and phases. Based
on this hypothesis we take the ¢,, to be Gaussian random
variables, which follows from the random plane-wave hy-
pothesis, and this assumption will be called into question
for finite-size graphs later in the paper. Also, Ak? is the
mean mode spacing of the closed system, k,, are the cav-
ity mode wavenumbers and kq is the wavenumber of in-
terest. We take the spectrum of eigenmodes k,, to be that
of a Gaussian orthogonal random matrix. The statistical
fluctuating properties of the normalized impedance Z in
the RCM is determined by a single loss parameter o de-
fined as
2
o= %a (3)
Q

where @ is the quality factor of the closed cavity or net-
work. The losses are assumed uniformly distributed in
the graph, and the variation of the ) from one mode to
the next is expected to be small, so that an average @
meaningfully quantifies the degree of loss. The loss pa-
rameter can also be thought of as the ratio of the 3-dB
bandwidth of a typical mode to the mean spacing of the
modes. As such, the loss parameter is a slowly varying
function of frequency in most systems. A lossless system
has a = 0, and typical over-moded reverberant systems
encountered in real life have loss parameters between 0.1
and 10.

The loss parameter a can be calculated directly
through knowledge of the average quality factor and
mode-spacing over a certain frequency range. This gives
an alternate way which can be compared with the loss
parameter obtained from fitting PDFs of normalized
impedance 2 extracted from experimental data.

3. Experimental setup and data analysis

The experimental setup is shown in Fig.l. Coaxial
cables are connected by the T junctions to form a tetra-
hedral network. For the coupling ports, two T junctions
are connected to form the 4-coaxial-connector junction.
Each cable used in the graph has a unique length. The
minimum length of the cables is 1.0 m and maximum
is 1.5 m with the average length of 1.3 m. Hence the
total length of the networks is around 7.8 m And for
the frequency range we have measured, the wavelengths
range from 0.01 m to 0.05 m, making the graph electri-
cally large and highly over-moded. A network analyzer
is connected to two ports of the network and the 2 by 2
scattering matrix is measured as a function of frequency
(or wavenumber) from 1 GHz to 18 GHz where there is
a single mode of propagation in the network.

To achieve a randomized electromagnetic environment
and a high quality ensemble of the microwave networks,
different realizations are generated in the experiment.
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Fig. 1. Experimental setup of the microwave networks.
The network analyzer (left) is connected to the tetrahe-
dral graph by means of two coaxial cables (shown in
red). The ports are made up of two tee-junctions (in-
set), while the other nodes are simple tee-junctions (up-
per right inset).

The system is perturbed globally by changing the total
length of the network. In each member of the ensemble
one of the bonds is changed to another cable of a differ-
ent unique length and in all about 80 unique realizations
are created. To test the quality of this ensemble, the
ratio A of the maximum transmitted power to the mini-
mum transmitted power at each frequency point for the
different realizations is compiled [14].

(b)

4 6 8 10 12 0 60 70
Frequency(GHz)

Fig. 2.
81 realizations of the tetrahedral microwave graph. A
value of A is found for every measured frequency point
between 4 and 18 GHz. (b) Histogram of the ratio A
of the maximum transmitted power to the minimum
transmitted power over an ensemble of 81 realizations
of the tetrahedral graph.

(a) Plot of A vs. frequency for an ensemble of

In Fig. 2 we can see that the histogram of A is widely
spread with a mean of 23 dB and a standard deviation
of 6.5 dB The dynamic range of A over the frequency
range of 4 to 18 GHz is about 60 dB, and this shows that
the ensemble is of high quality and suitable for further
statistical analysis [18].

A numerical simulation model of the tetrahedral net-
work is also set up in the Computer Simulation Technol-
ogy (CST) software. Following the same procedure as
in the experimental measurements, the 2 by 2 scattering
matrix as a function of frequency can be obtained from
the numerical calculation. In this model, the two main
modules are the coaxial cable and T-junction. For the
coaxial cable block, the parameters for the resistance, di-
electric constant, inner and outer diameter of the coaxial
cable model are all adjusted to make the S-parameters of
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the block as close as possible to those of the cables used
in the experiment. The lengths of the coaxial cables can
be easily changed during the simulation which allows us
to efficiently generate an ensemble of the networks. A
Touchstone file with directly measured S-parameter data
as a function of frequency is imported as the block for
the T-junction. Thus the numerical simulation provides
a close approximation to the experiment.

4 Experimental results

The raw data can be examined to yield insights for
use in the RCM analysis. Fig. 3 shows the resistance
and reactance of three kinds of impedance obtained from
the measured raw data in the 9 to 10 GHz subset of
the data. The blue (strongly fluctuating) curve is the
impedance of one realization of the network, labeled as
Z. The red (gently fluctuating) curve is the impedance
averaged over all the realizations of the graph, labeled
as Zavg. The green (smooth) curve is the measured ra-
diation impedance of the ports, labeled as Zrad. The
radiation impedance Zrad was measured by removing
the graph in Fig. 1 and placing absorptive loads on the
three open coaxial connectors of the two ports. From the
plots, we can see that Z and Zavg are both fluctuating
around the slowly-varying Zrad. The small oscillations
in Zavg are manifestations of the short-orbits that sur-
vive in many realizations of the networks [19].

—RelZ] —mz)
— Im[Zavg)
Im{Zrad]

100 —Re[zavg) 20
—Re[zrad]

Resistance(£2)
Reactance(Q)

9 92 94 96 98 10 % 92 9.4 96 98 10
Frequency(GHz) Frequency(GHz)

Fig. 3. Resistance and reactance (real and imaginary
parts of impedance) of one realization of a tetrahedral
graph network (blue, large amplitude fluctuations, la-
beled Z), averaged impedance over all realizations (red,
intermediate amplitude fluctuations, labeled Zavg) and
measured radiation impedance (green, smooth curve, la-
beled Zrad) from 9 to 10 GHz.

As described in section 2, the measured scattering ma-
trix ensemble data can be used to examine the statistics
of the normalized impedance matrix z in Eq. (1) and
compared to the predictions of RMT in Eq. (2). The

matrix (Z..,) is computed by taking the average of the
measured Z.,, over all the realizations at each frequency
point The impedance matrix z is obtained by solving Eq.
(1) using the measured matrix Z.,, along with (Z.,,). As

~

shown in Fig. 3, the averaged impedance (Z.,,) includes
the radiation impedance along with the short-orbits ef-
fects in the network. The normalization process is ex-
pected to remove the non-universal coupling of the ports
and the short-orbit effects in the networks, and based on
the RCM the normalized impedance matrix Z is expected
to display universal statistical properties.
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Fig. 4. PDFs of the real and imaginary parts of 211,
z22, z12 and z21 from experimental measurements of
tetrahedral graphs (red dots) and best fit RCM predic-
tions (black solid lines) with associated a values The
data are from measurements over a frequency range
from 4 to 12 GHz.

We can examine the statistics of diagonal and off-
diagonal impedance Zz elements, as shown in Fig. 4 over
a large frequency range of 4 to 12 GHz Over this range
the loss parameter of the graphs is expected to vary in
a smooth and monotonic manner. In the Appendix, an
investigation by means of RCM numerical calculations
shows that it is reasonable that the RCM can describe
the impedance statistics of data resulting from a com-
posite of different loss parameters.

First we note that all of the PDFs in Fig. 4 can be fit to
the PDFs predicted by RMT as long as the loss parame-
ter is allowed to vary. In particular, note that the same
loss parameter can be used to fit both the real and imagi-
nary data for a given impedance matrix element (namely
211, 222, 212 and z91). It is expected that all impedance
matrix elements should have statistics governed by a sin-
gle value of the loss parameter. However, we note that
different loss parameters are required to fit the impedance
statistics of diagonal (211, z22) and off-diagonal (212, 221)
elements. In Fig. 4, the PDFs of z1; and 259 are best fit
to RMT with a loss parameter o = 2.7, while the PDFs of
z12 and z91 are best fit to RMT with o = 0.8. Note that
the loss parameters fitting the two diagonal elements (211
andzsz), and the two off-diagonal elements (z12 andza;)
are the same for both real and imaginary parts.

In [16], the RCM was successfully applied to de-
scribe the electromagnetic statistics in complex three-
dimensional enclosures. However, non-universal behavior
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similar to that observed here has also been seen in a 3D
cavity case [20], where the enclosures have one wall with
an electrically-large aperture In that case any ray inside
the cavity that reaches the aperture will exit the sys-
tem, leading to a source of loss that is not homogeneous.
This also leads to the situation that the Berry random
plane-wave hypothesis may not be obeyed for waves at
the ports.

To get deeper insight into the data, the numerical
simulation results in CST are treated the same way as
the data, and the resulting statistical properties of the
impedance matrix elements are presented in Fig. 5.
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Fig. 5. PDFs of the real and imaginary parts of z1; and

z12 from numerical simulation of tetrahedral graphs (red
dots) and RCM fit predictions (black solid lines) along
with best-fit a values. The data are from calculations
in the frequency range from 6 to 8 GHz.

Numerical calculation results show a number of similar
features to the data. First there is good agreement with
RMT predictions for the PDFs. In addition, the same
value for the loss parameter fits both the real and imagi-
nary statistical fluctuations for a given impedance matrix
element. However, the same difference in loss parameter
fit value between diagonal and off-diagonal impedance
matrix elements is seen as in the experimental measure-
ments In both cases the PDFs of diagonal impedance
elements show a higher loss parameter fit value than the
off-diagonal impedance elements. It should be noted that
a similar difference in loss parameter values was observed
in 3D enclosures with electrically-large apertures [20].

An independent method to directly calculate the loss
parameter of the networks is to determine the quality
factor Q and, based on Eq. 3 evaluate the loss param-
eter based on the known wavenumber and mean mode
spacing of the graph. A time domain method is applied
to determine the quality factor QQ for a given frequency
range, as illustrated in Fig. 6.

In Fig. 6, the inverse Fourier transforms of both mea-
sured S7; andSis averaged over all realizations are plot-
ted in the time domain. The averaged quality factor com-
puted from both spectra is @ = 394 for the frequency
range from 4 to 12 GHz using the equation @ = wr,
where w is the median value of the frequency range. In
Eq. 3, k is chosen as the median value for the frequency
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Fig. 6. Inverse Fourier transform of the measured
(a) S11 and (b) Si2 averaged over all realizations to
compute the decay time 7 for the frequency range 4 to
12 GHz. Both data sets give a clear and consistent sin-
gle decay time of 7.8 ns, determined from a straight line
fit shown in red.

range, and the loss parameter obtained by this method
is ag = 1.1, which is close to the value fitting the PDFs
of the real and imaginary of the off-diagonal impedance
matrix elements z12 and 297 in Fig. 4.

5. Discussion

Pldhar and Weidenmuller [21] recently showed con-
ditions for universal behavior in quantum graphs and
the statistical equivalence to RMT. In [22, 23|, exper-
iments with microwave networks are carried out and
showed non-universal behavior for long-range fluctuat-
ing properties. According to theory, the universal be-
havior is obtained only in the limit of infinitely intricate
graphs with infinitely many bonds and nodes [21]. Field-
theoretical results for spectral statistics in finite quan-
tum graphs have largely focused on the size of these
deviations, and criteria for their disappearance in the
limit of large graphs [21, 24]. Numerical work shows
that many statistical properties of finite-size graphs are
consistent with random matrix theory, but others, such
as the second-order level velocity autocorrelation func-
tions and the parametric curvature distribution, are not
in agreement [25]. In this study, the simple and small
tetrahedral networks in the experiment have a finite num-
ber of elements, and deviations from universal behavior
are therefore not unexpected. In fact, some particularly
simple graphs, like the star graph, can show entirely non-
universal behavior [26]. In this experimental study, the
impedance statistics of tetrahedral graphs show some re-
sults similar to the universal behavior but also some clear
deviations from RMT.

6. Conclusions

In this paper an experimental study of very simple
and small quantum graphs simulated by microwave net-
works is carried out. The statistical properties of the
impedance matrix of a 2-port tetrahedral graph ensem-
ble display many properties qualitatively consistent with
random matrix theory. However, a non-universal feature
is observed for the impedance statistics. Numerical simu-
lations of similar graphs show very similar non-universal
statistical properties. It is argued that because of the
small finite-size quantum graphs utilized here there will
be non-universal results.
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7. Appendix, Random Coupling Model
impedance statistics with different loss
parameter values

In this paper, the experimental data used for the plots
of normalized impedance are from a large frequency range
of 4 to 12 GHz, over which the loss parameter governing
the statistical fluctuations of the impedance is known to
vary. In this appendix, we investigate the validity of an
RCM treatment of data over a broad frequency range
with varying o and show that it is reasonable to analyze
this data with a single effective loss parameter value

The normalized impedance statistics used below are
numerically calculated based on the RCM for different o
values.

Probability Density

0 :
Refz,,] Im[z.

12l

Fig. 7. PDFs of the real and imaginary parts of z1; and
z12 from a composite of normalized impedance statis-
tics of @ = 1, @ = 2 (red dots) and normalized RMT
impedance statistics (black solid lines) of a single «
value. The value of a was determined by fits of the
composite PDFs to RMT using « as the fitting param-
eter.

0.8

Probability Density

-~ o~

a=0.2

o
o

o

0

-1

0 R
Refz,,] Im[z.

12]

Fig. 8. PDFs of the real and imaginary parts of z1; and
z12 from a composite of normalized impedance statistics
of @ = 0.1, @ = 1 (red dots) and normalized RMT
impedance statistics (black solid lines) of several best-
fit « values.

In Fig. 7, the red dots are a composite data set consist-
ing of equal contributions from two data sets with o = 1
and a = 2. This composite data set was normalized and
fit to RMT using a as a fitting parameter. From the
plots, we can see that the PDFs of the real and imag-
inary parts of z17 and 21 are simultaneously fit (black
solid lines) by RMT with a single loss parameter, a = 1.5.
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However, in Fig. 8 when we create another composite
data set from two data sets with & = 0.1 and a = 1 the
PDFs deviate far from the RMT predictions and no single
governing loss parameter can be determined. In general
we find that composite data sets can be fit well when
the PDFs making up those data have similar variances.
Since the variance scales roughly inversely with the loss
parameter [14], those data sets with a > 1 generally are
fit well to a single « value for the composite.
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